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Abstract 

Some  SL.  .at  empirical  features  of  the  small-scale  structure  of  isotropic  incompress¬ 
ible  turbulence  at  various  Reynolds  numbers  are  reviewed.  Attention  is  focussed  on 
the  energy  spectnim  and  the  probability  distributions  of  velocity  and  space  deriva¬ 
tives  of  velocity.  A  progress  report  is  given  for  a  current  effort  to  approximtUe 
small-scale  statistics  from  the  the  Navier-Stokes  (NS)  equation  by  the  systematic  use 
of  dynamic  stochastic  models  in  physical  space. 


The  small  scales  of  near-isotropic  turbulence  present  a  variety  of  intriguing  features  at  modest  as  well  as  large 
values  of  Taylor  microscale  Reynolds  number  Tl\.  For  the  entire  range  Tix  >  15,  the  wavenumber  spectrum  of 
kinetic  energy  E{k)  falls  off  exponentially  with  k  for  k  larger  than  values  where  most  of  the  dissipation  occurs. 
For  this  range  of  Tlx,  the  probability  distribution  function  (pdf)  of  a  vorticity  component  wi  deviates  mtirkedly 
from  Gaussian.  In  particular,  the  flatness  factor  (wj)  /  exceeds  the  Gaussian  value  3  and  the  pdf  has 
wide  skirts  at  large  |uii|.  These  deviations  from  Gaussian  form  increase  with  Tlx-  It  is  unclear  from  existing 
data  whether  the  deviations  saturate  or  increase  without  limit  as  Tlx  —*  oo.  Other  statistics,  including  the  pdf 
of  pressure  fluctuations,  also  deviate  markedly  from  values  for  a  Gaussian  velocity  fleld. 

Kolmogorov’s  1941  theory  of  the  small  scales  (K41),  together  with  modifications  suggested  by  Kolmogorov 
and  others  starting  in  1962,  has  provided  the  language  and  mind-set  that  underly  most  efforts  to  classify  and 
understand  empirical  data  and  to  construct  modeb  of  the  small  scales.  Surprisingly,  it  is  difiicult,  even  fifty 
years  later,  to  say  how  correct  are  his  ideas.  The  most  celebrated  prediction  of  K41  is  the  E{k)  oc  k~^/^  inertial- 
range  spectnun.  This  spectrum,  or  something  close  to  it,  seems  definitely  to  be  supported  by  a  a  large  body  of 
experimental  and  simulation  data.  But  the  cascade  ideas  behind  the  spectrum  are  less  clearly  supported.  In 
particular,  the  existence  of  well-defined  ropelike  structures  with  large  ratio  of  length  to  diameter  and  sheetlike 
structures  with  large  ratio  of  extent  to  thickness  implies  statistical  dependence  that  extends  over  a  considerable 
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range  of  scaies  If  these  ratios  increase  without  limit  as  Hx  oo.  that  would  be  inconsistent  with  the  concept 
of  information-destroying  cascade  that  underlies  both  K41  and  the  later  corrections  to  K41. 

The  dissipation  of  turbulent  kinetic  energy  by  viscosity  is  notably  intermittent  at  modest  as  well  as  large  TZx 
But  there  is  a  difference  in  character  as  well  as  magnitude  of  the  intermittency  at  low  versus  high  TZx  At  large 
1Zx  there  are  strong  hot  spots  that  dominate  the  higher  moments  of  the  dissipation  fluctuation  while  occupying 
only  a  small  fraction  of  the  flow  volume.  However  the  volume  averaged  dissipation  seems,  even  at  large  Rx.  to 
be  supported  mostly  by  the  regions  between  the  hot  spots  where  the  velocity  field  is  not  too  far  from  Gaussian 
•At  low  Rx .  the  intensity  of  dissipation  varies  gently  on  energy-range  spacial  scales.  The  exponentieJ  shape  of  the 
spectrum  at  large  k,  together  with  this  gentle  variation,  results  in  strong  spacial  intermittency  of  the  velocity 
field  if  the  latter  is  passed  through  a  high-pass  filter  in  k  apace.  This  is  demonstrated  by  recent  simulatic: 

A  Itirge  number  of  models  of  the  small  scales  have  been  offered  in  the  past  few  decsides  that  involve  eddy- 
mitosis  scenarios  and  fractal  or  multiiractal  statistics.  These  models  become  ever  more  elaborate,  but  typically 
have  little  or  no  contact  with  the  NS  equation.  Their  relation  to  empirical  data  is  hard  to  weigh  because  the 
models  typically  offer  only  inertial-range  scaling.  It  is  difficult  to  quantify  the  dissipation-range  corrections  and 
other  corrections  that  must  be  applied  to  finite- data  in  order  to  make  meaningful  comparisons. 

Most  attempts  to  obtain  turbulence  statistics  by  actual  analysis  of  the  NS  equation  have  been  based  on 
renormalized  pertiubative  schemes  of  one  kind  or  another.  A  fundamental  difficulty  here  is  that  the  radius  of 
convergence  in  Tlx  probably  is  zero  so  that  the  resummations  and  truncations  that  characterize  perturbation- 
theoretic  approximations  are  completely  uncontrolled.  Model  dynamical  systems  are  a  valuable  device  in  this 
situation.  Here  the  statistics  of  a  tractable  dynamical  system  are  followed  exactly,  and  this  assures  certain 
basic  consistency  properties.  Inspection  of  the  model  system  can  give  a  feel  for  what  NS  physics  is  retained  in 
the  model  and  what  is  lost  or  distorted. 

.A  central  role  is  played  by  the  direct-interaction  approximation  (DIA).  This  approximation  is,  at  the  same 
time,  a  truncation  of  renormalized  perturbation  theory  and  the  exact  representation  of  a  model  system.  For 
homogeneous  turbulence,  the  latter  can  be  obtained  by  putting  stochastic  phase  factors  in  sdl  the  interaction 
coefficients  of  triads  of  wave-vector  modes.  Thereby  the  model  keeps  the  correct  strength  of  each  triad  interac¬ 
tion  and  the  detailed  energy  conservation,  but  it  totally  scrambles  the  relative  phases  of  distinct  interactions. 
The  spacial  structures  characteristic  of  the  small  scales  of  turbulence  clewly  do  not  survive  in  this  model.  Sur¬ 
prisingly,  the  model  nevertheless  does  a  good  job  (without  adjustable  parameters)  of  reproducing  the  spectrum 
of  isotropic  turbulence  at  all  wavenumbers  up  through  those  that  carry  most  of  the  dissipation,  and  at  Rx 
values  up  to  200.  It  also  predicts  an  exponential  fall  of  E{k)  in  the  far  dissipation  range,  in  accord  with  data. 

.At  large  enough  Hx,  the  DIA  is  invalidated  because  it  does  not  portray  correctly  the  sweeping  of  small  scales 
through  space  by  the  energy-range  excitation.  A  modification,  based  on  Lagrangian  statistical  functions,  cures 
this  problem  and  gives  good  abatdute  agreement  (again  using  no  adjustable  constants)  with  the  inertial-  and 
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dissipation-range  spectrum  at  Hx  =  3000.  Like  the  original  DIA.  this  approximation  cannot  portray  the  spacial 
structures  that  characterize  the  smatll  scales  of  real  turbulence. 

The  implications  of  the  success  of  low-order  closure  approximations  like  DIA  and  its  Lagrangian  counterpart 
in  predicting  the  energy  spiectrum  are  not  fully  clear.  One  strong  possibility  is  that  the  structures  so  important 
in  shaping  the  higher  statistics  of  the  small  scales  are,  in  effect,  just  ornaments  to  the  basic  energy  transfer 
process.  There  is  evidence  that  the  latter  involves  principally  regions  of  the  flow  whose  statistics  are  not  far  from 
Gaussian.  In  any  event,  approximations  of  the  DIA  type  totally  fail  to  predict  intermittency  of  NS  turbulence. 

In  the  past  several  years,  an  attempt  has  been  made  to  construct  model  dynamics  in  physical  space  in  order 
to  capture  the  highly  non-Gaussism  character  of  the  pdf’s  of  vorticity  and  other  velocity  derivatives.  .•V  brie 
progress  repiort  is  given  in  this  talk.  The  basic  device  is  to  approximate  actual  turbulent  fields  by  nonlinear 
transformations,  or  mappings,  of  fields  (called  rtferenee  fields)  with  known  statistics.  The  latter  have  been 
Gaussian  fields  in  the  work  to  date.  The  mapping  transformations  that  have  been  used  are  locally-determined 
changes  of  field  amplitude  and  distortions  of  the  space  in  which  the  Gaussian  reference  field  lives.  If  the 
mapping  functions  are  known  at  a  given  time,  the  rate  of  change  of  one-point  pdf's  can  be  found  exactly  from 
the  Gaussian  statistics  of  tne  reference  field.  The  mapping  functions  can  then  be  changed  self-consistently 
with  time  in  order  that  the  model  fields  have  statistics  that  reproduce  the  evolution  of  chosen  one-point  pdf's 
under  the  dynamical  equations.  The  method  is  wholly  non-perturbative.  This  mapping  approtudi  has  been 
spectacularly  successful,  both  qualitatively  and  quantitatively,  in  predicting  the  highly  non-Gaussian  statistics 
of  evolving  Burgers  turbulence.  Applications  to  NS  dynamics  are  currently  under  development.  The  mapping 
representation  of  the  pressure  term  in  the  NS  equation  is  of  crucial  interest. 

.4n  excellent  reference  for  the  current  state  of  knowledge  of  the  statistics  of  small  scales  and  the  progress  of 
active  research  trends  is  the  Kolmogorov  anniversary  number  of  the  Proceedings  of  the  Royal  Society  [Proc. 
Roy.  Soc.  London  A  434,  1-240  (1991)]. 
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Abstract 

Results  are  presented  from  two  experimental  techniques  allowing  direct  laboratory  measurement  of  the 
four-dimensional  spatio-temporal  structure  and  dynamics  of  the  dissipative  scales  in  turbulent  flows,  via 
gigabyte-sized  data  spaces  containing  a  level  of  resolution  and  detail  comparable  to  direct  numerical 
simulations.  The  first  of  these  deals  with  fully-resolved  measurements  of  the  structure  and  topology  of  the 
scalar  energy  dissipation  rate  field  associated  with  large  Schmidt  number  mixing  in  turbulent  flows.  The  second 
allows  the  fine  structure  and  dynamics  of  the  underlying  velocity  gradient  field  to  be  extracted  from  such 
measurements,  allowing  direct  experimenul  studies  of  the  vector  vorticity  and  tensor  strain  rate  fields  on  the 
inner  scales  of  turbulent  flows. 


1.  Introduction 

The  study  of  turbulent  flows  has,  over  the  past  decade,  undergone  such  a  dramatic  change  as  to  fairly 
qualify  this  as  a  revolution.  In  this  newest  phase  of  turbulence  research,  highly  detailed  four-dimensional  spatio- 
temporal  information  about  the  structure  and  dynamics  of  turbulent  flows,  of  a  type  that  would  previously  have 
been  inconceiveable,  has  become  almost  routinely  available.  The  earliest  source  of  this  type  of  information, 
and  still  by  far  the  best  known,  is  direa  numerical  simulation  (DNS)  of  the  full  Navier-Stokes  equations. 
Generally  less  well  known  are  more  recent  advances  in  experimental  techniques  for  whole  field  measurements 
in  turbulent  flows,  which  are  beginning  to  allow  direct  experimental  studies  of  the  structure  and  dynamics  of 
velocity  and  scalar  fields  in  turbulence  at  a  level  of  resolution  and  detail  entirely  comparable  to  DNS  and  at 
parameter  values  inaccessible  to  such  numerical  simulations.  These  techniques  are  beginning  to  demonstrate  a 
potential  that  would  have  been  unthinkable  as  recently  as  five  years  ago.  They  are  proving  to  be  the  next  stage 
in  this  revolutionary  progress  in  providing  the  researcher  detailed  access  to  turbulence  structure  and  dynamics, 
permitting  studies  of  real  flows  in  nonperiodic  domains,  at  conditions  beyond  the  reach  of  DNS. 

Reviews  of  some  relevatu  techniques  are  given  by  Adrian  (1986,  1991),  Merzkirch  (1987),  and  Lauterbom 
&  Vogel  (1984).  This  paper  gives  an  overview  of  two  other  techniques,  aimed  at  studies  of  the  dissipative  scales 
of  turbulence.  The  first,  in  $2  and  Ref  5,  pertains  to  studies  of  mixing  in  turbulent  flows,  allowing  fully-resolved, 
four-dimensional,  spatio-temporal  measurements  of  the  scalar  energy  dissipation  rate  field  (/?eSc)'‘V5  V5(x,f) 
of  a  dynamically  passive,  conserved  scalar  quantity  ^(*.0  in  the  flow.  The  second,  described  in  $3  and  Ref  11,  is 
derived  from  the  scalar  field  measurements  and  allows  extraction  of  the  underlying  vector  velocity  field  u(x,r), 
along  with  the  vector  vorticity  and  tensor  strain  rate  fields,  at  the  dissipative  scales  of  turbulent  flows. 

2.  Four-DinMOsioiial  Scalar  Field  Measurements 

Studies  of  the  fine  scale  structure  and  dynamics  associated  with  the  molecular  mixiiig  of  conserved  scalar 
quantities  in  turbulent  flows  are  a  major  branch  of  turbulence  research.  In  the  mixing  of  such  a  conserved 
quantity  the  scalar  field  ^(x.r)  satisfies  the  advection-diffusion  equation 

where  the  Schmidt  number  Sc  ■  (v/D)  characterizes  the  ratio  of  the  vorticity  and  scalar  diffusivities.  From  (1), 
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the  scalar  energy  per  urut  mass  VjC^Cx.r),  defined  analogous  to  the  kinetic  energy  per  unit  mass  ‘/ju^d.r), 
follows  an  exact  transport  equation  in  which  (/?eSc)-*V5  V^(x,r)  gives  the  rate  of  scalar  energy  dissipauon  per 
unit  mass,  namely  the  local  instantaneous  rate  at  which  non-uniformities  in  the  scalar  energv  held  are  being 
reduced  by  molecular  mixing  in  the  flow.  Here  we  describe  a  laser  imaging  diagnostic  specifically  designed  for 
very  highly  resolved,  four-dimensional,  spatio-temporal  measurements  of  the  conserved  scalar  field  ^(x,r)and 
the  associated  scalar  energy  dissipation  rate  field  V^  V^fx.r)  in  nirbulent  flows.  Measurements  with  this 
technique  have  been  obtained  in  the  self-similar  far  field  of  axisymmetric  turbulent  jets  at  outer-scale  Reynolds 
numbers  a  («5/v)  as  high  as  6000,  and  with  resolution  finer  than  the  local  strain-limited  molecular  diffusion 
scale  Xd  in  the  underlying  scalar  gradient  field.  Since  the  imaged  volume  in  the  flow  is  quite  small  in  comparison 
with  the  local  outer  flow  scale  5,  and  comparable  to  the  inner  scale  of  the  turbulence,  the  resulting  measured 
turbulent  scalar  field  fine  structure  is  essentially  independent  of  the  Reynolds  number  and  the  flow.  Features  of 
the  fine  structure  in  the  scalar  energy  dissipation  rate  fields  captured  within  these  four-dimensional  data  spaces 
should  thus,  to  a  large  degree,  be  generic  to  large  Schmidt  number  mixing  in  all  high  Reynolds  number 
nirbulent  flows.  Additional  details  of  the  technique  and  results  are  given  in  Ref  5. 

2.1  Experimental  technique 

Briefly,  the  technique  involves  measurement  of  the  aqueous  concentration  of  a  d>mamically  passive  laser 
fluorescent  dye  carried  by  one  of  the  fluids.  The  dye  mixture  fraction  is  a  conserved  scalar  with  Sc  -  2075.  This 
is  measured  in  time  throughout  a  small  three-dimensional  volume  in  a  turbulent  flow  by  imaging  the  laser 
induced  fluorescence  from  a  collimated  laser  beam  onto  a  high-speed  planar  photosensitive  array.  A  pair  of 
very  low  inertia,  galvanometric  mirror  scanners  are  used  to  synchronously  sweep  the  beam  in  a  raster  scan 
fashion  through  the  desired  volume  in  the  flow  field.  The  resulting  laser  induced  fluorescence  intensity  is 
measured  with  a  256  x  256  imaging  array,  having  center-to-center  pixel  spacings  of  40vim.  The  array  is 
synchronized  to  the  same  clock  that  drives  the  scanners,  and  can  be  driven  at  variable  pixel  rates  up  to  11  MHz, 
allowing  measurement  of  successive  data  planes  at  a  continuous  rate  in  excess  of  140  planes  per  second.  The 
fluorescence  data  from  the  array  is  serially  acquired  through  a  programmable  digital  port  interfece,  digitized  to 
8-bits,  and  then  routed  into  a  16  MB  buffer  from  which  it  can  be  continuously  written  in  real  time  to  a  3  1  GB 
high-speed  parallel  transfer  disk  rank.  The  overall  sustained  data  throughput  rate  to  the  disks,  accounting  for  all 
line  and  frame  overhead  cycles,  is  up  to  9.3  MB/sec.  The  31  GB  disk  capacity  can  accommodate  more  than 
50,000  of  these  256^  spatial  data  planes,  yielding  a  four-dimensional  spatio-temporal  data  space  structured  as 
shown  in  Fig.  1.  Fhe  spatial  separation  between  adjacent  points  within  each  data  plane,  and  beween  adjacent 
data  planes  within  each  data  volume,  is  smaller  than  the  local  strain-limited  molecular  diffusion  lengthscale  Xp  of 
the  scalar  field.  Similarly,  the  temporal  separation  between  adjacent  data  planes  within  each  data  volume  and, 
depending  on  the  number  of  spatial  planes,  between  the  same  data  plane  in  successive  data  volumes,  is  shorter 
than  the  local  molecular  diffusion  scale  advection  time  Xj/m.  This  resolution,  together  with  the  high  signal 
quality  attained,  allows  accurate  differentiation  of  the  measured  conserved  scalar  data  in  all  three  space 
dimensions  and  in  time  to  determine  the  components  of  the  local  instantaneous  scalar  gradient  veaor  field 
V^(x.f)  at  every  point  in  the  four-dimensional  data  space. 


Figure  1.  Structure  of  the  experimentally  measured,  four-dimensional,  spatio-temporal 
conserved  scalar  data  space  as  a  temporal  progression  of  three-dimensional  spatial 
data  volumes,  each  consisting  of  a  sequence  of  two-dimensional  spatial  data  planes,  each 
composed  of  a  256  x  256  array  of  data  points.  The  data  space  typically  consists  of  more 
than  3  billion  individual  point  measurements.  The  spatial  and  temporal  resolution 
achieved  is  sufficient  to  allow  direct  differentiation  of  the  conserved  scalar  data  in  all 
three  space  dimensions  and  in  time,  allowing  the  evolution  of  the  true  molecular  mixing 
rate  field  V^  V^(x,»)  to  be  directly  determined. 
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'.'.e  :::ne  t'etxveen  acquisition  ot  successive  data  planes  wunin  eacn  spatial  data  volume,  anu  oetxveen  tne  same 
;..;a  t^iane  .successive  data  volumes.  To  as,se,ss  the  resuitmc  relative  resoluuon.  tnese  tr.us:  r'e  cttmpared  vvitn 
T.e  :;nest  local  spatial  and  temporal  scales  on  whicn  cr.utients  m  the  conserx'ed  scalar  :x*id  can  ne  locallv 
'..stained  in  the  tlow.  In  both  the  vorticitv  and  scalar  tieids.  t.ne  ettect  or  the  local  time-varvine  strain  rate  e  is  to 
•.•sta.oiish  a  competition  between  strain  and  molecular  Oithasion.  leadinij  to  an  equilibrium  strain-limited 
.a.Tasion  laver  thickness  k  -  (D/e)*'*  With  the  peak  strain  rates  locallv  in  the  tlow  scalins!  as  e  - 1  'i/dl 
tr.e  strain-limited  scalar  ditfusion  scale  is  ik^6)  -  Sc-*'*  Re^  '  *.  with  k^=-k^  Sc*'*  Recent  measurements  «ive 
’.ms  oroportionality  constant  as  approximately  1 1  d.  Note  that  the  scales  a.^  and  are  respectively 
proportional  to  the  classical  Kolmogorov  and  Batchelor  scales,  but  are  about  an  order  ot  magrunade  larger. 

The  results  presented  here  are  from  measurements  m  the  self-similar  far  field  of  an  axisvmmetric 
ruroulent  let,  located  235  let  momentum  diameters  iT15  mi  downstream  of  the  let  source  and  13  cm  off  the  let 
enterline.  To  estimate  the  resulting  resolution,  note  that  6(x)  -  0.44  ■  .t  and  uu)  »  7.2  (J/p  i‘  *  t'*.  where  J  is 
i.'.e  et  source  momentum  tlux  and  p  is  the  amoient  tluid  de.nsitv  .\t  an  outer  scale  Reynolds  number  of  3~0C 
i:'.a  with  Sc  =  2075,  the  local  strain-limited  moiecalar  diffusion  Icngthscale  esumate  is  k^  -  262  pm  and  the  local 
xivec'aon  timescale  estimate  is  (Xjyui  =■  1(»5  msec  With  :he  measurements  having  an  imaae  rauo  ot  l.~  'he  in- 
plane  spaual  resolution  was  Ax  =  Ay  =  108  pm.  with  the  inter-plane  resoluuon  Az  -  120  pm.  mdicaung  that  the 
scalar  field  measurements  are  essentially  fuUv-resolved. 

2  3  .Sample  results 

Figure  2  shows  the  conserved  scalar  dissipation  rate  data  in  a  typical  256  x  256  spauai  data  plane.  Ail 
quantiues  are  normalized  by  the  inner  scale  reference  values  k^  and  (v/X^)  of  the  underivina  mrbuient  flow 
The  V^V^lx.t)  field  was  obtained  bv  direct  differentiation  of  the  d.ita  in  the  three  aoiacent  scalar  planes 
centered  on  that  in  Fig.  2a.  bnear  central  differences  were  used  to  evaluate  the  three  components  ot  the  scalar 
gradient  vector  field  V^(x.r).  with  no  explicit  smoothing  or  filtering  of  the  results.  Owing  to  tne  wide  range  of 
dissipation  rates,  the  logarithmic  compression  loj,  V^fx.r)  in  Fig.  2c  allows  the  structure  at  low  dissipauon 
rates  to  be  e.xammed.  Fine  structure  maps  such  as  these  show  that  essenually  all  of  the  molecu.ar  mcxing  occurs 
in  thin  sheet-iike  layers.  .Numerical  analysis  of  the  detailed  internal  structure  of  the  moiecuiar  mcxing  within 
these  iavers  has  confirmed  that  strain-limited  soluuons  of  the  Burgers  (1948,  1950)  and  Townsend  il951)  form 
give  a  remarkably  accurate  description  of  the  scalar  energy  dissipauon  profiles  within  these  iavers. 

Our  present  interests  are  principally  in  the  topologv'  which  the  scalar  dissipauon  Iavers  assume  as  a  result 
f  their  repeated  stretching  and  folding  by  the  turbulent  .strain  rate  and  vorucity  fields.  The  aim  is  to  obtain 
measurements  of  the  scalings  which  this  topoiogy  satishes.  and  relate  these  to  the  dynamics  of  the  'oirbulent 
.ijscade'  represented  by  this  stretching  and  folding  process.  We  are  motivated  by  recent  successes  in 
comparauveiv  simple  two-dimensional  chaouc  flows  lOtuno  1992;  Muzzio.  Meneveau.  Swanson  &  Otuno  1992), 
where  a  periodic  stretching  and  folding  of  the  scalar  Iavers  leads  to  scalings  for  the  distnbuuon  of  dissipation 
■aver  separations  that  can  be  reconciled  with  simple  physical  arguments.  From  the  three-dimensional  spaual 
character  of  the  oarbulent  dissipauon  rate  field  in  anv  given  data  volume  (see  Fig.  2c),  we  construct  the  surface 
f  .ocai  iaver-normal  dissipation  maxima.  We  can  then  compute  the  distribution  of  dissipation  layer 
senarauons  k  k^.  as  shown  in  Fig.  3.  The  rougnlv  lognormal  form  appears  consistent  with  the  scalings  obtained 
IP.  me  simple  periodic  flows  (Refs.  9,  10),  but  for  large  laver  separations  we  find  the  power  law  form  shown  in 
Fig  t  The  k  '  scaling  obtained  is  consistent  with  simple  volume-preserving  constraints  and  suggests  a 
.multiplicative  process  consistent  with  a  self-simiiar  repeated  stretching  and  folding  of  the  Iavers. 


3-  Four-Dimensional  Velocity  Field  Measurements 

This  section  describes  a  technique  for  measurement  of  the  fully-resolved,  four-dimensional.  vector 
veiocia'  held  u(x,r;  on  the  inner  scales  of  turbulent  flows.  It  is  based  on  the  technique  described  above  for 
.Dtaining  ruilv-resolved,  four-dimensional  measurements  of  the  fine  scale  structure  ot  'me  5c  »  1  conserved 
sraiar  field  2fx.r)  The  method  involves  inverung  the  exact  conserved  scalar  transport  equauon  throughout  the 


Figure  3.  Measured  distribution  of 
the  scalar  dissipation  layer  separation 
distances  )J\,  obtained  from  the 
particular  three-dimensional  data 
volume  containing  the  data  plane 
shown  in  Figure  2.  Note  the  quasi- 
lognormal  form  obtained  for  small 
layer  separation  values.  See  also  Fig.  4. 


Figure  4.  Log-log  form  of  the  mea¬ 
sured  distribution  of  scalar  dissipation 
layer  separation  distances  X/X^  in  Fig.  3. 
Notice  in  particular  the  -3  power  law 
form  obtained  for  large  layer  separa¬ 
tion  values,  and  the  cutoff  value  for 
small  separations.  The  -3  slope  is  con¬ 
sistent  with  simple  volume  preserving 
arguments  for  a  multiplicative  process 
underlying  the  repeated  stretching  and 
folding  of  scalar  dissipation  layers  by 
the  turbulent  flow  field. 


log  (X  /  Xy) 

dense,  four-dimensional,  spatio-temporal  data  space  to  direaly  yield  the  velocity  component  field  H||(x,i)  along 
the  local  scalar  gradient  veaor  V^(x,f).  An  examinafion  of  the  corresponding  gradient  field  Vu„(x,t)  then 
allows  the  extraction  of  the  full  vector  velocity  field  a(x.r).  A  detailed  discussion  is  given  in  Ref.  11. 

3.1  Extraction  of  u(x,t)  from  ^(x,r) 

Since  the  conserved  scalar  field  ^(x,t)  follows  the  advective-diffusive  transport  equation  given  in  Eq.  (1), 
the  influence  of  u(x,r)  on  the  scalar  field  is  strictly  through  the  u  V^  term.  This  can  be  written  as  uh  IV^I,  where 
uii  is  the  component  of  the  local  velocity  vector  along  the  local  scalar  gradient  vector  direction,  namely 

^(x,f)  =  u(x,^)•«y|.(x,f)  (2a) 

with 

ey^(x,t)  s  V;(x,r)/lVC(x.r)|  (2b) 

Four-dimensional  measurements  of  the  scalar  field  with  resolution  and  signal  quality  sufficient  to  allow 

accurate  direct  differentiation  in  both  space  and  time,  allow  extraction  of  this  velocity  component  throughout 
the  spatio-temporal  data  space  as 

y/|VC(x.r)|  (3) 

Measurements  of  wnfx.r)  using  Eq.  (3)  for  the  relatively  simple  flow  field  represented  by  an  axisymmetric 
laminar  vortex  ring  have  been  reported  in  Ref.  12  These  show  that  remarkably  clean  first-  and  second- 
derivative  fields  are  indeed  obtainable  from  measured  four-dimensional  conserved  scalar  field  data,  allowing 
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accurate  differentiation  of  the  scalar  field  m  all  three  space  dimensions  and  in  time  to  determine  the 
components  of  the  instantaneous  time  derivative  field  (d/9»)^(x.r),  the  scalar  gradient  vector  field  Vl^(x.r),  and 
the  Laplacian  field  V*^(x.r)  involved  in  Eq.  (3) 

The  value  of  U(,(x,f)  differs  between  any  two  points  x  and  x+dx  due  to  (i)  the  change  in  the  gradient  vector 
directioa  which  is  known,  and  (ii)  the  change  in  u(x.f).  This  can  be  expressed  formally  as 

+  (4) 

In  Eq.  (4)  the  ttnfx.r)  field  and  the  scalar  gradient  vector  orientation  field  e^(x,t)  are  known  from  the  measured 
scalar  field  daa.  The  unknowns  are  the  three  components  of  the  velocity  field  u(x,/)  and  the  nine  components 
of  its  gradient  field  Vu(x.f).  However,  the  nine  components  of  Vu(x.r)  result  directly  from  relations  among 
adjacent  values  of  u(x,r),  and  thus  the  availability  of  such  adjacency  information  from  the  three-dimensional 
spatial  character  of  the  scalar  field  measurements  motivates  an  iterative  procedure  to  find  the  velocity  field 
u(x,f)  in  Eq.  (4). 

For  large  Sc  scalar  mixing  in  turbulent  flows,  we  can  expect  that  the  scalar  gradient  field  V^(x,t)  will 
contain  considerably  more  fine  structure  than  the  velocity  gradient  field  Vn(x,»).  The  velocity  gradient  field 
Vu(x,r)  will  be  linear  over  lengthscales  of  the  order  of  A^,  while  V^fx.r)  is  linear  over  Xp  «  pgr  Sc  - 

2075  this  ratio  of  scales  is  about  45,  so  the  underlying  velocity  field  which  we  arc  aiming  to  extract  from  the 
scalar  field  measurements  is  considerably  smoother  than  the  scalar  data  itself.  We  can  therefore  expea  in 
Eq.  (4)  to  vary  with  dx  more  rapidly  than  will  u.  This  allows  a  starting  solution  for  the  velocity  field  by  assuming 
that  for  small  dx,  in  Eq.  (4)  is  small  in  comparison  with  u  The  ii„’s  found  at  three  different  points  in 
a  small  neighborhood  around  any  point  x  are  then  essentially  the  projections  of  a  single  local  velocity  veaor  u 
onto  the  three  different  unit  veaors  If  the  points  are  selected  so  that  the  three  i^s  are  sufficiently  non- 
colinear,  then  the  local  velocity  veaor  u  =  (u.  v,  w)  can  be  obtained  from  the  measured  m„(x,i)  via  the  inverse  of 
this  local  projection  matrix.  Of  course,  in  any  such  small  neighborhood,  there  are  in  principle  many 
combinations  of  points  from  which  estimates  for  the  local  velocity  veaor  u  can  be  obtained.  This  high  level  of 
redundancy  leads  to  a  strong  probability  of  finding  at  least  one  set  of  points  for  which  the  projection  matrix  is 
sufficiently  nonsingular  to  allow  its  accurate  inve<-sion.  Moreover,  this  redundancy  affords  considerable 
opportunities  for  incorporating  explicit  noise  reduction,  if  needed,  in  this  zeroth  estimate  of  u(x,r). 

This  starting  solution  can  be  improved  by  writing  Eq.  (4)  as  a  sequence  of  successive  approximations  as 

VM,=u*VI^  +  (Vu*’')’’ev^  (5) 

The  iterative  procedure  begins  for  1:  =  1  with  the  result  of  the  zeroth  iteration,  u0(x,r),  from  which  we  find 
Vu°(x,f).  Equation  (5)  then  involves  only  the  three  unknown  velocity  components  u*,  which  we  can  obtain 
from  the  three  components  of  this  equation  based  on  the  measured  ii|i(x,r)  and  ey^(x,r)  fields.  Successive 
iterations  based  on  Eq.  (5)  can  then  be  nude  until  the  velocity  field  u*  converges  to  a  self-consistent  result. 
While  various  consttained  iteration  schemes  that  explicitly  require  V  u  -  0,  or  that  even  enforce  the  vorticity 
transport  equation  explicitly,  are  possible  if  needed  to  accelerate  convergence  to  the  velocity  field  u(x,f),  our 
results  show  that  stable,  relatively  rapid,  and  acurate  converrgence  is  achieved  without  the  need  to  resort  to  any 
such  measures. 

To  validate  this  scalar  imaging  velocimetry  technique  and  assess  its  potential  accuracy,  we  have  applied  it 
to  a  number  of  test  cases  in  which  synthetically  generated  scalar  fields  as  well  as  actual  measured  turbulent  flow 
scalar  fields  (see  Fig.  5)  are  numerically  adveaed  in  time  under  various  imposed  velocity  fields.  An  example  is 
shown  in  Fig.  6,  where  the  imposed  velocity  field  consists  of  two  vortical  structures.  The  velocity  field 
obtained  after  four  iterations  leads  to  the  vorticity  and  strain  rate  tensor  components  compared  in  Fig.  6  with 
the  exact  flow  field.  Note  that  all  the  major  structural  features  of  the  vorticity  and  strain  rate  component  fields 
are  accurately  extraaed,  and  that  continuity  is  remarkably  well  satisfied  by  the  resulting  velocity  field. 

3.2  Sample  turbulent  flow  measurement 

To  demonstrate  the  application  of  this  scalar  imaging  velocimetry  technique.  Figs.  7a-c  show  the  full 
vector  velocity  field  u(x,r)  in  the  scalar  field  data  plane  from  Fig.  5,  obtained  from  the  third  iteration  in  Eq.  (5) 
with  nothing  imposed.  The  resulting  u-  and  v-component  fields  are  at  least  qualitatively  consistent  with  the  fluid 
nxrtion  apparent  in  the  x-y  plane  from  the  time  evolution  of  the  measured  scalar  field  dau.  The  velocity 
projections,  which  are  common  in  whole  field  velocimetry  techniques,  are  shown  in  Fig.  Id,  though  it  is 
apparent  that  the  individual  color-coded  velocity  component  planes  give  a  far  better  indication  of  the  resulting 
structure  in  the  measured  veaor  velocity  field. 
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-t.  Conclusions 

Resu.ts  trom  tnis  hallv-resoived.  tour-dimensi. m...  ^i  .itu iral.  scalar  tieid  iin.it:ina  techmc’ue.  ,is  weil 
.is  the  sca.ar  imaEin.tj  velocimetrv  technique  uertve.t  :r  >ni  .:  pr  nide  .1  new  means  tor  experimentailv 
.nvesticating  the  precise  tine  structure  and  civnami.o  ;  reai  f..::''Uient  hows  at  a  level  ot  detail  previousiv 
cop.ceiveaple  onlv  from  large-scale  DNS  computat.  ns  Ih.e'e  methods,  together  vvith  other  whole  tieid 
veiocimetrv  techniques  based  on  panicle  imaging  mem.  d.s  .mo  -A.th  advances  in  visualization  techniques  tor 
latEe  tour-dimensional  data  spaces,  are  contributing  m  me  ne.x:  nr.ase  ot  a  revolution  that  is  rapidlv  providina 
rentarkacie  new  access  into  the  nature  ot  rurbulence 
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Abstract 

CoiisideraUe  progress  has  been  nude  in  understanding  the  dynamics  of  panicles  in  a  homogeneous 
isotropic  turbulence  and  in  understanding  the  additional  forces  on  particles  that  arise  in  non-homogeneous  flow 
fields.  This  work  is  reviewed  and  its  use  in  describing  gas-liquid  annular  flow,  sediment  transport  and  aerosol 
deposition  is  explored. 

1.  Introduction 

Particl«  in  a  tnrbulem  field  assume  a  turbulem  motion  because  of  their  response  to  fluid  velocity  fluctuations. 
An  understanding  of  this  phenomenon  is  central  to  solving  many  problems  in  multiphase  flow.  This  paper 
concentrates  on  the  behavior  of  dilute  suspenaions  for  which  partkle-particie  interaction  is  unimpottam  and  for  which 
the  influence  of  the  particles  on  fluid  turbuleBoe  can  be  ignored. 

The  panicles  do  not  follow  the  fluid  exactly  because  of  inertia  efiects  and  because  the  gravitational  field  can 
cause  a  drift  relative  to  the  fluid.  ConsidetaUe  progress  has  been  made  in  understanding  the  dynamics  of  particles 
that  origirute  from  a  poim  source  in  a  homogeneous  field.  Nonhomonogeneities  in  the  flow  field,  that  can 
dramatically  change  this  behavior  have  also  been  quantified.  However,  no  generally  accepted  solution  for  dispersion 
from  a  point  source  in  a  non-homogeneous  Geld  is  available. 

The  ptincipal  focus  of  this  paper  is  the  utilixation  of  fliese  advances  to  analyze  multiphase  systems.  Particular 
attention  is  given  to  describing  the  distribution  of  particles  and  the  dqtosition  on  a  wall. 

Dro|det  behavior  in  vertical  gas-liquid  annular  flow  is  described  by  consideriiig  the  wall  layer  to  be  a  series 
of  differential  aonices  of  drops,  bi  this  system  the  inertia  of  the  drops  is  large  enough  that  they  move  through  the 
viscous  wall  region  in  free-flight.  As  a  consequence,  a  first  order  approximation  can  be  obtained  by  assuming  a 
homogeneous  flow  field.  This  approximation  ia  also  reasonaUe  for  horizontal  gas-liquid  anmilar  flows  and  sediment 

transport.  However,  the  influence  of  the  gravitarional  field  nnst  be  taken  imo  account 

Aerosol  particles  have  much  smaller  inertia  than  drof^ets  or  sediment  partklea.  They  impact  on  a  wail  by  a 
free-flight  which  originates  within  the  viscous  wall  region,  where  large  spatial  variations  of  dre  turbulence  properties 
of  the  fluid  are  found.  As  a  consequence,  an  understanding  of  the  effect  of  non-homogeneities  in  the  flow  field  are 
of  first  order  inqxntance.  Here,  the  ptmcipal  proUem  is  understanding  die  details  of  the  free-flight.  Cotiqiuter 


IL4-1 


experiments  offer  the  opportunity  of  obtaining  much  needed  information  on  this  phenomenon. 


2  D  jpersion  of  fluid  particles  from  a  point  source  in  a  homogeneous  flow 

A  staning  pouit  for  understanding  particle  transpon  is  Taylor's  (1921)  description  of  diffusion  from  a  point 
source.  The  spread  of  particles  may  be  characterized  by  the  mean-square  of  the  x-component  of  a  large  number  of 
particles  from  the  place  where  they  originated.  For  molecular  diffusion.  Einstein  derived  the  relation 


1  dP 

2  dt 


D 


where  D  is  the  molecular  diffusion  coefficient. 

Taylor  assumed  a  homogeneous,  isotropic  field  and  showed  that 


1  -j  C  !  s  j 

_  _  -  u  J  (5)  dr 


(1) 


(2) 


Here  ii^  is  the  mean-square  of  the  x-componeiM  of  the  velocfry  fluctuations  and  I&f  is  the  Lagrangian  correlation 
defined  as 


rL  .  mm 

1? 

The  numerator  is  the  average  of  the  product  of  the  velocity  of  a  particle  at  times  zero  and  s.  For  small  s. 
u(o)u{s)  3  and  (s)  -» 1 .  For  large  rimes,  u(S)  is  not  related  to  ufol  so  that  idoMs)  can  be  plus  as  often  as 

it  is  minus.  Consequently  u(o)u(s)  -*o  for  s  -»  <•.  The  integral  in  (2)  for  s  -*  «•  is  a  constam,  defined  as  the 
Lagrangian  rime  scale  of  the  fluid, 

A  Lagrangian  turbulent  diffusion  coefficient.  can  be  defined  by  (1).  ¥ot  t  o,  t  p  •  u^t  and  for  t  -* 


■^Lf  * 


J  Rp{s)d5 


(4) 


oe,  tp  ”  l^'X  ■  Consequently  the  turbulent  diffusion  coefficient  is  time-depeixleot.  It  varies  linearly  widi  time 
for  small  time  and  is  a  constant  for  large  time. 

An  method  to  describe  diffusion  Ccoin  a  point  source  is  to  use  random  flight  models.  These  give  the 

path  of  the  particle  over  a  number  of  diactete  line  intervals,  dt,  as 


dx 

~dt 


(5) 


where  the  x-componem  of  dre  velocity  of  the  particle  at  the  beginning  of  rime  interval,  dtj,  is  allowed  to  vary 
randomly  with  rime.  An  example  of  this  approach  is  the  Langevin  equation  (van  Dop  et  aL  1985), 
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du, 


dt 


‘LF 


17 


V/2 


^LF 


da. 


(6) 


where  da,  is  a  randoni  accelerttion  which  is  unconelated  from  time  step  to  time  step.  Equations  (S)  and  (6)  are 
solved  for  the  initial  condition  that  u,  is  a  random  variable  specified  by  a  Gaussian  distribution  with  variance  iP' 

This  solution  gives  a  model  of  one  of  the  possible  paths  for  a  fluid  particle  originating  from  the  origin  at  time 
zero.  An  average  over  a  large  number  of  paths  gives 


F  -  2  IP 


LF 
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^LF 


This  is  a  solution  of  (2)  if  n/-  *  exp 


(7) 


3  Biapersion  of  hcaw  ositicles  from  a  point  source  in  a  bomoteneous  isotropic  field 

Turbulence  properties  of  particles  can  be  defined  analogous  to  those  for  the  fluid:  u>^  The 

goal  of  a  theory  for  heavy  particle  dispersion  is  to  predict  the  turbulence  properties  of  the  particles  from  given 
turMence  properties  of  the  fluid.  The  apprtMch  that  is  taken  is  to  solve  the  equation  of  motion  of  a  panicle  in  a 
randomly  varying  fluid  field  and  to  take  an  average  over  a  large  number  of  possible  particle  paths. 

The  simplest  form  of  this  equation  and  the  orre  used  in  this  paper  is 


-  Pf 


(pp  -  Pf)  *  /d  i  Pf  (“*-  V") 


iT-  V' 


(«) 


Here  Tp  is  the  volume  of  the  particle,  the  pp/2  term  on  the  left  side  is  the  added  mass,  the  first  term  on  the  right  is 
the  force  of  gravity  and  the  second  term  on  the  right  is  the  fluid  drag.  The  drag  coefficient, /q,  is  obtained  from  a 
steady  flow  correlation. 

From  (8)  an  inertial  tinre  coostam  can  be  defined  as 


For  a  Stokesian  resistance 


3/o  9  F  V* 

2  (2pp  ♦  Pf) 


Ps  - 


36  Mf 

(^Pf  ♦  Pf  ) 


(9) 


(W) 


and  (8)  is  linear  in  vt  When  time  is  large  enough  the  average  acceleration  of  the  particles  is  aro,  and  the  average 
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of  (8)  gives  a  drift  (or  free-fall)  velocity,  designated  by  V-p  for  the  panicles  due  to  the  gravitational  field. 

More  complete  forms  of  the  equation  of  motion  have  been  considered.  In  particular,  the  woiks  of  Tchen 
(1947),  Corrsin  A  Lumley  (1936),  and  Maxey  A  Riley  (1983)  should  be  mentioned.  Complications  arise  because  of 
the  treatment  of  the  added  mass  eSect,  fluid  pressure  variations,  non-linear  drag  and  the  effect  of  unsteadiness  on 
drag.  A  detailed  assessment  of  these  problems  has  recently  been  given  by  Mei  (1990). 

The  solution  of  (8)  for  Stokesian  drag  gives  the  following  average  resulu  (Friedlander.  1937): 


P  5  J  R(s)ds 

O 


(11) 


-  2  (r-J)  R(s)  ds 


(12) 


ip  (t  -*00)  -  ^  J  R{s)ds 

The  turbulence  properties  of  the  particles  are.  thus,  deflned  in  terms  of  the  fluid  turbulence  properties,  ^  and  R(s). 

The  coefficiem,  R(s),  correlates  fluid  velocity  fluctuations  seen  by  the  particle  as  it  moves  through  the  field.  It  is  not 
equal  to  the  Eulerian  or  to  the  Lagrangian  correlation  coefficient;  it  cannot  be  measured,  directly,  in  laboratory. 

As  pointed  out  by  Lumley  (1957),  this  presents  a  fundamental  non-linearity.  Equaticm  (12)  gives  die  mean- 
squared  position  of  the  particle,  but  in  order  to  specify  R(s>  the  position  needs  to  be  known. 

A  major  breakthrough  is  the  approximaie  resolution  of  this  problem  made  by  Reeks  (1977),  Pismen  A  Nir 
(1978)  and  Nir  A  Pismen  (1979).  They  mpUed  Corrsin’s  (1939)  independence  approximation  by  assuming  that  the 
Lagrangian  correlation  R[(s)  at  tune  s  eqnab  a  spatial  avenge  of  the  Eulerian  space-time  correlation  at  time  s: 


-  j  /// j)  P  (^)  ^ 

Here  p(xt  r)  is  the  probability  that  a  particle  has  a  di^lacemem  x* after  time  s.  It  is  assumed  to  be  Gaussian  with 
variance  . 

—7 

An  iterative  procedure  is  used  to  solve  (12)  and  (14).  A  function  for  R(s)  is  assumed  and  Xp(s)  is  calculated 

from  (12).  A  first  tqiproximation  of  p(jffs)  is  obtained  and  a  second  qiproximation  of  R(%)  is  obtained  from  (14). 
Reeks,  Pismen  A  Nir  exfdored  an  Eulerian  space-time  correlation  of  the  form 

R^  (xj)  ~  R^  (x)  R^(s) 
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The  Eulehan  spatial  correlatioii  is  calculated  frani  isotropic  relations  using 


/(r)  -  exp 

and  the  Euleiian  time  correlation  is  specified  as 

f 

R^is)  -  exp  - 

Here  Lg  and  are  the  Eulerian  length  of  time  scales.  The  ratio  \u^l  ^  e  I  fixed. 

Reeks,  Pismen  and  Nir  found  for  correlation  function  (1S>  17)  that  ^  <  <1?  md  that  the  long-time  turbulent 

difiusivhy  of  the  particles  is  larger  than  the  long  time  turbulent  diffusivity  of  the  fluid,  if  the  time  constant  of  the 
particle  is  large  and  if  Vj-  is  negligible.  For  a  very  small  particle  time  constant  the  particle  diffusivity  is  the  same 
as  the  fluid  and  ^  .  Increasing  values  of  srere  found  to  cause  a  decrease  in  the  long  time  tutbulem 

diffusivity  of  the  particle,  in  agreement  with  the  crossing  of  trajectories  concept  of  Yudine  (19S9).  In  the  limit  of 
very  large  Vj  asyngrtotk  relations  were  derived  by  Csanady  (1963): 

Rffl)  -  R®  (r  -  Vjt,  y-O,  r-o) 


nr* 


4Z, 
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(16) 


(17) 


C 


(19) 


Mei  (1990)  has  extertded  the  woik  of  Reeks,  Pismen  and  Nir  to  itKlnde  the  effects  of  non-linew  drag.  This 
work,  as  well  as  a  study  by  Lumley  (1S)78),  shows  that  x  is  the  direction  of  particle  settling, 

in  contrast  to  a  linear  drag  for  wfakfa  these  three  reciprocal  time  consupts  would  be  equal. 

Arxxher  ^iproach  toward  understanding  particle  turbulenoe  in  a  homogeneous  field  is  the  description  of 

individual  particle  paths  by  the  use  of  random  flight  modeto.  However,  the  adaptation  of  methods  developed  to 
describe  Lagrangian  statistics  for  the  fluid  is  not  clearcut.  So,  the  results  of  diffietent  investigaton  are  not  in 
agreement  One  of  the  first  papers  in  this  area  was  by  Hutchinson,  Ifewitt  ft  Dukler  (1971).  Other  works  along  this 
line  ate  by  Shuen  et  al  (1983),  Kallio  ft  Reeks  (1988),  Bumage  ft  Moon  (1990),  Otmancey  ft  Mattinon  (1984), 
Betlemom  et  al  (1990). 

4.  Exrreriments 

Laboratory  studies  of  particle  otrbulenoe  have  been  petfoimed  by  Snyder  ft  Lumley  (1971)  and  Wefls  ft  Stock 
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( 1983)  in  grid  generated  turbulence.  Studies  in  pipe  flow  were  carried  out  by  Calabrese  ft  Middleinan  ( 1979).  Lee. 
Adrian  ft  Hanrany  (1991). 

The  latter  two  studies  are  of  particular  importance  to  this  paper.  These  showed  that,  within  experimemal  error, 
the  long-time  turbulent  diffiisivities  of  the  particle  and  the  fluid  are  approximately  equal  The  ratio  of  the  panicle 
and  fluid  turbulence  were  found  to  be  given  by 


“2 


— 

oTTjr^ 


(21) 


For  l/j.  /  M  >  7  the  long  time  di^ivity  of  the  particles  becomes  smaller  than  the  long  time  difhisivity  of  the  fluid 
An  experimemal  approach  that  has  been  most  finiitful  is  to  carry  out  computer  studies  of  particle  turbulence. 
This  can  involve  the  use  of  a  direct  numerical  simulation  (McLanghlin,  1989;  Brooke  et  al.  1992;  Squires  ft  Eaton. 
1991)  or  various  versions  KraKhnan's  (1970)  kinematic  tepte,iei nation  of  isotropic  Gaussian  turbulence  with  Fourier 
series  (Maxey.  1987;  Mei,  1990). 


5-  Effects  of  flow  non-homoaeoeities 

A  consideration  of  particle  dispersion  in  non-homogeoeous  flow  fields  introduces  a  number  of  ph>««.Ti>nn  not 
seen  in  homogeneous  turbulence.  Gradients  of  the  turbulence  cause  particles  to  have  a  time  average  drift  aw$y  ftom 
maxima  in  the  energy.  The  drift  velocity  for  this  turbophoresis  phenomenon  (Reeks,  1983;  Caporaloni.  1975)  has  been 
given  as 


V 


Di  * 


(22) 


for  a  Stokesian  particle. 

For  a  fully-developed  particle  field  in  a  cylindrical  polar  coordinate  system  the  drift  velocity  defined  by  Reeks 
would  be  given  as 


Dr 


“2 

V, 


sr  *  T 
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(23) 


However  in  <■<— the  eifea  of  non-homogeneities  one  must  also  take  into  accoum  their  influence  on  the  time- 


averaged  pressme  gtadiem  in  the  Quid  (as  discussed  by  Young  ft  Hanraity,  199ia). 


r 


(24) 


This  exerts  an  average  force  on  the  particles  so  that  from  (23)  and  (24)  the  average  drift  velocity  due  to  turbulence 
non-homogeneities  is  given  as 
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where  o  =  2pf  /  (2pp  +  For  Pp  a  Pjr  it  is  noted  that  Vp^  -  0  . 

A  simple  interpretation  (Young  A  Hanratty.  1991a)  of  these  results  can  be  obtained  if  one  considen  that  the 
right  side  of  (2?)  is  a  time-averaged  acceleration,  either  of  a  fluid  particle  or  of  a  solid  panicle.  If  it  is  a  fluid  panicle 
the  acceleranon  is  associated  with  a  time-average  pressure  gradient  in  the  fluid.  If  it  is  a  solid  particle,  the 
acceleration  is  not  balanced  by  pressure  gradients  in  the  fluid.  At  approximately  equilibrium  conditions  the 
acceleration  equals  a  drag  force  on  the  particle,  given  by  P  j^Pr  fot  a  Stokesian  particle,  where  Vp,  is  the  radial 
compofwnt  of  the  slip  velocity. 

Lift  forces  transverse  to  the  direction  of  particle  slip  the  (x-axis)  can  be  caused  by  partkle  rotation  (Rubinow 
ft  Keller,  1961)  or  by  a  mean  velocity  gradient  in  the  fluid  (Safhnan,  1965,  1968).  The  particular  results  obtained 
by  SafCtnan  for  Stokesian  particles  are  restricted  to  values  of  /  dy^  I  v  which  are  snull,  but  still  hmHi  larger 

than  the  particle  Reynolds  number,  /  v.  McLaughlin  (1991)  has  extended  the  analysis  of  Safbnan  for 

Stokesian  pardcles  so  that  a  small  value  of  d^  /  dyj  /  I  cf  -  need  not  be  assumed.  The  interesting  flnding 

is  that  the  lift  starts  to  decrease  significarttly  for  values  of  this  ratio  of  the  order  of  unity  and  that  it  is  negligible  for 
large  slip  velocities.  The  lack  of  an  appeedtfiaa  of  this  effect  has  lead  to  errors  in  a  number  of  analyses  tfatf  have 
^jpeared  in  the  litetature.  Lift  forces  aaeociaied  widi  velocity  gradients  appear  to  exist,  also,  fw  large  particle 
Reynolds  numbers,  but  deatcut  theoretical  guidance  is  not  availaUe. 

When  particles  approach  a  wall  a  number  of  important  effects  can  occur.  The  fluid  drag  in  directions 
perpendicnlar  and  parallel  to  the  wall  incteaae  (Bremer,  1961;  Goldman  et  al,  1967;  Cox  ft  Bremer,  1967;  Young 
ft  Hanratty,  1991b).  Furthermore,  when  particles  approadi  a  wall  very  dosely  there  is  a  lift  force  away  from  the  wail 
that  results  from  an  infafoitim  of  fluid  displacemem.  This  was  discovered  by  Cox  ft  Hsu  (1977)  and  by  Vasseur  ft 
Cox  (1977)  in  their  analysis  (rf  panides  sedimenting  in  a  stationary  fluid.  These  results  have  been  confltmed 
experimentaUy  by  Chendcat  ft  McLaughlin  (1990). 

A  number  of  experiments  have  been  performed  which  cleariy  show  the  effects  of  a  non-homogeneous  flow 
field  on  particle  distrfoution.  In  their  study  of  the  motiao  of  100  micrm  copper  and  glass  spheres  in  downwardly 
flowing  turbulent  water.  Young  ft  Hanratty  (1991b)  found  that  the  pattides  can  be  trapped  in  necklace  formations 
that  move  parallel  to  the  waU  slowly  «  a  distance  of  leas  that  one  panicle  diameter  from  the  wall.  Measurements 
of  concentration  profiles  of  the  pattides  show  a  maximum  in  the  center  of  the  pipe  and  gradienis  toward  the  wall, 
indicating  that  particles  ate  transported  toward  the  wall  by  tutbulem  diffnsim.  The  trapping  phenomenon  is 
interpreted  as  occurring  when  the  Safhnan  lift  force  toward  the  wall  overcomes  the  ability  of  fluid  turbulence  to  mix 
the  particles.  The  location  of  trapped  particles  is  dictated  by  a  balance  between  the  Saffinan  lift  force  and  the  wall- 
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induced  force  associated  with  the  displacemeiu  of  fluid  as  a  panicle  moves  parallel  to  the  wall. 

Sun  A  Lin  1 1986),  in  their  studies  of  aerosol  panicks,  repotted  on  an  accumulation  of  panicks  close  to  the 
wall,  so  that  a  maximum  in  the  concentration  is  close  to  the  wall  and  there  is  a  gradkni  of  panicle  concentration  away 
from  the  wall.  Computer  experiments  by  Kallio  A  Reeks  (1989)  and  by  McLaughlin  (1989)  have  shown  the  same 
behavior.  This  can  be  explained  by  a  drift  toward  the  wall  by  turbophotesis.  which  is  counterbalanced  by  turbulent 
diffusion  away  from  the  wall  (Brooke  et  al,  1992). 


6.  Scalina 

From  the  arguments  presented  in  the  previous  sections  three  dimensionless  groups  emerge  as  being  particularly 
imponant  in  understanding  the  behavior  of  dilute  dispersed  systems. 

One  of  these  is  the  ratio  of  the  1  agrangian  tinK  scak  to  the  inertial  time  scale  of  the  paitkle.  As 
decreases  the  ability  of  panicles  to  follow  the  turbulence  decreases.  This  is  exhSnted  in  (21)  where  it  is  seen  that 
decreases  with  decreasing  At  s  1.  the  ratio  of  paitick  and  fluid  root>mean-square 


velocity  flui-tuations  equals  0.77. 

The  quantity  tp  =  (1/p)  multiplied  by  a  velocity  gives  the  stopping  distance  of  a  panicle  with  that  velocity 
in  a  stationary  fluid.  The  thickness  of  the  viscous  wall  region  where  the  flow  is  highly  non>homogeneoas  is  given 
as  30v/ii*,  where  the  friction  velocity,  u*.  is  of  the  order  of  the  turbukm  velocity  fluctuations  outside  the  viscous  wall 


region.  The  dimensionless  grotqt  t* 


v“  y 


is  a  measure  of  the  ratio  of  the  stopping  distance  of  the 


panicle  to  the  thickness  of  the  viscous  wall  region.  Thus,  a  correlation  of  panicle  deposition  dau  presented  by 
McCoy  A  Hanratty  (197S)  shows  for  Xp*  <  20  that  the  dimensioiikss  deposition  constam,  tp/u*  varies  with  Xp^^  or 
with  panicle  diameter  to  the  fourth  power.  This  reflects  the  very  large  effect  of  turbulence  non-homogeneities  on 
deposition  since  panicles  with  Xp*  <  20  have  sioppmg  distances  less  than  the  thickness  of  the  viscous  wall  region. 
For  T;*'*’  >  20  the  dau  indicate  kp/u*  is  only  weakly  dqtendem  on  Xp*.  This  arises  because  panicles  with  Xp*  >  20 
have  stopping  distances  greater  than  the  thickness  of  the  viscous  wall  region;  their  deposition  rate  is  not  sensitive  to 
the  details  of  the  non-homogeneities  close  to  the  wall. 

The  ratio  of  the  panicle  tenninal  velocity  to  the  friction  velocity,  Vyu*,  is  a  measure  of  the  influence  of  the 
crossing  of  trajectories  on  the  long  time  tnibulent  diflusivity,  so  that  for  >  1  the  particle  difiiisivity  will  be 

less  than  the  fluid  diffhsiviiy.  For  ly  /  u*  S  1  the  two  diffusivities  are  roughly  equal. 


7.  Fnnnntoin^  pf  g  dlflusion  modcl 

For  cases  in  wfakfa  Xp*  >  20  it  is  of  imeiest  to  explore  the  applicability  of  a  difiusion  model  to  describe 
particle  distribution  and  paitick  deposition.  A  fiilly-devdoped  turbulent  flow  is  consideied.  When  an  Eulerian 
framewoik  is  used  the  concentration  field  for  a  horizontal  flow  is  defined  by  the  equation 


ac 

■ST 


ac 


a 


r^j 


(26) 
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where  Ep  is  the  Eulenan  diffusion  coefficient  and  difiwion  in  the  flow  direction  has  been  neglected.  Velocity 
component  is  a  constant  equal  to  the  negative  of  the  free-fall  velocity,  Vy.  Values  of  ^ y  less  than  V.|.  are 
sometimes  used  to  account  for  hindered  settling.  However,  little  recognition  has  been  given  to  the  possibility  that  dre 
particles  might  not  have  been  in  the  field  long  enough  to  teach  their  firee-Ml  velocity.  For  a  vertical  flow  -  0 

The  specification  of  boundary  conditions  presents  difficulties.  Unlike  the  case  of  molecular  transpon,  the 
transport  of  particles  from  and  to  the  boundary  is  not  described  by  a  gradient  model,  whereby  the  flux  equals  -  Ep 
(dC/dy),  and  the  concentration  is  not  zero  at  a  completely  absorbing  boundary.  As  a  consequence,  boundary 
conditions  are  usually  specified  empirically. 

In  an  Eulerian  framework  the  influence  of  the  time-dependency  of  turbulem  diffusion  carmot  be  taken  into 
account  directly;  it  is  usually  absorbed  in  the  specification  of  the  spatial  variation  of  Ep  (Hanratty,  1956,  1958: 
Hanratty  A  Flim,  1958;  Eckelman  A  Hanratty,  1972).  However,  in  some  circumstances  the  time-dependency  carmot 
be  overlooked.  Vertical  annular  flow  is  an  example. 

Because  the  spatial  scale  characterizing  turbulent  diffusion  can  become  quite  large  the  paths  of  droplets 
entrained  in  the  gas  phase  in  an  annular  flow  can  sometimes  be  characterized  by  uniditectional  flights  fiom  one  wall 
to  the  other,  and  not  by  the  usual  zig-zag  motion  of  diffusional  processes  (Andreussi  A  Azzopardi,  1983).  Utxler 
these  circumstances  dispersion  is  governed  by  the  small  time  asympotote  of  (2),  whereby  the  turbulent  diffusivity 
varies  linearly  with  the  time  the  particles  have  been  the  field. 

For  the  reasons  cited  above  the  physics  emerges  in  a  more  natural  way  if  a  Lagrangian  formulation  is  used. 
The  concentration  field  is  pictured  as  resulting  from  a  distribution  of  poim  sources.  The  critical  physical  problem  is 
to  describe  the  behavior  of  one  of  these  sources. 

One  approach  would  be  to  use  the  rthim  flight  analysis  outlined  in  section  2.  However,  different  viewpoints 
exist  on  how  to  use  random  flight  methods  to  describe  particle  dispersion  in  a  homogeneous  field;  their  application 
to  a  non-homogeneotts  field  must  be  regarded  as  speculative.  In  addition,  a  large  mimber  of  random  flights  must  be 
calculated  to  get  a  proper  statistical  average.  This  could  make  it  cumbersome  to  study  an  extensive  parameter  space. 

As  a  consequence,  it  seems  reasonable  to  explore,  initially,  a  homogeneous  turbulence  that  uses  Taylor’s  theory 
to  describe  a  wall  source.  This  is  justified  for  Xp*  >  20  siiKe  particles  stan  their  fiee-flight  to  the  wall  beyond  the 
viscous  wall  regkxL 

8.  mnlar  flow  and  sediment  transport 

(a)  OuditK  of  a  homogeneous  model  for  a  wall  source 

The  behavior  a  differential  source  that  entered  a  homogeneous,  isotropic  field  at  time  i  and  at  field  is 

conveniently  calculated  as  a  solution  of  the  following  equation  (Bathcfaelor,  1949;  Hanratty,  1956;  Binder  A  Hanratty, 
1992): 

^  -  1  —  -  V,  (f-r')  ^  +  S5(y(o)«(r/r')  ,  (2«) 

m  2  dt  '  ^ 
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wheieT^  is  defined  by  (2),  S  is  the  source  strength  at  x*,  t'  ,  having  the  units  of  mass  per  unit  area,  and  the  S's 

are  delta  functions  having  the  units  of  reciprocal  length  and  reciprocal  tiine.  The  first  term  on  the  right  side  represents 
the  spread  due  to  turbulent  motion.  The  second  term  represents  the  y-component  of  the  average  deterministic  velocity 
of  the  particles  associated  with  the  gravitational  field.  The  mean  flow  is  in  the  x-direction  so  that  is  zero  for  a 
vertical  system.  A  plug  flow  is  assumed  so  that 

dt  •  dx  I  Vj, 

and  the  mean  particle  velocities,  are  functions  only  of  (r-/). 

Velocity  V  ^  is  defined  by 

\  -  «"/> 

Here  |  ^  .  (j^l  is  the  mean  relative  velocity  between  the  solid  and  the  fluid; 

motion  in  the  y-direction;  is  the  projected  area  of  the  particle;  is  the  particle  mass;  is  the  particle  drag- 

coefficiem.  In  the  context  of  (28)  and  (30)  the  x-conyonem  of  the  velocity  emers  the  proUem  in  the  calculation  of 
I  ^  .  or  and  in  relating  the  ame  coordinate  to  the  ^>ace  coordinate  in  (29).  Velocity  is  defined  by  the  equation 


1  - 


Pp 


(30) 


7-0  since  there  is  no  net  fluid 


-  -  3  P/o  I  C?l  (V,  -  U,) 


(31) 


Particles  can  enter  the  field  from  a  waQ  soor^  with  a  range  of  sizes  and  velocities.  Equations  (28-31),  in 
general,  would  have  to  be  solved  for  each  member  of  this  poptdation.  In  order  to  sitiqrlify  the  problem  the 
calculations  in  this  paper  assume  the  particles  could  be  represented  by  a  single  size  and  a  single  velocity.  Thus,  at 

t'.  V_,  -  and  .  For  a  source  on  the  bottom  wall  of  a  horizonial  system  the  average  velocity  will 

be  less  than  for  r  >  /.  For  r  much  large  than  /  there  will  be  an  average  drift  toward  the  wall  given  by 


V 


y 


The  boundaiy  conditions  to  be  used  in  solving  (28)  require  special  consideratiofi.  For  annular  flow,  the  wall 
is  consideted  to  be  a  perfect  absorber.  For  a  process  involving  only  rrxriecular  dtftiision  the  assumption  of  perfect 
absorption  implies  a  zero  concentration  at  the  boundary.  However,  this  is  not  the  case  for  droplet  deposition,  for 
which  the  length  scale  of  droplet  motion  can  be  large  compared  to  the  scale  characterizing  the  droplet  concentration. 
This  can  be  seen  by  using  a  radiation  boundary  condition 


VC(w) 


(32) 


where  V  is  the  velocity  with  which  drops  move  to  the  boundary.  If  Cp  is  represented  by  the  product  of  V  and  a 
characteristic  length  L  then  (32)  can  be  rewritten  as 
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(33) 


-VL  ^  I*  a  VC(w) 
dy 


If  L  is  snuU  (as  in  the  case  for  molecuiar  division)  and  (dC/dy)„  is  finite,  then  C(w)  -  0.  However,  if  L  is  of  the 
order  of  the  length  scale  characterizing  dCldy.  then  C(w)  needs  to  be  a  finite  number. 

Lee  et  al  (1989b)  give  the  following  fonnularion  for  the  boundary  condition: 


♦  e  d-t') 


dy 


(34) 


The  function  f  is  the  fraction  of  the  particles  moving  toward  the  wall. 

The  Lagrangian  correlation  is  taken  to  be 

/Ip  -  exp  [  -  (r  -  r')  /  t 

Following  arguments  of  Binder  A  Hanratty  (1991),  /fr)  may  be  approximated  as 


AO 


-  exp 


(35) 


(34) 


Initially  aU  of  the  panicles  from  a  wall  source  are  moving  away  from  the  wall  so  /fO)  •  0.  The  function  fit) 
approaches  1/2  asyn^otically  at  large  rimes  with  the  same  rime  dependence  as  the  diffrisivity. 


(b)  Analysis  of  vertical  armular  flow 

Binder  A  Hanratty  (1991)  used  the  ^iproacfa  outlined  in  the  previous  section  to  analyze  vertical  gas-liquid 
annular  flow  in  a  pipe  under  conditioiis  that  the  concentration  field  is  frilly-developed.  Here,  the  droplet  field  is 
pictured  to  result  from  a  series  of  differential  ring  sources  along  the  wall  whose  behavior  are  described  as  a  solution 
to  (28)  with  -  0,  subject  to  boundary  condition  (34). 

For  vertical  gas-liquid  annuiar  flows  is  typically  in  the  range  of  0.01  to  0.2,  Xp*  >  20  and  V-j- 1  u*  < 
1.  This  tnearu  that  the  droplets  are  not  following  the  turbulence 

^  iT^  ,  but  that  Ep  *  Ep.  From  (21),  /  (ii^  -  0.1  to  0.5  and  »  0.014  to  028  for  gas-liquid 

annular  flow.  Characteristic  Lagrangian  lengdis  scale  can  be  defined  as  •  (ii^  and  asLp  -  (ii^ 
so  that  Lp  /  Lp  -  10  to  2. 

Figure  1  riwws  typical  calculation  for  a  single  ting  source  by  Binder  A  Hanratty  (1991).  Values  of  / 
2a  3  0.046  and  ■  0.9a,  given  by  Vatnes  A  Haruaity  (1988),  were  used.  Because  of  a  lack  of  information  about 

the  details  of  how  the  droplets  enter  the  field  it  was  assumed  drat  they  were  initially  frilly  entrained  in  the  flow  field; 
that  is,  and  the  turbulence  characteristics  of  the  particles  entering  the  field  are  given  by  (21). 

The  otdituae  in  figure  1  is  CqU*  /  where /{^  is  the  rate  of  atomization  of  the  liquid  wall  layer  per  unit  area. 

The  is  the  dimensionless  radial  distance,  ria.  The  parameter  for  the  different  carves  is  die  dimensionless 

time.  The  calculations  are  for  quite  sluggish  drops,  ^|p  »0.01.  At  small  times  /  a  0,  so  that  there  is  no  droplet 
deposition  on  the  wall.  A  maximum  occurs  at  die  wall  because  there  is  a  diffriskm  of  drops  away  from  the  wall.  As 
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/  takes  on  values  different  from  zero,  deposition  occurs  and  there  is  diffusion  both  to  the  wall  and  away  feom  the 
wall.  As  a  consequence,  the  maximum  in  the  concentration  profile  occurs  away  from  the  wall.  As  time  incieases 
the  cotKentraiion  profile  becomes  nwie  diffuse.  At  long  enough  times  the  maximum  is  at  the  pipe  center  and 
diffusion  occun  only  toward  the  wall.  Eventually,  all  the  drops  ledeposit  and  the  cofKentration  is  zero  over  the  whole 
pipe  cross  section. 

The  rate  of  deposition  on  the  wall  is  given  by 


N  1* 


(t-t')  CJt-t') 


<371 


For  large  enough  times  this  can  be  looked  upon  as  the  sum  of  diffusion  and  fiee-flight  resistances.  Diffusion  governs 
the  concentration  at  the  waU  and  free-flight  is  the  final  mechanism  for  deposition.  According  to  (21 ),  decreases 

with  decreasing  fixup.  It  is  expected  that  the  free-flight  mechanism  controls  for  fhtip  0  and  that  the  concentration 
gradients  at  the  wall  become  very  small.  Thus,  calculations  for  s  l.O,  shown  in  figure  2.  give  larger  spatial 
variations  of  the  droplet  concentration  for  larger  times  th»n  shown  in  figure  1  for  =  0.01. 

Fully  developed  concentrttion  profiles  for  large  r  can  be  calculated  by  summing  the  contributions  from  sources 
at  diffierem  /: 


•  J  Css 
0 


(3«) 


Figure  3  shows  results  for  values  of  calculated  from  the  dropsize  measurements  of  Azzopardi  (1983)  and  the 
friction  velocity  measurements  of  Asali  et  al  (1983)  to  correspond  to  experiments  of  GUI  et  al  (1963).  The 
calculations  and  the  measured  profiles  ate  seen  to  agree  reasonably  well. 

A  deposition  constant  can  be  defined  for  these  frUly  developed  concentration  profiles  as 


where  is  the  bulk-averaged  concentration.  The  calculations  show  that  kp  /  a*  varies  with  Px^^.  For  large  Px^^ 
(or  small  paiticfes)  kp  /  a*  approaches  a  constant  value.  As  Px£^  decreases  (the  panicles  increase  in  size)  kp  /  a* 
decreases  because  v  /  a  decreases.  With  decreasing  Px^^  the  relative  role  of  free-flight  becomes  more  imponant 

and,  at  small  enough  Px^^,  free-flight  is  completely  comrolliiig.  Good  agreemem  was  obtained  between  the  calculated 
values  of  kp  /  a*  and  laboratory  measurements  (Binder  ft  Hanratty,  1991). 

(c)  Analysis  of  hwizomal  annular  flow 

Binder  ft  Hanratty  (1992)  analyzed  gas-liquid  annular  flow  in  a  horizontal  rectangular  channel,  using  the 
methods  outlined  in  the  pievious  two  sections.  The  range  of  Px^^,  Xp  and  V-^  /  u*  diaracterizing  the  droplet  behavior 
in  this  flow  is  the  same  as  for  vertical  gas-liquid  annular  flow.  The  values  of  Vj  /  it*,  usually  encountered,  are  small 
enough  that  the  long-time  turbulent  diffnsivities  of  the  paitkles  are  approximately  equal  to  the  long-time  turbulent 
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diflusivtties  of  the  fluid.  However,  it  is  large  enough  that  the  droplets  ate  asymmetrically  distributed  and  that  the 
liquid  layer  on  the  top  wall  is  tfaiimer  than  the  liquid  layer  on  the  bonom  wall. 

The  analysis  of  this  flow  requires  the  introduction  of  another  dittwnsioaless  group,  a  Froude  number  defined 
as  Fr  s  '  gH  ,  where  ff  is  the  channel  height.  For  Stokesian  particles, 

-  0.046  u*/Vj. 

Therefore,  the  reciprocal  of  may  be  looked  upon  as  a  measure  of  the  ratio  of  settling  velocity  to  the 

magnitude  of  the  velocity  fluctuations  of  the  fluid. 

The  walls  are  represented  by  a  series  of  infinitesimal  line  sources.  The  strength  of  the  sources  on  the  bonom 
wall  are  greater  than  on  the  top  wall  because  the  wall  layer  is  thicker.  The  behavior  of  these  sources  is  obtained  by 

solving  (28),  (29)  and  (30).  Binder  &  Hanratty  used  where  ^  is  given  by  (21).  A  reasonable 

assumption  for  the  initial  x-component  of  the  velocity  is  ^  ,o  “  <  where  is  the  bulk  average  fluid  velocity 

in  the  x-direction  and  5^  is  the  initial  slip  ratio.  Because  of  a  lack  of  infoimation  about  how  the  drops  enter  the  flow, 
was  taken  as  unity. 

Deposition  at  the  boundaries  occurs  by  the  parallel  mechanism  of  tutbnknce  and  gravitational  settling 
where  R[)j  is  given  by  (37).  The  contribution  due  to  settling  is 

“  ^DT  *  ^DS  ’ 

Ros  -  -C  (o.  t-t')  (rV)  («) 

at  the  bonom  wall  and 

-  C  (//.  r-r')  Vy  U-t')  («) 

at  the  top  wall. 

From  a  consideration  of  the  behavior  of  these  line  sources  the  fraction  of  the  drops  originating  from  the  bottom 
wall  (y  ~  o)  that  deposit  on  the  top,  F^/f,  and  on  the  bottom  wall,  can  be  calculated.  Similarly  F/f(f  and  F/fff 
can  be  calculated  for  sources  on  the  top  wall.  From  conservation  of  mass  the  ratio  of  the  rates  of  deposition  on  the 
top,  Rpff,  and  on  the  bottom,  walls  can  be  calculated  for  a  fully  developed  droplet  field 

(44) 

^DO  ^HO 

Figure  4  gives  the  results  of  a  calculation  of  R^if  /  Rp0  versus  Fr^ijr,  which  varies  inversely  with  Vj  /  u. 
It  is  noted  that  results  fot  different  collapse,  approximately,  on  a  single  curve.  This  plot  mi^  be  interpreted  as 
flow  regime  mq>.  For  Frfx^  <  0.5-0.7  deposition  of  droplets  on  the  top  wall  is  extremely  small.  This  would  seem 
to  conespond  to  the  stratified-annular  flow  defined  by  Williams  (1990).  For  0.3  -  0.7  <  Fr^ur  <  7-9  an  asymmetric 
amular  flow  exists  for  which  the  liquid  is  unequaDy  distributed  on  the  walls  and  the  dro|^ts  in  the  gas  phase  are 
stratified.  For  Ft^^p  >  7-9  gravitttional  settling  is  relativeiy  uninqtoitant  and  the  liquid  in  the  gas  phase  is 
distributed  symmetrically. 

Concentration  profiles  downstream  of  a  wail  source,  similar  to  those  shown  in  figures  1  and  2  can  be  calculated 
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for  droplets  that  enter  the  fleld  at  time  /  from  infinitesimal  tine  sources  on  the  top  and  bottom  walls.  Fully -developed 
profiles  can  then  be  calculated  by  summing  the  contributions  from  a  large  number  sources  with  (38)  Example 
calculations  for  =  0.01  and  1.0  are  shown  in  figure  3.  These  correspond  to  values  of  O.l  <  FtfiXu  <  1000,  or 
0.00092  <  Vj^  K*  <  0.40.  The  curves  for  Fr^u  =0.1  and  0.3  represent  a  straiified-annular  flow;  the  curves  for 

~  ^  ^  ^  ^  ^  asymmetric  annular  flow;  the  curves  for  =  10.0  and  100.  a  symmetric  annular  flow. 

The  parameter  /  R/^q  is  the  ratio  of  the  rates  of  atomization  from  the  top  and  bottom  walls.  Because  the  flow 
is  fully  developed  (F^  /  /  R^). 

(d)  Atudysis  of  sediment  transport 

The  distribution  of  droplets  in  gas-liquid  annular  flow  has  strong  similarities  to  sediment  transport.  Here  a 
solid-liquid  mixture  flows  through  a  horizontal  enclosed  space  of  height  H.  Because  of  gravitational  effects,  the 
particles  distribute  asymmetrically  in  the  liquid  and  settle  out  on  the  bottom  of  the  channel.  If  the  liquid  velocity  is 
large  enough,  the  rate  at  which  settled  particles  are  removed  from  the  wall  is  such  that  complete  suspension  occurs. 
However,  at  low  liquid  velocities  the  rate  of  removal  is  smaller  and  a  bed  forms  on  the  bottom  wall 

Binder  ( 1991 )  used  the  Lagrangian  analysis  outlined  in  part  a  of  this  section  to  calculate  concentration  profiles 
of  suspended  sediment  and  the  load  carried  by  the  fluid.  The  concentration  is  consideted  small  enough  that  the  fluid 
turbulence  is  not  affected  by  the  presence  of  the  particles  and  that  particle-particle  interactions  are  not  important.  The 
bottom  of  the  channel  is  supplying  particles  to  the  system  at  a  rate  per  unit  area  defined  as  Rf^  and  panicles  ate 
depositing  at  a  rate  per  unit  area  of  Rj^.  The  approach  taken  by  Binder  was  to  consider  the  concentration  field  as 
resulting  from  a  distribution  of  sources  along  the  sediment  bed,  which  have  a  strength  proportional  to  R^^.  A  fully 
developed  condition  was  considered  for  which  =  Rq. 

Sedimem  transpon  differs  from  horizontal  annular  flow  in  that  the  panicles  do  not  lose  their  identity  when  they 
teach  the  top  boundary,  as  do  liquid  drops.  One  approach  is  to  assume  a  perfectly  reflecting  boundary  at  the  top 
This  would  be  treated  in  the  manner  outUned  by  Hanratty  (1956).  The  boundary  at  y  =  H  would  be  ignored  but  a 
fictitious  source  would  be  located  aty  =  2/fatr3t^ofthe  same  strength  as  the  one  at  y  =  o.  This  fictitious  source 
would  be  analyzed  with  (28)  except  that  (t-t^)  would  be  calculated  by  using  a  negative  gravitational  constant. 

Binder  used  a  different  asstmqxion.  He  viewed  the  particles  that  strike  the  wall  to  fall  out  of  an  eddy  so  that 
the  turbulence  characteristics  of  panicles  coming  off  the  wall  are  uncorrelated  with  the  turbulence  characteristics  of 
particles  approaching  the  wall.  Following  this  viewpoint.  Binder  argued  that  the  particles  reaching  the  top  boundary 
form  new  sources. 

Another  difference  from  gas-liquid  annular  flow  is  that  the  range  of  parameters  characterizing  the  dynamics 
of  the  panicles  is  different  Ftn  sediment  transpon  1  <Pt  KX).  Vj-I  u*  and  Xp*  >  20.  For  diese  conditions 

the  tuibulence  characteristics  of  die  particles  are  approximately  the  same  as  the  turbulence  characteristics  of  the  fluid. 
However,  is  laige  enough  that  particles  move  in  free-Qight  through  the  viscous  wall  region.  The  calculations 
presented  by  Binder  used  the  simplifying  assumption  that  -  ^2k  and  that  ■ 

The  rate  of  deposition  to  the  bottom  wall  may  be  considered  as  the  sum  of  contributions  doe  to  turbulence  and 
gravitational  settling  as  described  by  (37),  (41)  and  (42).  Figure  6  a  plot  of  the  ratio  of  the  contributions  due  to 
nirbulence  and  settling,  itgr  /  Rgg.  These  results  are  not  strongly  affected  by  changes  in  Funheimote  the 
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panicle  Reynolds  number,  dp*,  is  only  imponant  when  the  panicles  are  non-Stokesian.  As  with  gas-liquid  annular 
flow  the  parameter  is  a  good  means  of  characterizing  the  flow  pattern. 

For  >  2  the  deposition  by  turbulence  is  fen  times  greater  than  the  deposition  by  settling.  For 

0  03  the  deposition  by  settling  is  ten  times  greater  than  that  by  turbulence.  For  0.03  <  <  2  both  turbulence 

and  settling  are  imponant. 

Fully  developed  concentration  proflles  ate  presented  in  figure  7  for  Fr  =  0.01  and  dp*  =10.  In  the  ordituue 
the  concentration  is  made  dimensionless  with  the  bulk  coiKentration.  In  the  abscissa  the  distance  from  the  lower 
boundary  is  made  dimensionless  with  the  height  of  the  channel.  The  profiles  in  figure  7  ate  characteristic  of  the 
regime  where  both  tutbuleiKe  and  settling  ate  imponant  contributors  to  deposition.  It  is  noted  that  the  profile 
becomes  increasingly  stratified  as  Rpj-  /  Rpg  changes  from  6  to  0.2.  A  depth,  5,  of  the  suspended  panicles  can  be 
calculated  if  5  /  ff  is  defined  as  the  location  where  C  /  =  0.01.  In  this  way,  values  of  5  /  H  =  0.22  arxl  5  /  H 

=  0.40  ate  calculated  for  =  0.05,  0.1.  Using  this  crnerion  the  suspended  solids  fill  the  entire  chatuiel  for 

Fr^e^  =  0.5,  1.0.  This  would  suggest  that  there  is  a  fuzzy  liquid  slurry  interface  for  small  Fr^^  and  that  this 
interface  ceases  to  exist  at  a  value  of  between  0.1  and  0.5. 

9.  Aerosol  detwsition 

Aerosol  deposition,  unlike  the  situations  treated  in  the  previous  section,  is  characterized  by  S  10.  The 
classical  theory  by  Friedlander  and  Johnstone  (1957)  (for  panicles  large  enough  that  Brownian  motion  is  not 
important)  is  that  panicles  are  transponed  by  turbulent  diffiision  to  a  location  in  the  viscous  wall  region  from  which 
they  move  in  fiee-flight  to  the  wall.  The  rate  of  deposition  is  very  sensitive  to  changes  in  die  free-flight  location 
because  the  tutbulem  diffiisivity  and  the  turbulent  velocity  fluctuations  vary  dramatically  with  distance  from  the  wall. 

A  number  of  modifications  of  the  tniginal  implementation  of  this  idea  have  been  proposed  but  no  physically 
sound  explanation  of  measurements  of  the  rate  of  deposition  has  evolved.  McLaughlin  (1989)  and  Brooks  et  al  (1992) 
have  shown  how  computer  experiments  can  be  used  to  obtain  die  type  infonnation  about  free-flight  that  is  needed  to 
make  theoretical  progress  with  the  problem.  The  experiments  are  carried  out  in  a  direct  numerical  simulation  of 
tutbulem  flow  in  a  channel.  The  flow  is  seeded  with  aerosol  particles  and  the  paths  of  these  particles  are  followed 
by  solving  the  equation  of  motion  of  the  paiticles.  Results  from  these  studies  are  quite  difforem  from  classical  ideas. 

Figure  8  shows  a  calculated  concentration  profile  for  particles  with  Xp*  =  5.  In  this  experiinem  the  particles 
originated  in  the  =  40  plane  at  rime  zero.  The  only  force  considered  was  Stokesian  drag.  The  lift  force,  the 
Magnus  force  and  wall  effects  were  ignored.  At  rimes  of  the  order  of  t*  =  300  an  qiproximaiely  starionary  state  is 
observed  in  the  region  displayed  in  figure  8. 

The  picture  that  emerges  from  these  experiments  is  differem  from  that  given  by  Friedlander  &  Johnstone.  It 
is  noted  that  there  is  an  accumulation  of  particles  close  to  wall.  Particles  are  brought  to  the  wall  by  the  tuibophoretic 
phenomenon  described  in  section  5.  This  is  actually  opposed  by  tutbulem  diffusion.  The  particles  start  a 
unidirectional  flight  to  wall  from  differem  distances,  rather  than  from  a  fixed  distance.  The  average  velocity  of 
panicles  on  this  free-flight  is  much  larger  than  the  local  or  the  local  ^  . 

The  solid  curve  in  figure  8  is  the  result  of  an  analysis  carried  out  by  Brooke  et  al  (1992),  based  on  the  physical 
picture  outlined  above.  This  calculation  requited  infonnation  on  the  variation  of  with  y,  die  variation  of  the 
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turbulent  diffusion  coefficient  with  v  and  a  distribution  function  characterizing  the  distance  from  the  wall  at  which 
free-flight  began.  Consequently,  it  is  by  no  means  a  complete  theory. 
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Figure  1.  Concentration  profiles  Figure  2.  Calculated 

at  various  times  after  turning  on  one  concentration  fields  for  a  ring  source 

instantaneous  ring  source  (Pt^  =  in  vertical  annular  flow; 

0.010). 


Figvc3.  Comparison  of 
lueasuieaaeiia  by  OiU  et  al  (196S)  of 
gaS'lkluid  unnlar  flow  witb 
calculations. 


Flgnrt  4.  Relative  rates  of 
depoeidon  to  die  top  wall  and 
to  die  bottom  waU  aa  a  ftmctioo 
of 
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Figure  5.  Fully  developed 
concentration  profiles  in  horizontal 
annular  flow.  The  numbers  in 
parentheses  represent  (Fr, 

Vj/u*);  (a)  Fr^Xijf  *  0.01,  (b) 
Fr^tyr*  1.0. 


7.  Calculated  fully 
developed  ooncentratioo  profiles 
obtained  by  summing  the 
coiitrihmfane  fiom  mnlt^ile  sources. 
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Figure  6.  Ratios  of  the 
contributions  of  turbulence  and  of 
settling  to  particle  deposition  in 
slurry  transport. 


Figure  S.  Concentration  profile 
of  aeroaob  for  ^  ■  S.  The  open 
points  ate  the  computer  tirnalmioo. 
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1.  INTRODUCTION 

The  existence  of  large-scale  coherent  structures  in  shear  flows  has  now  been  confirmed  by  an  overwhelming 
number  of  experimental  observations.  The  earlier  work  of  Browand  &  Weidman  (1976),  Brown  tt  Roshko  (1974), 
Crow  L.  Champagne  (1971),  and  Winant  k  Browand  (1974)  demonstrated  that  the  developing  flow  in  both 
axisymmetric  Jets  and  two-dimensional  shear  layers  is  dominated  by  large-scale,  wavelike  coherent  structures. 
Subsequently,  coherent  structures  have  been  observed  in  other  configurations,  such  as  wakes  (e.g.,  Miksad  et  al.  1982 
and  Wygnanski,  Champagne  &  Marasli  1986),  the  initial  region  of  planar  jets  (Antonia  et  al.  1986;  Gutmark  k 
Wygnanski  1976;  Thomas  k  Chu  1989;  Thomas  k  Goldschmidt  1986;  and  Wygnanski  k  Weisbrot  1987),  elliptic  jets 
(Gutmark  k  Ho  1983a;  Husain  k  Hussain  1983;  Tso  k  Hussain  1989;  and  Tso,  Kovassnay  k  Hussain  1981),  and  the 
self-similar  region  of  jets  (e.g.,  Hussain  1986  and  Thomas  k  Brehob  1986).  These  observations  indicate  that  the 
structure  starts  as  an  instability  wave  on  the  shear  layer,  the  amplitude  of  which  reaches  a  maximum  and  then  decays 
gradually  downstream.  The  structures  can  merge  with  their  neighbors  as  the  shear  layer  develops  downstream.  The 
importance  of  coherent  structures  nas  warranted  several  reviews  from  different  perspectives  (e.g.,  Browand  1980; 
Cantwell  1981;  Ho  k  Huerre  1984;  Hussain  1983,  1986;  Liu  1988,  1989;  Lumley  1981;  Roshko  1976,  and  Wygnanski  k 
Petersen  1987). 

Numerical  simulations  have  succeeded  in  revealing  some  features  of  coherent  structures  (e.g.,  Acton  1976;  Claus 
1986;  Corcos  k  Lin  1984;  Corcos  k  Sherman  1984;  Gatski  8c  Liu  1980;  Knight  1979;  Mansour  k  Barr  1987;  Patnmk, 
Sherman  k  Corcos  1976;  Riley  8c  Metcalfe  1980;  and  Scott  1987.  Although  as  pointed  out  by  Ho  k  Huerre  (1984)  the 
extraction  of  detailed  information  regarding  the  intrinsic  scales  of  motion  is  more  involved  in  the  numerical  simulation 
case,  the  numerical  simulation  has  been  quite  helpful  in  clarifying  several  features.  For  instance,  the  dependence  of  the 
coalescence  of  two  vortices  on  the  initial  phase  difference  was  first  obtained  through  numerical  simulations.  The 
numerical  results  can  be  compared  with  flow  visualisation  and  seem  to  yield  a  realistic  modeling  of  the  rollup  of  the 
shear  layer  and  vortex  pairing  in  the  two-dimensional  case. 

The  subject  of  coherent  structures  is  a  salient  example  in  which  the  initial  research  objective  was  only  to 
understand  the  basic  physics  involved,  but  soon  after,  this  understanding  provided  the  technological  basis  for  using 
coherent  structure  ideas  in  flow  control.  Controlling  the  mixing  of  two  fluids  can  be  quite  helpful  in  several  technical 
applications,  such  as  combustion,  chemical  processes,  diffusion  flames,  and  ejectors.  Several  experimental  observations 
indicate  that  coherent  structures  and  vortex  interaction  play  a  key  role  in  shear  layer  growth.  Winant  8:  Browand 
(1974)  demonstrated  that  successive  merging  of  the  vortices  is  responsible  for  most  of  the  entrainment  in  the  mixing 
layers.  Browand  k  Weidman  (1976)  found  that  the  vortex-pairing  process  promotes  the  transverse  momentum  and 
hence  the  mixing  rate.  Ho  k  Huang  (1982)  also  showed  that  if  a  mixing  layer  is  perturbed  at  very  low  forcing  levels 
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near  a  subharmonic  of  the  most  amplified  frequency,  the  spreading  rate  of  the  mixing  layer  is  greatly  manipulated.  In 
addition,  the  experimental  observations  of  Ahuja  et  al.  (1982),  Favre-Marinet  ti  Binder  (1979),  Zaman  &  Hussain 
(1980),  and  others  show  that  the  growth  of  coherent  structure  increases  the  intensity  of  the  Hne-grained  background 
turbulence,  which  is  of  technological  importance.  Such  coherent  structure  investigations  have  also  helped  in 
understanding  some  aspects  of  the  laminar-turbulent  transition  (Reshotko  1985,  1986)  and  in  putting  some  of  the 
coherent  structure  observations  into  practical  applications.  For  a  review  on  the  use  of  coherent  structure  ideas  in 
technologically  important  situations,  the  reader  is  referred  to  Hussain  tc  Husain  (1987)  and  Rice  ic  Zaman  (1987). 

The  objective  of  this  review  is  to  examine  our  cu  .rent  understanding  of  some  of  the  coherent  structure  features  as 
explained  by  the  nonlinear  stability  theory.  Emphasis  is  placed  on  turbulent  jets  for  their  obvious  technological 
ortance.  The  hope  is  that  this  understanding  will  enhance  our  ability  to  exercise  further  control  over  turbulent 

JWS. 


■2.  SYMBOLS 
A 

aij,c 

*0 

C, 

cc 

D 

d 

dis 

E(x) 

f 

G(«) 

8 

I 

w 

^MT 

•mw 

^TA 

*WA 

M, 

MT 

MW 

N 

P 

Q 

q 

R 

Roc 

Re 


amplitude 
constants 
speed  of  sound 

total  velocity  component  in  observer’s  direction 

complex  conjugate 

differentiated  with  respect  to  r 

nosxle  diameter 

turbulence  dissipation 

integrated  kinetic  energy  in  a  slice  of  the  jet 
frequency,  Hs 
normalisation  function 
variable 

integral  that  is  a  function  of  t,  u,  and  N 
mean-flow  advection  integral 

mean-flow  production  integral  of  random  turbulence 
mean-flow  production  integral  of  wave  component 
turbulence  advection  integral 
wave  advection  integral 
imaginary 

convection  Mach  number 
mean-flow  production  of  turbulence 
mean-flow  production  of  wave  components 
azimuthal  wavenumber 
pressure 

kinetic  energy  of  wave 
kinetic  energy  of  turbulence 
nozzle  radius 

distance  between  observation  point  and  jet  exit 

Reynolds  number 

real  part 

radial  coordinate 
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• 

s 

wave-induced  stresses 

Strouhal  number 

T 

time  scale  for  return  to  isotropy 

T- 

ij 

Lighthill’s  stress  tensor 

t 

time 

‘r 

retarded  time 

U, 

exit  mean  velocity 

Uj 

mean  velocity 

U.' 

1 

background,  fine-scale  random  turbulence 

Uj 

periodic  component 

V 

mean-flow  radial  velocity 

V 

radial  velocity 

WT 

energy  transfer  between  waves  and  turbulence 

ww 

interaction  between  one  wave  and  other  existing  waves 

W 

asimuthal  velocity  (angular  velocity) 

X 

axial  distance 

y 

transversal  coordinate 

a 

complex  wavenumber  corresponding  to  frequency  u 

0 

phase  angle  of  streamwise  oscillatory  velocity  component 

initial  phase  difference  between  waves  of  Strouhal  numbers  Sj 

• 

023 

and  S] 

initial  phase  difference  between  waves  of  Strouhal  numbers  $2 
and  S3 

A 

asimuthal  angle  at  jet  centerline 

6 

displacement  thickness 

Kroneker’s  delta 

<0 

initial  boundary-layer  thickness 

7 

angle  between  wave-induced  stresses  and  strains 

e 

dissipation 

c 

emission  angle 

0 

momentum  thickness 

P 

fluid  density 

-^0 

initial  wavelength 

argument  of  I 

T 

period 

<t> 

asimuthal  angle 

i> 

phase  angle 

u; 

frequency,  rad/sec 

Subscripts; 

A 

advection 

crit 

critical 

• 

e 

efr 

jet  exit 

effective 
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ex 


f 

ij,k,l,ro,n 

M 

oc 

P 

r 

s 

T 

t 

ux 

W 

X 

0 

<t> 

0 


excited 

fundament&l 

initial 

indices:  1,2,3 
mean  flow 
exit,  centerline 
peak 

radial  direction 

aubhannonic 

turbulence 

turbulence 

unexcited 

wave 

axial  coordinate 

baaed  on  momentum  thickneaa 

aximuthal  angle 

initial  conditiona 


Superacripta: 

~  time  average  of  flow  quantity 

~  wavelike 

*  compl' -(  conjugate 

eigenfunction 

'  differentiated  with  reapect  to  r 

phase 

3.  HYDRODYNAMIC  STABILITY  THEORY  AND  COHERENT  STRUCTURES 

Coherent  structures  in  mixing  layers  can  be  viewed  as  a  composition  of  interacting  instability  waves  that 
propagate  and  amplify  in  the  downstream  direction.  The  observations  of  Bechert  (1988),  Binder  L  Favre-Marinet 
(1973),  Crow  ti  Champagne  (1971),  Dimotakia,  Miake-Lye  &  Papantoniou  (1983),  Drubka,  Reisentbal  b.  Nagib 
(1989),  and  Moore  (1977),  among  others,  lend  strong  support  to  the  traveling-wave  representation  of  the  large-scale 
structure.  For  example.  Crow  b  Champagne  (1971)  showed  that  linear  stability  theory  can  predict  some  of  the 
observed  features  of  the  preferred  mode  of  an  axisymmetric  jet.  Also,  Crighton  b  Caster  (1976)  took  the  divergence  of 
the  jet  into  consideration  and  calculated  the  preferred  mode  of  the  velocity  profile  two  diameters  downstream  of  the 
noxzle.  The  suitability  of  the  spatial  formulation,  over  the  temporal  one,  in  describing  the  initial  growth  stage  of  the 
shear  layer  instability  was  established  by  several  experiments,  such  as  those  of  Browand  (1966),  Cohen  b  Wygnanski 
(1987a,b),  Gutmark  b  Ho  (1983b),  Ho  b  Huang  (1982),  Mattingly  b  Chang  (1974),  and  Thomas  b  Chu  (1989),  as 
well  as  by  analytical  studies,  such  as  those  of  Huerre  b  Monkewits  (1985)  and  Monkewitt  b  Huerre  (1982).  As 
pointed  out  by  Liu  (1988),  if  one  extends  the  physical  ideas  from  nonlinear  hydrodynamic  stability  emd  transition  in 
laminar  flows  (e.g.,  Stuart  1963,  1965),  it  is  not  entirely  surprising  that  such  instabilities  and  transitional  structures 
should  also  occur  in  the  geometrically  similar  turbulent  shear  flows. 

The  fluid  motion  can  therefore  be  split  into  three  kinds  of  motion:  a  time-averaged  motion  Uj(x);  a  periodic, 
organised,  large-scale  wavelike  structure  Ui(x,t);  and  a  background,  fine-scide  random  turbulence  u.'^,t).  Thus, 


IL5-4 


Ui^,t)  -  u4)  ♦  *  Uj^.i) 


(1) 


and  the  pressure  P  is  similarly  split.  The  usual  time  averafe  of  a  given  quantity  q  is  denoted  by  an  overbar  and  is 
deflned  as 

fl{x)  -  T'^  U  q(x,t)dt,  (2) 

where  T  is  at  least  greater  than  the  period  r  of  the  large-scale  structure.  The  conditional  average,  which  is  here  the 
phase  average,  is  denoted  by  (  ;  and  is  defined  as 

N 

(q(x,t))  -  lira  N*‘  (x,t  ♦  nr).  (3) 

N- « 

The  process  of  using  averaging  to  separate  the  governing  equations  has  been  discussed  in  detail  by  Hussain  h  Reynolds 
(1970). 

By  using  ideas  from  the  nonlinear  stability  theory  (Ko,  Kubota  ti  Lees  1970;  Liu  1971;  and  Stuart  1960,  1967, 
1971),  the  coherent  structure  component  can  be  written  as  a  superposition  of  several  interacting  Fourier  components, 
which,  in  polar  coordinates,  takes  the  form 

“i  ■  E  |ADn(x)!uj^(r,tf)  exp[it^^(x)  -  iw^t  *  iNd]  ♦  cc  (4) 

m,a 

The  assumption  here  is  that  the  Fourier  coefficient  can  be  separated  into  an  amplitude  that  is  a  function  of  the 
downstream  coordinate  x  and  a  transversal  shape  function  of  the  transversal  coordinate  (r  or  y)  at  a  given  location 
along  the  jet.  The  amplitude  A  is  to  be  determined  from  nonlinear  analysis;  the  transversal  profile  is 

taken  as  the  eigenfunction  given  by  the  locally  parallel  linear  stability  theory  (e.g.,  hifichalke  1971).  The  phase  angle 
d  can  be  assumed  to  be  given  by  the  linear  theory,  as  was  done  in  numerous  investigations,  or  to  be  governed  by  its 
own  nonlinear  evolution  equation  as  was  done  in  Lee  (1988),  Lee  L  Liu  (1989),  and  Mankbadi  (1986,  1991).  Here  N 
is  the  asimuthal  number  and  cc  denotes  the  complex  conjugate. 

The  assumption  that  the  profiles  of  the  coherent  components  are  given  by  the  locally  parallel  linear  theory  follows 
from  the  fact  that  the  governing  momentum  equation  of  the  coherent  components  reduces  to  the  Orr-Sommerfeld 
equation  upon  linearisation.  The  comparisons  in  Mankbadi  ti  Liu  (1981)  between  the  theoretically  calculated 
transversal  profiles  based  on  the  locally  parallel  linear  stability  theory  and  the  measurements  of  Favre-Marinet  & 

Binder  (1979)  confirm  this  assumption.  This  issue  has  also  been  addressed  in  greater  detail  by  Strange  &  Crighton 
(1981);  by  comparing  the  linear  theory  with  their  measurements,  they  concluded  that  although  the  amplification  rate 
of  coherent  components  is  not  well  predicted  by  the  linear  theory,  the  transverse  distribution  of  the  coherent  quantities 
is  well  predicted  by  the  linear  theory.  The  same  conclusion  has  now  been  confirmed  by  other  experimenters,  such  as 
Cohen  tc  Wygnanski  (1987a,b),  Caster,  Kitt  ic  Wygnanski  (1985),  Thomas  Sc  Chu  (1989),  Weisbrot  (1984), 

Wygnanski  Sc  Petersen  (1987),  and  Zhang,  Ho  Sc  Monkewitz  (1985). 

In  the  triple  decomposition  the  time-averaged  momentum  equation  is  replaced  by  a  phase-averaged  one.  The 
classical  time-averaged  Reynolds  stresses  are  also  replaced  by  phase-averaged  ones  (ujuj) .  These  phase-averaged 
stresses  can  then  be  split  into  the  time-averaged  component  and  oscillatory  modulated  component: 

(Uj'u;)  -  Ujuj  ♦  Ty  (5) 
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The  closure  problem  now  is  not  only  for  the  classical  time-averaged  Reynolds  stresses  but  also  for  the  wave-induced 
stresses  f^j.  The  latter  are  defined  as  the  difference  between  the  conditional  and  the  time  average  of  the  instantaneous 
fine-grained  turbulent  stresses.  These  modulated  stresses  play  an  essential  role  in  the  energy  exchange  between  the 
large-scale  structure  and  the  fine-grained  turbulence.  By  time  averaging  the  product  of  these  stresses  with  the 
appropriate  wave  rates  of  strain,  one  can  explain  the  local  kinetic  energy  transfer  mechanism. 

4.  DYNAMICS  OF  ENERGY  TRANSFERS  AMONG  DIFFERENT  SCALES  OF  MOTION 
4.1.  GOVERNING  INTEGRAL  EQUATIONS 

To  understand  the  energy  transfer  mechanisms,  we  consider  here  the  kinetic-energy  equations  of  the  different 
scales  of  motion  in  a  turbulent  axisymmetric  jet.  The  integral  kinetic  energy  equation  of  the  mean  flow  can  be 
obtained  by  applying  boundary-layer  approximations  to  the  mean  quantities,  that  is,  d(  )/dk  <<  d(~)/dr,  V  <<  U. 
These  approximations  are  applied  to  the  averaged  equations  of  motion,  viscous  terms  are  neglected,  and  the  equations 
are  integrated  over  r  and  d-  The  resulting  mean-flow  energy  equation  is  given  by 


11  f-  tl^  r  dr 
2  dx  •'O 


which  can  be  written  symbolically  as 


(6a) 


—  11  f"  iP  r  dr  -  -MW  -  MT  (6b) 

dx  2  dtf  Jo 


where  S  is  the  momentum  thickness  and  MW  and  MT  are  the  first  and  second  integrals,  respectively,  on  the  right 
side  of  equation  (6a).  Elquation  (6)  states  that  the  growth  of  the  momentum  thickness  (the  drain  of  the  mean-flow 
energy)  is  governed  by  the  mean-flow  production  of  the  wave  components  MW  and  by  the  mean-flow  production  of 
the  turbulence  MT. 

The  integral  energy  equation  for  the  random  turbulence  is  obtained  by  applying  boundary-layer  approximations  to 
the  mean  quantities  and  by  handling  the  viscous  dissipation  terms  in  the  usual  manner.  After  integrating  over  r  and 
Ip,  the  turbulence  kinetic  energy  equation  reduces  to 


—  f"  q  tl  r  dr  «  f"  -u'v'  ^  r  dr  ♦  f** 

dx  Jo  Jo  *  Jo 


f..5 


-  -  ^4 
r 


*  Z  dr  ^ 


da'. 


±  f-  12  li  r  dr 

R'  8xi  at; 


(7a) 


which  can  be  written  as 

1  f"  q  U  r  dr  -  MT  +  WT  -  (dis).  (7b) 

dx  ■'0 

Equation  (7)  states  that  the  development  of  the  turbulence  energy  is  governed  by  its  production  by  the  mean  flow 
MT,  by  the  energy  transfer  from  the  wave  to  turbulence  WT,  and  by  the  turbulence  dissipation  (dis). 

The  integral  energy  equation  for  the  mn-wave  component  is  obtained  from  the  full  energy  equation  in  the  same 
manner: 


dr  -  -u^v^  ^  r  dr  -  J"  -  r  dr 


au 


dx 


Jo“ 


(Uiup^  ^  <w*)^  -  <wv)^l  r  dr, 

fttj  r  r 


(8a) 
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where 


-  «  «  f 


du, 


g,nn 


dxj 


am  • 
_  r, 


T^jcon 


ThU  system  of  equations  can  be  written  in  the  form 

^  Jo  ^  Qn»  '  d'  •  MW^  -  WT^  ♦  WW„ 


(8b) 


Equation  (8)  states  that  the  development  of  the  wave  energy  is  governed  by  the  mean-flow  production  of  this 
particular  wave  by  the  energy  transfer  between  this  wave  and  the  turbulence  WT^,  and  by  the  interactions 

between  this  wave  and  other  existing  waves  WW^. 

4.2.  MODE  DECOMPOSITION  AND  INTERACTIONS 

In  the  me<m-flow  energy  equation  (6)  the  production  of  all  waves  is  given  by 

MW  -  -  f-  -  a?  ^  r  dr  (9) 


With  the  use  of  equation  (4)  the  waves’  Reynolds  stress  Qv  can,  in  general,  be  written  as 


E  exp[i(Nk  "  -  cc} 


m,k,i 

Ivf 


(10) 


The  first  summation  is  over  the  product  uv*  of  the  same  wave.  These  terms  are  axisymmetric  irrespective  of  their 
azimuthal  number.  The  second  summation  over  the  product  uv*  is  produced  by  waves  of  the  same  frequency  but 
different  azimuthal  numbers.  These  terms  are  not  axisymmetric  and  therefore  destroy  the  symmetry  of  the  mean  flow. 
Note  that  these  terms  vanish  unless  there  is  more  than  one  azimuthal  component  of  the  same  frequency.  Thus,  this  is 
consistent  with  Cohen  St  Wygnanski’s  (1987a,b)  conclusion  that  single-mode  excitation  cannot  destroy  the 
axisymmetry  of  the  mean  flow.  The  azimuthally  dependent  terms  in  equation  (10)  vanish  when  integrated  over 
Therefore  they  redistribute  the  mean-flow  energy  in  the  azimuthal  direction  but  do  not  contribute  to  the  total  energy 
integrated  over  4-  Because  the  mean-flow  energy  in  equation  (6)  is  integrated  over  these  nonaxisymmetric  terms 
vanish  and  the  mean-flow  production  of  the  wave  can  be  written  as 

MW  .  £  MW^  (11) 

nMi 

with 


Jo"  rdr.ee  (12) 

Therefore  the  mean-flow  productions  of  the  waves  are  pven  by  the  linear  superposition  of  the  individual  mean-flow 
production  of  each  wave. 

In  the  turbulence  energy  equation  (7)  the  energy  transfer  between  the  waves  and  the  turbulence  WT  is  given  by 


WT  -  f" 

Jo 


.  35i  V. 

"ij  5“  -  "44  7  "r4|r  dr 

eXjj  r  r 


where  the  wave-induced  stresses  are  ry  -  (ujuj)  -  ujuj.  Now  let  us  decompose  ry  as  we  did  for  u,  that  is, 

r(x,r,^t)  -  £  f^(x,r)  exp(-iw„t  ♦  iN„^)  ♦  cc 


(13) 


(14) 


m,n 
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Thus  fu  is  gener&lly  given  by 


uu  -  E  ^  E  [nl“^  **p[’(’^k  “  *  “}  (15) 

m,n  m,k.(,n  '  ' 

I  <•( 

The  first  summation  is  over  the  product  produced  by  the  same  wave.  The  second  summation  is  over  the  product 
produced  by  two  waves  of  the  same  frequency  and  different  asimuthal  numbers.  This  second  summation  vanishes  upon 
integration  over  d-  Thus  with  the  energy  defined  as  integrated  over  d  can  write 

WT  -  £  WT^ 

OMI 


with 


WT„ 


IJ.IIU1 


dxj 


''rdjnn 


k  dr 


(16) 


r  r 

Therefore  the  turbulence  energy  exchange  with  the  waves  is  given  by  the  linear  superposition  of  the  energy  exchanges 
between  the  turbulence  and  each  individual  wave. 

Next  we  consider  the  wave-wave  interactions  appearing  in  equation  (8a):  namely, 


WW, 


|(uiup^  ^  (w*>^  -  (wv)„ 

Because  of  the  time  avc'aging  and  the  asimuthal  integration  these  terms  are  generally  xero  unless  u  and  N 
simultaneously  satisfy  one  of  the  following  sets  of  conditions: 


r  dr 


(17) 


'1 


and  N„  -  Nk  ♦  N, 


(18) 


-  uij  and  N„  ■  Nj,  -  Nj 

These  are  the  same  relations  given  by  C  'hen  &.  iwgnanski  (1987a,b).  Elquation  (18)  is  not  quite  a  restrictive 
condition  because  if  one  starts  with  only  two  frequency  components,  they  can  amplify  other  frequency  components  that 
satisfy  the  conditions  of  equation  (18).  If  the  process  is  repeated,  an  enormous  number  of  frequency  components  can  be 
amplified.  This  analysis  is  applicable  to  an  unlimited  number  of  components.  Mankbadi  (1991)  considered  the 
interactions  among  only  six  wave  components:  three  axisymmetric  frequency  components  and  three  first-helical 
frequency  components.  The  frequencies  of  the  helical  components  matched  those  of  the  axisymmetric  components.  In 
principle,  these  initial  wave  components  csin  interact  with  each  other  to  generate  an  enormous  number  of  other 
frequency  and  azimuthal  components.  However,  only  the  interactions  among  these  initial  components  were  considered. 
Thus  other  frequency  and  asimuthal  components  that  could  be  nonlinearly  generated  were  forced  to  be  identically  zero. 
The  frequencies  were  chosen  to  satisfy  the  harmonic  relations:  that  is,  with  m  =  1,2,3.  Thus  each  two  consecutive 
frequencies  are  related  to  each  other  by  subharmonic-fundamental  relations 


«n.  •  (2)“'*" 

The  lower  frequency  denotes  that  of  the  subharmonic,  and  the  higher  denotes  that  of  the  fundtunental  under  these 
conditions. 

The  wave- wave  interactions  can  be  classified  into  three  groups:  (1)  interactions  among  the  axisynunetric  waves, 
which  can  be  manipulated  to  be  in  the  form  of  subharmonic-induced  stresses  multiplied  by  fundamental-induced 
strains,  (2)  interactions  among  the  helical  waves,  which  produce  nonaxisymmetric  terms  that  vanish  upon  integrating 
over  d  (thus  with  the  energy  defined  as  that  integrated  over  d  the  integrated  interactions  among  the  helical  modes 
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are  identically  lero;  this  is  an  interesting  result  because  it  indicates  that,  unlike  the  axisymmetric  inodes,  two  first- 
helical  frequency  components  cannot  generate  other  frequency  components),  and  (3)  mixed  interactions  between  the 
axisymmetric  and  the  helical  waves.  The  interactions  between  the  first-helical  and  the  axisymmetric  components  are 
formed  by  two  subharmonic  frequency  components  of  different  azimuthal  numbers  interacting  with  the  first-helical 
fundamental  component.  The  general  form  of  the  wave-wave  interactions  is  given  by 


dx 


dx 


'ij"ki 


dx 


♦  “ij^kl  ♦  Vk»  -  * 


^mn  -  -  ^mn 

df  “dT 
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5.  NONLINEAR  DEVELOPMENT  OF  AMPLITUDE 

5.1.  PERTURBATION  METHODS 

Rational  perturbation  or  expansion  procedures  have  been  applied  to  determine  the  nonlinear  development  of 
amplitude.  This  approach  is  dependent  on  weak  nonlinearities  or  on  a  near-equilibrium  situation  in  which  the 
amplification  rate  is  small  (Stuart  1960).  Monkewitz  (1988)  considered  the  weakly  nonlinear  interaction  between  the 
fundamental  and  subharmonic  modes  in  an  inviscid,  parallel  mixing  layer.  He  has  shown  that  a  critical  fundamental 
amplitude  has  to  be  reached  before  the  subharmonic  becomes  phase  locked  with  the  fundamental  and  exhibits  a 
modified  growth  rate.  Cohen  &  Wygnanski  (1987a,b)  obtained  a  series  solution  in  terms  of  a  small  parameter 
representing  the  amplitude  of  the  wave  and  were  able  to  obtmn  improvement  in  the  saturation  of  the  wave  when  their 
results  were  compared  with  the  experimental  results  of  Caster,  Kit  &  Wygnanski  (1985). 

Asymptotic  analysis  of  critical-layer  nonlinearity  has  also  been  used  to  explain  some  of  tbe  coherent  structure 
observations.  The  critical  layer  is  laterally  located  where  the  mean-flow  velocity  equals  the  phase  speed.  In  this 
approach  it  is  demonstrated  that  once  the  instability  wave  amplitude  becomes  sufficiently  large,  nonlinear  effects 
become  important  in  the  critical  layer  but  the  flow  outside  the  critical  layer  remains  governed  by  the  linear 
mechanisms.  Goldstein  &  Huitgren  (1988)  demonstrated  that  tbe  critical-layer  nonlinearity  causes  the  fundamental 
instability  to  undergo  saturation  upstream  of  the  linear  neutral  stability  point.  Also,  Goldstein  ic  Leib  (1988)  and 
Huitgren  ic  Goldstein  (1990)  have  used  the  critical  layer  to  investigate  the  rollup  of  the  instability  wave.  Recently 
Huitgren  (1991)  studied  the  nonlinear  spatial  equilibration  of  an  externally  excited  instability  wave  in  a  free  shear 
layer.  The  flow  in  the  critical  layer  is  governed  by  a  nonlinear  vorticity  equation  that  includes  a  spatial-evolution 
term.  Expansions  for  the  various  streamwise  regions  of  the  flow  were  recombined  into  a  single  formula  accounting  for 
both  shear-layer  spreading  and  nonlinear  effects.  Good  agreement  with  Thomas  ic  Chu’s  (1989)  experimental  results 
was  obtained. 

5.2.  INTEGRAL-ENERGY  METHOD 

The  integral-energy  method  for  determining  the  nonlinear  development  of  coherent  structures  has  been  quite 
successful  in  describing  many  of  their  observed  features.  Therefore  particular  emphasis  is  placed  here  on  this  method 
and  bow  it  can  interpret  most  features  of  the  observed  coherent  structures.  In  this  method,  the  integral-energy 
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equations  (eqs.  (6)  to  (8)),  coupled  with  radial  shape  assumptions,  are  used  to  derive  the  nonlinear  ordinary  differential 
equations  that  describe  the  energy  exchanges  between  the  different  scales  of  motion- 

Because  of  the  shape  assumptions  involved  and  the  finite  number  of  coherent  modes  considered,  the  integral- 
energy  method  is  only  an  approximate  one.  However,  it  allows  the  study  of  the  strong  nonlinear  interactions,  whereas 
weakly  nonlinear  theories  are  necessarily  restricted  to  small  amplitudes.  Applications  of  this  method  to  different  flow 
situations  have  been  reviewed  by  Liu  (1988,  1989).  This  method  is  illustrated  here  by  considering  the  coherent 
structure  and  its  interactions  in  a  turbulent  round  jet. 

The  integral-energy  equations  (eqs.  (6)  to  (8))  are  a  set  of  ordinary  differential  equations  representing  the  energy 
exchanges  among  the  different  scales  of  motion.  But  shape  assumptions  for  the  mean  flow,  the  waves,  and  the 
turbulence  are  required  in  order  to  perform  the  radial  integration  in  the  energy  equations.  As  discussed  in  section  3 
the  shape  of  the  local  profile  of  each  coherent  component  is  taken  as  the  eigenfunction  obtained  from  the  locally 
parallel  linear  stability  solution  at  the  corresponding  parameters.  The  mean  flow  can  be  described  by  the  two-stage 
hyperbolic  tangent  profile  in  terms  of  (r,8)  that  was  proposed  by  Mlchalke  (1971)  and  used  by  several  researchers  to 
describe  the  mean  flow  in  the  initial  region  of  the  jet.  The  mean  flow  is  thus  characterized  by  the  momentum 
thickness  6  rather  than  by  the  axial  distance.  Therefore  functional  dependence  on  x  in  the  integrals  invo'ved  in  the 
energy  equations  is  replaced  by  functional  dependence  on  8. 

As  for  the  random  turbulence  several  experimental  observations  (e.g.,  Bradshaw,  Perriss  k  Johnson  1964  and 
Davies,  Fisher  k  Barratt  1963)  have  suggested  that  the  radial  distribution  of  the  turbulent  stresses  can  be  represented 
by  a  Gaussian  distribution  in  the  form 


'*i“j  *  *ijE(x)G(«)  exp(-);)* 


Both  a^j  and  c  are  constants  given  in  Mankbadi  (1985a).  The  nornudization  function  G(8)  is  introduced  such  that 
E((x)  is  the  fine-grained  turbulence  energy  over  a  section  of  the  jet. 

Such  a  turbulence  model  is  based  on  a  quasi-steady  assumption  (i.e.,  that  the  characteristics  of  the  turbulence,  in 
terms  of  radial  profile  and  ratio  of  stresses,  are  not  affected  by  the  unsteadiness),  although  the  intensity  of  turbulence 
is  affected  by  unsteadiness.  Some  arguments  are  given  in  Mankbadi  (1991)  to  justify  this  quasi-steady  assumption, 
which  has  not  yet  been  fully  addressed  experimentally  for  free  shear  flows.  The  use  of  rapid-distortion  theory  to 
account  for  such  unsteady  effects  on  the  characteristics  of  turbulence  seems  to  be  promising  (Mankbadi  k  Liu  1991). 

An  eddy  viscosity  model  for  the  wave-induced  stresses  is  inappropriate  because  it  cannot  predict  the  reversal  of 
energy  transfer  from  the  mean  flow  to  the  coherent  structure  and  from  the  coherent  structure  to  the  turbulence  (this 
issue  is  discussed  further  in  section  8).  Instead,  Mankbadi  k  Liu  (1981)  obtained  a  dynamic  equation  for  the  wave- 
induced  stresses  by  considering  the  unaveraged  equation  for  ujuj  and  subtracting  the  time-averaged  one  from  the 
phase-averaged  one.  The  resulting  equations  for  fjj  are  linearized,  producing  a  set  of  simultaneous  linear  equations 
for  determining  the  radial  distribution  of  f^  across  the  jet.  From  the  linearised  form  it  can  be  shown  tSat  f|j  takes 
the  form 

•  |Anm(x)|Et(*)?ij4nn  [i(V'nin(»)  ”  *  ‘Nn  ^)]  ♦  “  , 


where  fjj  are  obtained  from  the  resulting  algebruc  equations  (Mankbadi  k  Liu  1981). 
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With  the«e  shape  assumptions  the  energy  equations  (eqs.  (6)  to  (8))  can  be  integrated  across  the  jet  to  yield  the 
following  system  of  simultaneous  ordinary  differential  equations:  The  mean-flow  momentum  thickness  f(x)  is  given  by 

1<1*MA  d« 

2  d«  dx 


^MT^t  ”  £  ‘M W.mn^nin' 


(23) 


The  turbulence  kinetic  energy  E|(x)  is  given  by 


^  (ItaE.)  ■  ImtE.  *  E  IwT,«nE„„E.  - 
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(24) 


The  energy  of  the  mn  wave  E„m(x)  is  given  by 

^  (lwAunnE„„)  •  IwmE„„  -  lwT.mnE„nEt  *  WW„„.  (25) 

ax 

The  phase  angle  Is  given  by 

E„„Iwa  d  ^  ♦  WW„„,  (26) 

dx 

Here  E„„  =  |A„„i^,  S  is  '  Strouhal  number  defined  as  S  =  wd/2rU,,  and  d  is  the  nosxle  diameter.  In  this 
system  of  equations  I  represents  an  integral  that  is,  in  general,  a  function  of  the  momentum  thickness  0,  the  Strouhal 
number  S,  and  the  asimuthal  number  N.  These  integrals  are  given  in  Mankbadi  it  Liu  (1981)  and  Mankbadi 
(1985a).  The  left  side  of  equation  (23)  is  the  mean-flow  advection.  The  first  term  on  the  right  side  of  equation  (23)  is 
the  mean-flow  production  of  the  turbulence,  and  the  second  term  is  the  production  of  each  individual  wave.  In  the 
turbulence  energy  equation  (eq.  (24)),  1.^^  is  the  integral  of  the  turbulence  advection  by  the  mean  flow.  The  first 
term  on  the  right  side  of  equation  (24)  is  the  turbulence  produced  by  the  mean  flow,  the  second  term  is  the  turbulence 
energy  exchanged  with  the  waves,  and  the  last  term  is  the  viscous  dissipation.  The  first  term  on  the  right  side  of 
equation  (25)  is  the  wave  production  by  the  mean  flow,  the  second  term  is  the  interaction  with  the  turbulence,  and  the 
last  term  is  the  interaction  of  the  mn  wave  with  other  waves.  The  phase-development  equation  (eq.  (26))  is  obtained 
in  a  manner  similar  to  that  used  by  Mankbadi  (1986). 

This  system  of  equations  (eqs.  (23)  to  (26))  is  subject  to  the  initial  conditions  at  x  =  0,  0(0)  =  0j,  E((0)  =  E^j, 
and  E,„„(0)  =  E„„i  and  to  the  initial  phase  single  V>„,„(0)  =  with  respect  to  a  given  reference. 

6.  DEVELOPMENT  OF  SINGLE-FREQUENCY  COHERENT  MODE 

The  development  of  a  single-frequency  instability  wave  in  free  shear  flows  has  been  investigated  by  an 
overwhelming  number  of  researchers.  One  of  the  early  experiments,  in  which  the  excitation  level  wm  considerably 
large,  is  that  of  Binder  &  Favre-Marinet  (1973).  In  this  experiment  well-controlled  unsteady  forcing  of  a  round  jet  was 
imposed  by  means  of  a  rotating  butterfly  valve  upstream  of  the  noxzle  exit.  The  phase-averaging  technique,  with  the 
frequency  of  forcing  as  a  reference,  was  used  to  reduce  the  large-scale  structure  from  the  total  fluctuations.  The 
physical  picture  derived  from  the  experiment  is  that  the  large-scale  structure  first  grows,  because  of  extraction  of 
energy  from  the  mean  flow,  and  subsequently  decays  downstream,  because  of  the  energy  transfer  to  the  fine-grained 
turbulence  and  the  possible  transfer  of  some  of  its  energy  back  to  the  mean  flow.  The  fine-grained  turbulence  is 
enhanced  because  it  obtains  energy  from  the  mean  flow  and  through  the  large-sca'o  structure.  Although  the  amplitude 
of  the  coherent  structure  in  Binder  Sl  Favre-Marinet ’s  (1973)  experiment  reached  considerable  levels  (40  percent  of  the 
mean  flow),  the  integral  energy  technique  predicted  results  in  close  agreement  with  experiment  (Mankbadi  &  Liu 
1981). 
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6.1.  STROUHAL  NUMBER  EFFECTS 

The  development  of  a  single-frequency  component  in  a  turbulent  round  jet  for  various  Strouhal  numbers 
(Mankbadi  &  Liu  1981)  is  shown  in  figure  1.  The  figure  shows  that  the  streamwise  lifespan  of  the  wave  is  inversely 
proportional  to  the  Strouhal  number.  Because  the  wavelength  2ir/a,  is  the  primary  dimension  that  describes  the 
wave  geometry,  it  seems  that  the  wave  ‘Recognizes*  physical  dimensions  relative  to  its  wavelength.  For  instance,  for 
all  Strouhal  numbers  considered,  the  wave  decays  to  an  amplitude  of  0.1  A  after  an  axial  distance  of  about  four  times 
its  wavelength.  That  is,  for  any  Strouhal  number,  the  wave  makes  four  cycles  along  the  jet  before  it  disappears. 

Figure  3  also  shows  that  the  location  of  the  peak  moves  closer  to  the  nozzle  exit  with  increasing  Strouhal  number. 

Thus  high-frequency  components  dominate  upstream  and  low-frequency  ones  dominate  farther  downstream,  as  one 
might  expect  (Alper  k  Liu  1978;  Liu  1974;  and  Merkine  ic  Liu  1975). 

The  “peak*  or  “most  amplified*  Strouhal  number  at  a  given  axial  location  decreases  with  distance,  as  illustrated 
in  figure  2.  The  peak  Strouhal  number  is  inversely  proportional  to  x,  which  is  consistent  with  Chan’s  (1974) 
experimental  observations  that  the  amplitudes  of  the  pressure  oscillations  along  the  jet  for  different  Strouhal  numbers 
become  similar  if  plotted  against  Sp. 

The  maximum  attainable  amplification  as  a  function  of  Strouhal  number  is  shown  in  figure  3  for  a  low  excitation 
level  of  10'^'^.  At  such  a  low  excitation  level  the  peak  Strouhal  number  is  about  0.7,  but  the  results  in  Mankbadi  tc 
Liu  (1981)  show  that  the  peak  Strouhal  number  decreases  to  about  0.35  when  the  excitation  level  is  increased  to  10*^. 

6.2.  SATURATION  WITH  INCREASING  EXCITATION  LEVEL 

For  low  levels  of  excitation  the  maximum  attainable  peak  of  the  coherent  component  is  linearly  proportional  to  its 
initial  level.  However,  at  higher  excitation  levels  a  saturation  mechanism  comes  into  effect  (Mankbadi  Sc  Liu  1981). 
The  production  of  the  coherent  component  by  the  mean  flow  is  proportional  to  the  energy  of  the  coherent  component 
and  inversely  proportional  to  the  local  momentum  thickness.  Therefore  higher  initial  levels  of  the  coherent  component 
cause  excessive  energy  drmn  from  the  mean  flow.  This  energy  drain  leads  to  rapid  growth  of  the  momentum  thickness, 
and  hence  less  energy  is  available  for  the  subsequent  development  of  the  coherent  component.  Thus  the  coherent 
structure  “chokes*  from  its  own  energy,  further  increase  of  the  excitation  level  causes  saturation,  and  the  coherent 
component  can  no  longer  amplify. 

This  saturation  mechanism  has  been  observed  experimentally  by  Fiedler  Sc  Mensing  (1985)  and  Oster  Sc 
Wygnanski  (1982)  in  a  turbulent  mixing  layer  and  by  Raman,  Rice  &  Mankbadi  (1988)  in  a  round  jet.  The  ratio  of 
the  momentum  thickness  of  the  excited  to  the  unexcited  case  at  x/d  =  9  is  shown  in  figure  4  versus  the  excitation 
velocity.  Both  the  theory  of  Mankbadi  Sc  Liu  (1981)  and  experiment  of  Raman  et  al.  (1988)  point  to  the  saturation 
trend  in  enhancing  the  momentum  thickness  via  excitation.  However,  the  theory  underestimates  the  saturation  value 
of  the  momentum  thickness  because  the  theory  in  this  case  ignores  the  appearance  of  the  subharmonic,  which  becomes 
important  downstream  as  discussed  later. 

This  saturation  effect  points  to  the  limitation  of  using  single-frequency  plane  wave  excitation  to  enhance  jet 
mixing.  Therefore  using  devices  that  provide  higher  levels  of  single-frequency  excitation  may  not  yield  better  jet 
mixing.  More  effective  methods  of  flow  control,  such  as  simultaneous  excitation  of  the  fundamental  and  subharmonic 
waves,  should  be  considered  in  order  to  obtain  greater  jet  mixing  enhancement. 

6.3.  TURBULENCE  EFFECTS  ON  JET  EXCITABILITY 

The  growth  of  the  fundamental  is  due  to  the  imbalance  between  its  mean-flow  production  and  its  energy  drain  to 
turbulence  (see  eq.  (24)).  Increasing  the  initial  turbulence  energy  reduces  the  growth  of  the  instability  components  in 
two  ways:  directly,  because  increasing  the  turbulence  level  increases  the  energy  drain  from  the  stability  component  to 
the  turbulence:  and  indirectly,  because  higher  initial  levels  of  the  turbulence  cause  higher  rates  of  energy  transfer  from 
the  mean  flow  to  the  turbulence  and  consequently  leas  mean-flow  energy  becomes  available  for  amplifying  the  wave 
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component.  The  two  mechanisnns  combined  cause  the  initial  turbulence  to  suppress  the  growth  of  instability 
components.  The  large-scale  structure  could  thus  be  reduced,  or  possibly  eliminated,  by  increasing  the  initial  level  of 
random  turbulence  as  observed  experimentally  by  Chandrsuda,  Mehta,  Weir  L  Bradshaw  (1978). 

6.4.  EFFECT  OF  INITIAL  MEAN-FLOW  VELOCITY  PROFILE 

Crighton  Sc  Caster  (1976),  Husain  Si  Hussain  (1979),  Hussain  Si  Zedan  (1978a,b),  and  Oster,  Wygnanski, 

Dziomba  Si  Fiedler  (1978)  emphasized  the  importance  of  the  initial  mean-flow  velocity  profile  for  the  stability  of  the 
developing  shear  layer.  The  role  of  initial  mean-flow  velocity  profile  can  be  investigated  by  using  the  integral  approach 
and  varying  the  initial  momentum  thickness  8|.  If  =  0°,  the  mean-flow  velocity  profile  resembles  a  tophat,  and  as 
$  increases,  the  initial  profile  becomes  smoother.  Because  the  tendency  toward  instability  decreases  with  increasing  8 
(lower  (dU/dy)^^),  the  amplification  of  the  coherent  structure  was  found  to  decrease  with  increasing  8.  Therefore 
the  development  of  the  coherent  structure  can  be  suppressed  by  designing  the  nozzle  for  a  smoother  mean-flow  velocity 
profile,  as  was  done  in  the  experiment  of  Chan  Si  Templin  (1974). 

7.  FUNDAMENTAL-SUBHARMONIC  INTERACTION  AND  VORTEX  PAIRING 

The  early  observations  of  Browand  Si  Weidman  (1976)  and  Winant  Si  Browand  (1974)  indicate  that  the  coherent 
structure  develops  into  vortices  that  can  pair  downstream.  Winant  Si  Browand  (1974)  injected  a  filament  of  dye  into 
the  flow.  The  dye  rolled  into  lumps  that  proceeded  to  pair  with  their  neighbors,  generating  a  larger  and  more  spzu^ly 
distributed  structure.  The  later  experiments  of  Browand  Si  Laufer  (1975),  Hussain  Si  Clark  (1981),  Laufer  Si  Zhang 
(1983),  and  Petersen  (1978),  among  others,  also  confirm  that  the  interactions  between  the  vortices  in  an  axisymmetric 
shear  layer  dominate  the  near-field  flow  dynamics. 

The  importance  of  the  subharmonic  in  vortex  pairing  is  indicated  by  the  analytical  and  computational  results  of 
Patnaik,  Sherman  Si  Corcos  (1976),  Kelly  (1967),  and  Riley  Sc  Metcalfe  (1980),  among  others.  In  the  experiment  of 
Kibens  (1980)  a  circular  jet  was  excited  with  an  azimuthally  coherent  perturbation  at  the  most-amplified  instability. 
The  perturbation  orf  nized  the  large-scale  structures  in  the  shear  layer  into  a  sequence  of  successive  vortex-pairing 
stages  at  fixed  streamwise  locations.  After  each  pairing  the  peak  frequency  of  the  spectrum  was  found  to  be  halved, 
indicating  the  amplification  of  the  subharmonic.  The  connection  between  the  subharmonic  and  vortex  pairing  was 
underscored  by  Ho  Si  Huang  (1982),  who  showed  that  for  a  mixing  layer  pairing  of  vortices  is  the  product  of  the 
subharmonic  instability.  They  found  puring  to  occur  at  the  downstream  location  where  the  subharmonic  saturates. 
Hence  Ho  Sc  Huang  (1982)  viewed  the  subharmonic  as  a  catalyst  for  vortex  pairing.  These  experimental  investigations 
suggest  that  vortex  pairing  can  be  viewed  as  the  interaction  between  a  fundamental  instability  wave  and  its 
subharmonic. 

Considering  a  laminar  shear  layer,  Liu  Si  Nikitopoulos  (1982),  Nikitopoulos  (1982),  and  Nikitopoulos  Si  Liu 
(1984,  1987)  split  the  total  disturbance  into  fundamental  and  subharmonic  components  and  used  the  integral  energy 
technique  to  follow  the  development  of  each  component.  Their  results  (shown  here  as  fig.  5)  indicate  good  agreement 
with  the  experiments  of  Ho  Si  Huang  (1982)  until  the  fine-grained  turbulence  becomes  sufficiently  important.  The 
existence  of  multisubharmonics  in  a  two-dimensional  shear  layer  was  also  considered  by  Nikitopoulos  Si  Liu  (1989). 

The  extension  of  the  laminar  shear  layer  case  to  the  turbulence  case  was  considered  by  Kaptanoglu  (1984)  and  Liu  Si 
Kaptanoglu  (1984,  1987). 

Vortex  pairing  in  a  turbulent  round  jet  was  studied  by  Mankbadi  (1985a),  who  used  the  integral-energy  method. 
The  total  disturbance  was  split  into  coherent  and  random  components.  The  coherent  component  was  then  considered 
to  be  composed  of  a  fundamental  one  and  successive  harmonics  or  subharmonics.  Vortex  pairing  was  viewed  as 
occurring  when  the  subharmonic  interacts  with  the  fundamental  and  exceeds  the  level  of  the  fundamental  to  become 
the  dominant  instability  component  (see  fig.  6).  Excitation  at  low-to-moderate  Strouhal  numbers  was  found  to  result 
in  amplifying  only  the  first  subhumonic,  which  was  found  to  be  most  pronounced  if  the  excitation  Strouhal  number  is 
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in  the  range  0.6  to  1.0.  The  results  are  in  close  agreement  with  the  experimental  data  of  Hussain  L.  Zaman  (1980)  and 
Zaman  &  Hussain  (1980).  Excitation  at  higher  Strouhal  numbers  results  in  the  amplification  of  several  subharmonica, 
which  is  in  accordance  with  observations  of  Drubka  (1981),  Ho  k  Huang  (1982),  Husain  k  Hussain  (1983),  Laufer  k 
Zhang  (1983),  and  Zaman  k  Hussain  (1980).  Increasing  the  Strouhal  number  moves  the  location  of  the  first  pairing 
closer  to  the  nosxle  exit,  as  also  observed  by  Ho  k  Huang  (1982)  for  the  plane  shear-layer  case.  The  location  of  the 
subharmonic’s  peak  was  found  to  coincide  with  the  rapid  decay  of  the  fundamental. 

Zaman  k  Hussain  (1980)  adopted  the  view  that  for  a  circular  jet  rolled-up  vortex  rings  undergo  pairing  under  two 
distinctive  conditions  of  excitation;  the  “shear-layer  mode,”  and  the  “jet-column  mode.”  The  shear-layer  mode  is 
similar  to  the  plane  mixing-layer  mode  and  is  observed  for  the  circular  jet  when  the  excitation  Strouhal  number  based 
on  the  momentum  thickness  is  about  0.012  and  the  exit  boundary  layer  is  laminar.  It  involves  pidring  of  the  near-exit 
thin  vortex  rings.  Zaman  k  Hussain  defined  the  jet-column  mode  as  involving  pairing  of  the  thick  vortex  rings  farther 
downstream.  They  are  observed  for  both  lantinar  and  turbulent  exit  boundary  layers  when  the  excitation  Strouhal 
number  based  on  diameter  is  about  0.85.  They  concluded  that  the  jet-column  mode  of  pairing  can  form  independently 
of  the  shear-layer  mode,  or  from  evolution  of  the  shear-layer  mode,  or  when  the  jet  is  excited  directly  in  the  jet-column 
mode.  The  predicted  growth  of  the  first  subharmonic  at  the  excitation  Strouhal  number  range  S  =  0.6  to  1.0  in 
Mankbadi  (1985a)  did  not  account  for  the  presence  of  the  shear-layer  mode  and  is  therefore  consistent  with  Zaman  k 
Hussain’s  (1980)  conclusion  that  the  jet-column  mode  can  occur  independently  of  the  shear- layer  mode.  But  on  the 
other  hand  the  calculated  development  of  the  fundamental  and  its  subharmonic  in  Mankbadi  (1985a)  indicates  that 
there  is  a  continuous  response  as  the  excitation  Strouhal  number  increases.  The  especially  pronounced  amplification  of 
the  subharmonic  when  the  jet  is  excited  with  a  fundamental  at  S  =  0.8  (fig.  6(b))  is  attributed  to  the  growth  of  the 
subharmonic  being  governed  by  both  its  interaction  with  the  mean  flow  and  the  fundamental.  It  is  well  known  that 
the  most-preferred  frequency  associated  with  the  mean-flow  velocity  profile  of  a  jet  corresponds  to  S  =  0.4  (e.g., 
Gutmark  k  Ho  1983b;  Hussain  k  Zaman  1981).  When  the  jet  is  excited  at  a  fundamental  Strouhal  number  of  0.8,  the 
corresponding  subharmonic  is  at  0.4,  which  is  the  “preferred”  Strouhal  number  of  the  jet,  causing  the  subharmonic 
amplification  to  be  particularly  strong.  Thus  the  specially  strong  pairing  at  a  fundamental  Strouhal  number  of  0.8, 
corresponding  to  the  jet-colunm  mode,  is  attributed  to  the  characteristics  of  the  mean-flow  instability  in  addition  to 
the  fundamental-subharmonic  interaction. 

7.1.  EFFECT  OF  EXCITATION  LEVEL 

The  results  in  Mankbadi  (1985a)  indicate  that  the  strength  of  the  fundamental-subharmonic  interaction  increases 
noniinearly  with  increasing  initial  level  of  the  fundamental  (fig.  7).  The  peak  of  either  the  fundamental  or  the 
subharmonic  moves  upstream  as  the  initial  level  of  the  fundamental  increases,  as  indicated  by  Laufer  k  Yen’s  (1983) 
measurements.  However,  beyond  a  certain  level  any  further  increase  in  the  initial  level  of  the  fundamental  reduces  or 
suppresses  the  growth  of  the  subharmonic.  Large  forcing  levels  can  thus  result  in  suppressing  the  vortex-pairing 
process  as  observed  experimentally  by  Reynolds  k  Bouchard  (1981).  This  saturation  is  caused  by  the  excessive  drain 
of  the  mean-flow  energy  by  the  fundamental,  which  reduces  the  available  mean-flow  energy  for  the  subsequent  growth 
of  either  the  fundamental  or  the  subharmonic.  Thus  there  is  an  optimum  excitation  level  that  will  produce  maximum 
subharmonic  amplification,  as  also  concluded  by  Monkewitz  (1982)  for  the  two-dimensional  shear-layer  case. 

7.2.  ENERGY  TRANSFERS 

The  study  of  the  energy  transfers  between  the  different  flow  components  along  the  jet  indicates  that  the 
significance  of  each  mechanism  involved  depends  on  the  Strouhal  number  and  on  the  streamwise  location  (Mankbadi 
1985a).  At  moderate  Strouhal  numbers  the  fundamental’s  production  by  the  mean  flow  is  the  dominant  mechanism 
close  to  the  exit  (fig.  8).  Subsequently  the  fundamental  decays  through  three  equally  significant  mechanisms; 
turbulence  damping,  generation  of  its  subharmonic,  and  “negative  production,”  in  which  energy  is  transferred  from  the 
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coherent  component  b«ck  to  the  mean  flow.  The  fundamental  amplifies  the  subharmonic  through  direct  and  indirect 
mechanisms.  In  the  direct  mechanism  it  transfers  some  of  its  energy  to  the  subharmonic,  in  the  indirect  mechanism 
the  enhanced  level  of  the  subharmonic  results  in  increasing  its  direct  production  by  the  mean  flow.  The  subharmonic 
decays  mainly  through  turbulence  dissipation.  At  higher  Stroubal  numbers  the  subharmonic  can  amplify  a  second  or 
even  higher  subharmonic,  which  constitutes  an  additional  decay  mechanism  for  the  first  subharmonic. 

8.  REVERSAL  OF  REYNOLDS  STRESSES 

8.1.  NEGATIVE  MEAN-FLOW  PRODUCTION  OF  COHERENT  STRUCTURE 

The  stability  wave  grows  by  absorbing  energy  from  the  mean  flow,  but  as  the  flow  diverges  in  the  downstream 
direction,  the  linear  theory  predicts  a  damped  solution.  This  results  in  a  negative  mean-flow  production  of  the 
coherent  stability  component  (fig.  8),  which  signals  the  decay  of  the  coherent  component  by  returning  some  of  its 
energy  back  to  the  mean  flow.  Because  the  mean-flow  gradient  does  not  change  sign,  this  negative  production  results 
from  reversal  of  the  sign  of  the  time-averaged  coherent  Reynolds  stresses. 

The  reversal  in  the  Reynolds  stresses  is  not  restricted  to  the  streamwise  location  where  the  coherent  component  is 
decaying.  Figure  9  (from  Mankbadi  1985b)  shows  that  at  the  streamwise  location  where  the  waves  are  growing  the 
transverse  distribution  of  the  time-averaged  coherent  stresses  shows  transversal  regions  of  negative  stresses.  This 
indicates  that  even  if  the  net  radially  integrated  energy  transfer  is  from  the  mean  flow  to  the  coherent  components,  it 
can  locally  reverse  direction. 

Browand  (1980)  was  the  first  to  comment  on  the  significance  of  negative  production  and  its  relation  to  the  pairing 
process.  It  was  also  observed  by  Fielder,  Dtiomba,  Mensing  b.  Rosgen  (1981),  Weisbrot  b  Wygnanski  (1988),  and 
Zaman  b  Hussain  (1980)  for  a  plane  shear  layer.  Hussain  b  Zaman’s  (1980)  measured  contours  of  the  phase-averaged 
coherent  stresses  are  shown  here  as  figure  10;  the  alternate  regions  of  positive  and  negative  values  are  quite  apparent  in 
the  figure.  This  change  in  sign  represents  a  reversal  in  the  direction  of  energy  transfer  between  the  mean  flow  and  the 
coherent  structure. 

Browand  b  Ho  (1983)  interpreted  the  negative  Reynolds  stresses  as  resulting  from  the  tilt  of  the  vorticity 
distribution.  If  the  tilt  is  upstream  on  the  low-speed  side,  the  resulting  momentum  flux  is  away  from  the  mixing  layer, 
resulting  in  negative  Reynolds  stresses.  As  far  as  the  stability  theory  is  concerned,  this  negative  production  results 
from  the  phase  alignment  of  the  coherent  velocity  components  as  given  by  the  eigenfunctions  of  the  locally  parallel 
linear  stability  solution.  This  phase  tdignment  becomes  negative  particularly  when  the  solution  becomes  damped;  an 
explanation  that  is  not  in  contradiction  with  the  favorable  or  unfavorable  tilt  advocated  by  others.  The  success  of  the 
integral  energy  nonlinear  stability  theory  in  predicting  such  reversals  in  the  energy  transfer  should  be  underscored 
because  this  “negative  production”  is  quite  significant  in  interpreting  several  observations  but  cannot  be  predicted  by 
eddy  viscosity  models. 

8.2.  REVERSAL  OF  ENERGY  TRANSFER  BETWEEN  LARGE-SCALE  STRUCTURE  AND  TURBULENCE 

The  energy  transfer  between  the  coherent  structure  and  the  fine-grained  turbulence  is  governed  by  the  wave- 

induced  stresses.  The  relative  phase  between  fy  and  the  rates  of  strain  determines  the  direction  of  this  transfer.  The 
total  energy  transfer  between  the  large-scale  structure  and  the  fine-grained  turbulence  is  the  sum  of  the  local  transfers 
integrated  across  the  jet.  Typical  transverse  distribution  of  this  energy  is  shown  in  figure  11  (from  Mankbadi  b  Liu 
1981).  Because  most  of  the  local  energy  transfer  is  positive,  the  direction  of  the  net  total  energy  transfer  is  from  the 
large-scale  structure  to  the  fine-gruned  turbulence,  as  expected.  However,  it  is  also  clear  from  the  figure  that  the  local 
energy  transfer  can  be  in  either  direction  and  that  it  is  not  restricted  from  the  large-scale  structure  to  the  fine-grained 
turbulence. 

In  earlier  work  eddy  viscosity  was  used  to  model  these  wave-induced  stresses  (Liu  1971,  1974;  Merkine  b  Liu 
1975;  and  Morris  1974).  However,  such  an  eddy  viscosity  model  implies  one-way  energy  transfers  from  the  mean  flow 
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CO  the  lATge-scale  structure  4nd  from  the  large-scale  structure  to  the  fine-grained  turbulence.  Although  this  assumption 
may  be  generally  true,  the  local  energy  exchange  can,  in  fact,  go  either  way,  as  shown  in  figure  11,  from  the  large  to 
the  small  or  vice  versa.  This  indicates  the  intrinsic  weakness  of  the  eddy  viscosity  model.  Thus  an  eddy  viscosity 
model  ignores  the  detailed  physical  picture  of  the  energy  transfer  mechanism  although  it  has  been  useful  in  assessing 
the  overall  process.  Favre-Marinet  k.  Binder  (1979)  also  concluded  from  his  experiment  that  an  eddy  viscosity  model 
for  the  wave-induced  stresses  is  incorrect  locally.  Therefore  the  interaction  between  the  large-scale  structure  and  the 
fine-grained  turbulence  must  be  based  on  the  detailed  physical  mechanisms  of  the  wave-induced  stresses. 

9.  EFFECT  OF  INITIAL  PHASE-DIFFERENCE  ANGLE  BETWEEN  FUNDAMENTAL  AND  SUBHARMONIC 

Direct  numerical  simulations  of  vortex-pairing  interactions  in  two-dimensional  mixing  (e.g.,  Patnaik,  Sherman  k 
Corcos  1976  and  Riley  k  Metcalfe  1980)  show  that  the  pairing  process  is  dependent  on  the  phase  difference  between 
the  fundamental  and  subharmonic  instability  waves.  Monkewitx  (1982)  extended  Kelly’s  (1967)  temporal  instability 
analysis  of  a  spatial  periodic  mixing  layer  to  include  an  arbitrary  phase  difference  between  the  fundamental  and  the 
subharmonic.  He  concluded  that  an  arbitrary  initial  phase  difference  leads  to  transients  with  two  singles  where  the 
subharmonic  growth  rate  is  initially  increased  or  decreased  depending  on  the  initial  phase  difference.  Although  Kelly 
and  Monkewitx  did  not  consider  the  influence  of  the  subharmonic  on  the  fundiunental,  Nikitopoulos  (1982)  and 
Nikitopoulos  k  Liu  (1987)  used  the  integral-energy  method  to  study  the  fundamentsd-subharmonic  interaction  in  a 
laminar  shear  layer,  allowing  the  subharmonic  to  react  nonlineuly  on  the  fundamental.  The  fundamental-subharmonic 
interaction  in  a  turbulent  round  jet  (Mankbadi  1985a)  was  found  to  be  dependent  on  an  effective  phase-difference  angle 

=  V'f  -  where  Vf  >°d  i’l  are  the  phase  angles  of  the  fundamental  and  subharmonic,  respectively.  Using 
weakly  nonlinear  stability  theory,  Monkewitx  (1988)  considered  the  spatial  evolution  of  a  fundamental  mode  and  its 
subharmonic  on  an  inviscid  parallel  mixing  layer.  His  results  show  that  a  critical  fundamental  amplitude  has  to 

be  reached  before  the  subharmonic  becomes  phase  locked  with  the  fundamental  and  exhibits  a  modified  growth  rate. 
Monkewitx’s  results  for  the  effect  of  the  initial  phase  difference  on  the  growth  of  the  subharmonic  are  shown  herein  as 
figure  12.  His  analytical  results,  as  well  as  those  of  Mankbadi  (1985a,  1986),  Nikitopoulos  (1982),  and  Nikitopoulos  k 
Liu  (1987),  show  that  the  initial  phase  difference  has  a  weak  damping  effect  on  the  growth  of  the  fundamental  but  a 
strong  influence  on  the  subharmonic.  Depending  on  the  initial  phase  difference,  the  fundamental-subharmonic 
interaction  can  either  amplify  or  suppress  the  growth  of  the  subharmonic  as  compared  with  its  growth  resulting  from 
the  mean-flow  instability  alone. 

This  dependence  on  the  initial  phase-difference  angle  has  been  confirmed  in  Zhang,  Ho  k  Monkewitz’s  ( 1985) 
experiment  in  which  a  shear  layer  was  subjected  to  a  bimodal  excitation.  Their  results  show  that  significantly  different 
vortex-merging  patterns  can  occur  as  a  result  of  changing  the  initial  phase  difference  between  the  fundamental  and  the 
subharmonic.  The  experiments  of  Arbey  k  Ffowes- Williams  (1984),  Ng  k  Bradley  (1988),  and  Raman  k  Rice  (1989) 
for  a  round  jet  also  indicate  that  the  subharmonic  can  be  amplified  or  suppressed  depending  on  the  initial  phase 
difference  with  respect  to  the  fundamental. 

The  experimentally  observed  “jitter”  in  the  location  of  pwring  (e.g..  Brown  k  Roshko  1974;  Browand  k  Weidman 
1976;  Humii/i  1986;  Oster  et  al.  1978;  Oster  k  Wygnanski  1982;  and  Zaman  k  Hussain  1980)  can  be  explained  by 
dependence  on  the  initial  phase-difference  angle  If  the  subharmonic  at  the  jet  exit  is  at  the  proper  phase-difference 
angle,  it  will  be  amplified,  resulting  in  vortex  pairing.  If  it  is  not  at  the  proper  phase-difference  angle,  the  pairing 
process  will  be  altered  or  possibly  eliminated.  The  net  outcome  is  the  random  variation  in  the  location  of  puring. 

The  jet  instability  thus  acts  as  an  amplifier  not  only  with  respect  to  selective  frequencies,  but  also  with  respect  to 
selective  phase  differences  between  the  fundamentxd  and  the  subharmonic  (Mankbadi  1985a,  1986).  In  natural, 
uncontrolled  conditions  the  phase  of  the  initisJ  components  at  the  fundamental  and  subharmonic  frequencies  would 
vary  randomly,  resulting  in  a  random  initial  phase  difference  between  the  two.  The  mean  flow  acts  as  the  first 
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amplir>er  to  amplify  the  stability  component  according  to  its  frequency.  The  fundamental  instability  wave  associated 
with  the  mean-flow  profile  will  then  act  as  a  second  amplifier  that  will  amplify  or  dampen  the  subharmonic  according 
to  its  relative  phase  difference.  For  a  given  frequency  the  most  amplified  subharmonic  is  thus  the  one  with  the  proper 
phase  difference. 

9. J.  EFFECT  ON  SPREADING  RATE 

Because  vortex  puring  is  an  important  mechanism  in  the  growth  of  a  shear  layer,  the  initial  phase  angle  can,  in 
turn,  control  the  development  of  the  shear  layer.  Figure  13  (from  Manlcbadi  1986)  shows  that  the  growth  of  a  laminar, 
axisymmetric  shear  layer  is  governed  by  the  initial  phase  and  that  it  is  maximum  when  the  subharmonic  is  subjected 
to  maximum  amplification.  In  fact,  choosing  the  initial  phase  difference  to  be  the  one  predicted  theoretically  as  the 
optimum  results  in  the  corresponding  predicted  growth  of  the  shear  layer  being  in  good  agreement  with  the 
corresponding  experimental  observations  of  Laufer  it  Zhang  (1983).  The  stepwise  development  of  the  momentum 
thickness  shown  in  figure  13  was  also  obtained  by  Nikitopouloe  (1982)  and  Nikitopoulos  b,  Liu  (1987,  1989)  for  the 
two-dimensional  mixing-layer  case.  Their  results  agree  favorably  with  the  corresponding  experimental  data  of  Ho  & 
Huang  (1982).  The  momentum  thickness  first  increases  as  the  fundamental  grows  by  draining  energy  from  the  mean 
flow.  The  fundamental  subsequently  decays  by  returning  some  of  its  energy  back  to  the  mean  flow,  tending  to  increase 
the  mean-flow  energy  and  reduce  the  momentum  thickness.  But  this  is  balanced  by  the  growth  of  the  subharmonic, 
which  amplifies  partially  by  draining  energy  from  the  mean  flow.  The  net  outcome  is  a  balance  between  the  two 
mechanisms,  resulting  in  the  no-growth  stage  shown  in  the  figure.  Once  the  fundamental  is  fully  decayed,  the  growth 
of  the  subharmonic  by  draining  energy  from  the  mean  flow  takes  over,  resulting  in  the  subsequent  growth  of  the 
momentum  thickness,  as  shown  in  the  figure. 

9.2.  SPATIAL  DEVELOPMENT  OF  PHASE 

The  phase  angle  0  is  not  fixed  at  its  initial  value  but  varies  along  the  jet.  In  Mankbadi  (1985a,b,c), 

Nikitopoulos  (1982),  and  Nikitopoulos  b  Liu  (1987)  the  phase  was  assumed  to  vary  in  the  streamwise  direction 
according  to  the  linear  theory.  It  seems  irrational  to  assume  that  the  phase  behaves  linearly  while  the  amplitudes 
behave  nonlinearly.  Therefore  Mankbadi  (1986)  used  the  integral  approach  to  formulate  the  nonlinear  development  of 
the  phase-difference  angle.  Figure  14  (from  Mankbadi  et  al.  1989)  shows  the  development  of  the  phase-difference  angle 
obtained  according  to  the  nonlinear  analysis  of  Mankbadi  (1986)  in  comparison  with  the  corresponding  experimental 
results.  The  agreement  seems  to  be  acceptable. 

Th  "lonlinear  behavior  of  the  phase-difference  angle  is  also  apparent  in  the  experimental  data  of  Thomas  (1990) 
for  an  e  ed  shear  layer.  The  experimental  results  in  Mankbadi  et  al.  (1989)  for  the  development  of  the  phase- 
difference  angle  at  various  initisd  conditions  (shown  here  as  fig.  15)  also  clearly  indicate  that  the  development  of  the 
phase-difference  angle  is  a  nonlinear  process,  particularly  farther  downstream,  where  the  amplitudes  reach  considerable 
levels.  The  nonlinear  development  of  the  phase-difference  angle  described  in  Mankbadi  (1986)  is  therefore  more 
appropriate  thsm  the  linear  assumption  previously  adopted. 

10.  CONDITIONS  FOR  RESONANCE  INTERACTION 

Cohen  b  Wygnanski  (1987a,b)  examined  the  conditions  for  resonance  interactions  between  two  instability  waves 
for  a  nondivergent  mean  flow.  The  two  interacting  waves  were  assumed  to  be  small  with  respect  to  the  mean  flow, 
and  the  wave  resulting  from  the  interaction  of  the  two  waves  to  be  much  smaller  than  either  of  the  two  interacting 
waves.  By  examining  the  second-order  terms  in  the  momentum  equation  of  the  disturbances,  they  have  shown  that  the 
particular  solution  becomes  secular  when  it  satisfies  one  of  the  following  conditions: 

-  a;,  ♦  n„  -  n,  ♦  n^,  and  o„,  -  o,  -  (27a) 
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or 

‘^m  •  "k  ■  “'f  "m  •  “k  ~  “m  “  “k  ’  “l 

where  u!  is  the  frequency,  n  is  the  aiimuthal  wavenumber,  and  a  is  the  complex  streamwise  wavenumber. 

Subscripts  k  and  (  denote  the  interacting  waves,  and  m  denotes  the  resulting  wave.  Combining  the  conditions  on 
streamwise  wavenumber  and  frequency  results  in  the  equality  of  phase  velocity  as  a  condition  for  the  fundamental- 
subharmonic  resonance  interaction.  The  shortcoming  of  this  result  is  that  it  cannot  explain  the  dependence  of  the 
subharmonic  resonance  on  the  initial  phase  difference,  which,  even  if  the  phase  velocities  are  equal,  can  lead  either  to 
amplification  or  suppression  of  the  subharmonic.  Also,  some  experimental  results  (e.g.,  Corke  1990)  indicate  that 
resonance  can  occur,  even  if  the  phase  velocities  are  not  equal. 

On  the  basis  of  the  energy  transfers  a  nonlinear  analysis  of  the  condition  of  resonance  interaction  in  a  diverging  jet 
is  given  in  Mankbadi  et  al.  (1989).  The  conditions  on  the  frequency  and  aiimuthal  wavenumbers  remain  the  same  as  in 
equation  (27).  But  the  condition  on  the  wavenumbers  is  replaced  by  the  condition  that  the  fundamental-induced  strain 
must  tdign  with  the  subharmonic-induced  stresses,  which  can  be  written  as 

i>m  ~  ~  ~  *  (28a) 

tfia  “  ~  ^  (28b) 

where  s  is  the  argument  of  the  fundamental-subharmonic  interaction  integral  WW  and  ^  is  the  phase  angle  in 
equation  (4). 

To  understand  the  physical  significance  of  this  condition,  we  write  the  wave-wave  interaction  WW  symbolically 
as 

WW  -  f"ui,uj_i  r  dr  »  R  •  S  -  |Ri|S|co8  7  (29) 

0  axj 

where  ^  ±  +  a  and  R  and  R  are  vectors  representing  the  radially  averaged  wave-induced  stresses 

and  strains,  respectively.  Resonance  interaction  occurs  when  the  stresses  and  struns  are  in  phase.  That  is,  if  7  =  0, 
we  obtain  maximum  positive  energy  transfer  to  the  output  wave,  resulting  in  the  resonance  condition.  But,  if 
7  =  180*,  we  obtain  the  highest  energy  drain  from  the  output  wave,  resulting  in  its  suppression  and  the 
experimentally  observed  vortex  shredding. 

The  situation  is  anedogous  to  the  mean  flow-turbulence  interaction.  There  the  turbulence  growth  is  governed  by 
the  scalar  product  of  the  mean-flow  strains  and  the  turbulence-induced  Reynolds  stresses.  The  energy  transfers 
between  the  fundamental  and  the  subharmonic  are  analogous  to  those  between  the  mean  flow  and  the  turbulence,  but 
the  wave-induced  stresses  and  strains  are  now  vectorial  quantities.  The  energy  transfer  is  no  longer  a  scalar  product 
but  a  vectorial  dot  product  governed  by  the  phase-difference  angle  between  the  two  vectors  representing  the  stress  and 
the  strain. 

The  experimental  data  in  figure  16(a)  (from  Raman  &  Rice  1989)  show  that  the  subharmonic  is  either  amplified 
or  suppressed  depending  on  the  initial  phase-difference  angle.  The  effect  is  pronounced  immediately  after  the  flow 
leaves  the  nozsle.  The  phase  velocity  based  on  the  linear  stability  theory  (shown  in  fig.  16(b))  is  independent  of  the 
initial  phase  difference,  and  the  results  of  the  linear  stability  theory  indicate  that  the  phase  velocities  of  the 
fundamental  and  the  subharmonic  become  close  to  each  other  only  for  x/d  >  3  although  the  difference  in  the 
subharmonic  amplification  is  quite  pronounced  much  before  that.  Therefore  the  equality  of  phase  velocities  cannot 
explain  the  observed  differences  in  the  amplification  rate  of  the  subharmonic  when  the  initial  phase  difference  is 
changed. 


IL5-18 


The  resonance  amplification  or  suppression  of  the  subharmonic  is  determined  in  the  initial  region  of  the  jet.  The 
wave-wave  intei  action  mechanism  is  efficient  only  at  low  momentum  thicknesses  close  to  the  jet  exit  (Mankbadi 
1985a).  Thus  only  the  initial  behavior  of  cos  7  matters  (say,  for  x/d  <  0.2).  Later  values  of  cos  7  are 
insignificant  because  the  wave-wave  interaction  mechanism  becomes  less  efficient  as  the  jet  spreads  and  the  subsequent 
growth  of  the  waves  is  dominated  by  its  interaction  with  the  mean  flow  and  the  turbulence.  The  angle  7  between  the 
wave-induced  stresses  and  strains  in  the  initial  region  of  the  jet  is  shown  in  figure  16(c).  The  figure  shows  that  if  the 
initial  phase-difference  angle  is  such  that  cos  7  is  initially  positive,  the  energy  transfers  from  the  fundamental  to  the 
subharmonic,  resulting  in  strong  amplification  of  the  subharmonic.  On  the  other  hand,  if  the  initial  phase-difference 
angle  is  such  that  cos  7  is  initially  negative,  energy  drains  from  the  subharmonic,  causing  suppression  of  the 
subharmonic’s  growth  in  accordance  with  observations. 

The  condition  of  equation  (28)  replaces  the  previously  reported  condition  that  the  two  waves  must  have  the  same 
phase  velocity  in  order  for  the  subharmonic  resonance  to  occur.  The  initial  phase-difference  angle  between  the  two 
imposed  waves  controls  the  stress-strain  angle  and  determines  whether  the  fundamental-subharmonic  interaction 
suppresses  or  amplifies  the  growth  of  the  subharmonic.  It  is  shown  in  Mankbadi  et  al.  (1989)  that  this  condition 
reduces  to  that  of  equation  (27)  under  the  following  simplifications:  (1)  the  linear  stability  theory  provides  a  valid 
approximation  to  the  phase  angles  of  the  waves,  (2)  the  initial  phase-difference  angle  between  the  two  interacting 
waves  is  ignored,  and  (3)  the  argument  of  the  wave-wave  interaction  integral  e  is  set  to  zero.  However,  the 
experimental  results  in  Mankbadi  et  al.  (1989)  indicate  (1)  that  phase-difference  angle  development  is  a  nonlinear 
process  that  cannot  be  adequately  described  by  the  linear  theory,  (2)  that  the  effect  of  initial  phase-difference  angle  on 
the  resonance  interaction  is  now  supported  by  several  experimental  observations  (Arbey  it  Ffowcs-Williams  1984,  Ng 
ti  Bradley  1988,  Raman  &  Rice  1989,  and  Zhang  et  al.  1985)  and  cannot  be  ignored,  and  (3)  that  the  variation  of  the 
argument  a  is  considerable  along  the  jet  (Mankbadi  1985a)  and  cannot  be  neglected.  Therefore  it  appears  that  the 
alignment  of  the  wave-induced  stresses  and  strains,  as  a  condition  for  resonance,  reduces  to  the  equality  of  the  phase 
velocities,  only  under  crude  approximations.  The  main  conclusions  are  that  the  equality  of  phase  velocities  for 
resonance  interaction  is  only  an  approximate  condition  that  need  not  be  precisely  satisfied  in  order  for  resonance  to 
occur  and  that  the  alignment  of  the  wave-induced  stresses  and  strains  is  a  better  description  of  the  resonance 
condition. 

11.  MULTIFREQUENCY  EXCITED  JETS 

In  a  natural  situation  the  coherent  structure  is  not  restricted  to  discrete  single-  or  two-frequenr  components  but 
occurs  in  a  broad  band  of  frequencies.  Furthermore  when  in  a  laboratory  experiment  a  jet  is  exciteo  oy  a  single-  or 
two-frequency  component,  other  frequency  components  amplify  as  well.  A  study  of  the  interactions  among  several 
coherent  components  is  therefore  necessary  to  understand  such  excitation  experiments,  the  natural  coherent  structure, 
and  the  later  stages  of  the  transition  process.  In  Mankbadi  (1991)  the  interactions  among  several  frequency 
components  were  considered  by  using  the  integral-energy  method.  The  situation  becomes  quite  complicated,  as 
demonstrated  in  figure  17,  even  if  the  interactions  of  only  three  components  are  considered.  The  figure  shows  the 
streamwise  energy  peak  of  each  wave  normalised  by  its  initial  value  as  a  function  of  the  initial  phase-difference  angles. 
With  three  frequeicy  components  there  are  two  initial  phase-difference  angles,  ^23-  nonlinear 

interactions  depend  on  the  initial  energy  level,  which  is  taken  to  be  the  same  for  the  three  waves  and  is  varied  in  the 
figure  from  10*^  to  10*^.  At  low  levels  nonlinear  interaction  is  negligible,  and  each  wave  behaves  as  if  the  others  were 
not  present.  With  increasing  initial  energy  level,  nonlinearity  becomes  quite  evident  and  the  interactions  become 
dependent  on  the  two  phase-difference  angles.  In  the  natural  situation  there  is  no  such  control  over  these  angles. 
Therefore  the  observed  amplification  of  the  waves  is  irregular,  which  perhaps  explains  the  irregularity  in  the  flow 
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structure.  One  can  even  go  further  and  consider  this  irregularity  ><ed  by  random  initial  phase-difference  angles  to  be 
the  first  key,  as  far  as  the  nonlinev  instability  theory  is  concerned  t  >  the  chaotic  nature  of  turbulence. 

At  much  higher  initial  levels  a  saturation  condition  is  reached  in  which  the  waves  can  no  longer  amplify  each 
other  and  the  dependence  on  the  initial  phase-difference  angle  diminishes  (fig.  17).  This  saturation  is  caused  by  the 
excessive  energy  drain  from  the  mean  flow,  which  makes  the  individual  wave-wave  interaction  negligible  with  respect 
to  the  interaction  of  each  wave  with  the  mean  flow. 

12.  MODULATION  OF  SPREADING  RATE  BY  CONTROLLING  COHERENT  STRUCTURE 

Exciting  a  jet  by  a  wavelike  coherent  component  can  either  enhance  or  reduce  the  mixing  rate,  depending  on  the 
forcing  Strouhal  number  (see  fig.  18,  from  Mankbadi  1985c). 

12.1.  ENHANCEMENT  OF  MDCING  AND  SPREADING 

12.1.1.  Low  Strouhal  numbers.  -  At  Strouhal  numbers  less  than  0.5,  the  momentum  thickness  increases 
monotonically  with  the  forcing  level,  and  the  effect  is  pronounced  for  forcing  levels  higher  than  0.5%  of  the  Jet  exit 
velocity.  This  increase  in  the  spreading  rate  with  forcing  was  experimentally  observed  by  Gutmark  Sc  Ho  (1983b),  Ho 
Sc  Huang  (1982),  and  Reynolds  Sc  Bouchard  (1981),  to  mention  only  a  few.  At  such  low  Strouhal  numbers  the  pairing 
activities  SM  insignificant  (Mankbadi  1985c  and  Reynolds  Sc  Bouchard  1981).  The  forced  fundamental  component 
enhances  the  mixing  rate  directly  by  absorbing  energy  from  the  mean  flow  and  indirectly  by  enhancing  the  random 
turbulence,  which  in  turn  absorbs  energy  from  the  mean  flow. 

12.1.2.  Intermediate  Strouhal  numbers.  -  If  the  forcing  Strouhal  number  is  in  the  range  0.6  to  1.0,  which 
corresponds  to  about  twice  the  ‘preferred  mode  of  the  jet,”  the  increase  in  the  mixing  rate  is  pronounced  even  at 
forcing  levels  as  low  as  0.01%  of  the  jet  exit  velocity.  The  first  subharmonic  of  the  fundamental  is  amplified, 
indicating  the  formation  of  a  single  vortex  pairing.  The  enhancement  of  the  momentum  thickness  in  this  range  of 
Strouhal  numbers  is  due  to  the  growth  of  the  fundamental  and  also  due  to  the  enhancement  of  the  turbulence,  as  in 
the  iow-Strouhal-number  case.  But  now  the  vortex-pairing  process  forms  an  additional  mechanism  that  enhances  the 
mixing  further.  This  is  in  accordance  with  the  early  observations  of  Browand  Sc  Weidmim  (1976)  and  Winant  Sc 
Browand  (1974),  among  others,  which  indicate  that  vortex  pairing  is  responsible  for  most  of  the  entrainment  in  mixing 
layers.  This  additional  mechanism  for  mixing  enhancement  is  due  to  the  generated  subharmonic,  which  absorbs 
additional  energy  fiom  the  mean  flow  and  pumps  some  of  this  energy  to  the  turbulence,  resulting  in  further  increases  in 
the  mean-flow  energy  drain  by  the  production  of  turbulence.  Thus,  because  of  the  subharmonic  amplification,  forcing 
at  this  Strouhal  number  range  is  quite  effective  in  enhancing  the  mixing  rate. 

12.1.3.  Mixing  enhancement  by  bimodal  excitation.  -  Because  the  vortex  pairing  is  an  important  mechanism,  one 
might  expect  that  direct  bimodal  forcing  at  both  the  fundamental  and  subharmonic  frequencies  would  be  quite  effective 
in  intensifying  the  vortex  pairing  process,  leading  to  further  increase  in  the  growth  rate.  The  results  in  Mankbadi 
(1985b)  demonstrate  that  simultaneous  forcing  at  Strouhal  numbers  of  0.4  and  0.8  results  in  considerable  enhancement 
of  the  mixing  rate  relative  to  single-frequency  excitation. 

The  use  of  two-fiequency  forcing  to  extend  the  range  over  which  the  flow  can  be  controlled  has  now  been  explored 
experimentally  in  several  investigations,  such  as  those  of  Ng  Sc  Bradley  (1988),  Raman  Sc  Rice  (1989),  Thomas  (1990), 
and  Weisbrot  Sc  Wygnanski  (1988).  The  experimental  results  of  Weisbrot  Sc  Wygnanski  (1988)  are  shown  here  as 
figure  19,  which  demonstrates  that  combined  forcing  at  two  frequencies  makes  the  shear  layer  grow  faster  than  forcing 
at  either  frequency  alone  at  the  same  forcing  level. 

12.1.4.  Highly  turbulent  jets.  -  Although  the  growth  and  puring  of  coherent  structures  are  important  direct 
mechanisms  in  laminar  or  weakly  turbulent  jets  (typical  of  laboratory  experiments),  the  ntuation  is  different  for  highly 
turbulent  jets  (typical  of  technological  applications).  Examining  the  energy  transfers  in  highly  turbulent  jets 
(Mankbadi  1991)  reveals  that  the  enhancement  in  the  momentum  thickness  is  dominated  by  the  mean-flow  turbulence 
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production,  rather  than  by  the  fundamental-subharmonic  interaction  or  growth.  But,  although  the  coherent 
components  do  not  appear  to  be  directly  responsible  for  the  enhanced  mixing  in  turbulence,  they  still  play  a  major 
indirect  role.  The  coherent  components  are  responsible  for  enhancing  the  turbulence  by  pumping  energy  from  the 
mean  flow  to  the  turbulence,  which  in  turn  increases  the  mixing  rate  by  increasing  the  direct  mean-flow  production  of 
the  turbulence.  Thus,  although  the  role  of  instability  waves  and  their  interaction  is  directly  responsible  for  the  mixing 
rate  of  laminar  or  weakly  turbulent  jets,  their  role  in  highly  turbulent  jets  becomes  mainly  an  indirect  one  through 
enhancing  the  turbulence. 

12.2.  REDUCTION  OF  MIXING  RATE 

If  the  Strouhal  number  is  large  enough  that  the  Strouhal  number  based  on  the  momentum  thickness  is  close  to 
that  of  the  “shear-layer  mode,”  the  forcing  can  result  in  reducing  the  spreading  rate  (flg.  18).  This  is  explained  in 
Mankbadi  (1985c)  as  follows:  Forcing  at  this  Strouhal  number  range  results  in  amplifying  several  subharmonics.  The 
forced  fundamental  grows  by  absorbing  energy  from  the  mean  flow,  but  it  rapidly  decays  by  dissipating  some  of  its 
energy  back  to  the  mean  flow  in  the  form  of  “negative  production.”  It  also  decays  by  transferring  some  of  its  energy 
to  the  next  subharmonic,  but  its  energy  transfer  to  the  turbulence  is  negligible.  The  subsequent  subharmonic  behaves 
similarly.  The  growth  of  the  fundamental  and  its  first  subharmonic  thus  results  in  initially  increasing  the  momentum 
thickness  very  close  to  the  jet  exit  (x/d  <  0.5).  But  because  for  such  Strouhal  numbers  these  waves  are  not  effective  in 
enhancing  the  turbulence,  and  because  the  momentum  thickness  is  initially  enhanced,  leaving  less  mean-flow  energy  for 
turbulence  production,  the  turbulence  is  initially  suppressed.  The  subsequent  spreading  of  the  jet  in  this  case  is 
dominated  by  the  mean-flow  turbulence  production.  Because  this  production  is  proportional  to  the  turbulence 
intensity,  which  is  suppressed  in  the  initial  region,  the  mean- flow  energy  drain  to  the  turbulence  and  the  spreading  are 
therefore  reduced. 

Although  the  effect  of  excitation  in  enhancing  the  mixing  rate  is  well  documented  by  several  experiments,  only 
rare  experimental  data  are  available  on  mixing  suppression.  Suppression  has  been  observed  in  Husain’s  (1982) 
experiment,  which  is  shown  here  as  figure  20  along  with  the  corresponding  theoretical  predictions  of  Mankbadi  (1985c). 
The  figure  shows  that  forcing  can  result  in  either  enhancement  or  suppression,  depending  on  the  Strouhal  number.  The 
theory  indicates  an  increase  in  the  momentum  thickness  when  excited  at  S  =  0.8,  and  the  experiment  indicates  a 
similar  increase  at  S  =  0.92.  But  at  higher  Strouhal  numbers  the  situation  is  different.  For  =  0.01244  the  theory 
indicates  a  slight  increase  in  the  momentum  thickness  very  close  to  the  jet  exit  (x/8j  <  260)  but  an  apparent  reduction 
in  the  momentum  thickness  for  the  rest  of  the  jet.  The  same  features  are  qualitatively  apparent  in  the  data.  At 
Sg  =  0.0134  the  data  show  a  slight  increase  in  the  measured  momentum  thickness  very  close  to  the  exit  (x/8|  <  200) 
but  a  pronounced  reduction  in  the  momentum  thickness  for  the  rest  of  the  jet. 

13.  TURBULENCE  ENHANCEMENT  OR  SUPPRESSION  DUE  TO  EXCITATION 
13.1.  ENHANCEMENT 

At  low-to-intermediate  Strouhal  numbers  Favre-Marinet  Sc  Binder  (1979),  Fiedler  Sc  Mensing  (1985),  Husain  Sc 
Hussain  (1979),  Hussain  Sc  Thompson  (1980),  and  Thomas  Sc  Goldschmidt  (1986),  among  others,  observed  that 
increasing  the  level  of  coherent  structure  through  excitation  results  in  enhancing  the  random  turbulence.  Browand  Sc 
Weidman  (1976)  found  that  the  pairing  process  is  responsible  for  the  production  of  Reynolds  stresses  and  can  therefore 
increase  the  turbulence  intensity.  The  mechanisms  by  which  vortex  pairing  can  enhance  turbulence  are  classified  in 
Mankbadi  (1985a)  as  follows;  (1)  the  fundamental  absorbs  energy  from  the  mean  flow  and  pumps  it  to  the  turbulence 
as  it  decays,  (2)  the  nonlinear  growth  of  the  fundamental  amplifies  the  subharmonic,  which  in  turn  pumps  energy  from 
the  mean  flow  to  the  turbulence,  and  (3)  these  two  mechanisms  amplify  the  turbulence  energy  and  the  turbulent 
Reynolds  stress,  increasing  the  direct  production  of  the  turbulence  by  the  mean  flow.  This  latter  mechanism  was  also 
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suggested  by  Ho  ii  Huang  (1982),  who  speculated  that  the  large  strain  rates  resulting  from  the  coalescence  of  the 
coherent  structures  are  responsible  for  the  generation  of  small-scale  eddies. 

The  question  of  what  is  the  optimum  excitation  Strouhal  number  was  addressed  in  Mankbadi  (1990a),  which 
considered  a  jet  excited  at  a  dominant  Strouhal  number  but  allowed  the  forced  component  to  interact  with  the 
naturally  present  coherent  components  at  other  Strouhal  numbers.  The  study  reveals  that  the  high-frequency  waves 
are  effective  in  pumping  energy  from  the  mean  flow  to  the  turbulence  only  close  to  the  jet  exit.  But  on  the  other  hand, 
low-frequency  waves  have  a  longer  streamwise  lifespan  and  therefore  are  more  effective  than  high-frequency  waves  in 
pumping  energy  from  the  mean  flow  to  the  turbulence  in  a  wider  streamwise  domain  (fig.  21). 

13.2.  SUPPRESSION 

At  higher  Strouhal  numbers  based  on  diameter  the  experimental  observations  of  Vlasov  tc  Ginevsky  (1974)  and 
Zaman  it  Hussain  (1981)  for  a  circular  jet  indicated  that  turbulence  is  suppressed  under  excitation.  Zaman  8t  Hussain 
(1981)  show  that  suppression  occurs  for  the  Strouhal  number  range  1.2  to  2.4,  and  their  results  are  presented  here  as 
figure  22.  The  figure  illustrates  the  ratio  of  the  longitudinal  peak  fluctuation  intensity  under  excitation  u,,  to  the 
unexcited  value  u,^.  Suppression  is  optimum  at  a  Strouhal  number  S^  =  0.017.  This  suppression  is  explained  in 
Mankbadi  (198Sa)  as  follows:  At  high  Strouhal  numbers  the  streamwise  lifespan  of  a  coherent  component  is  short  and 
therefore  the  component  pumps  almost  no  energy  to  the  turbulence.  But,  because  it  drains  energy  from  the  mean  flow, 
less  mean-flow  energy  is  available  for  the  subsequent  production  of  turbulence.  Consequently  the  turbulence  is 
suppressed  when  the  jet  is  excited  at  such  high  Strouhal  numbers. 

14.  THREE-DIMENSIONAL  EFFECTS 

Numerous  experiments  have  pointed  to  the  three  dimensionality  of  the  coherent  structure  in  the  form  of  spanwise 
periodicity  in  the  plane  shear-  layer  case  or  in  the  form  of  spiral  modes  in  axisymmetric  jets  (e.g.,  Alvaret  k  Martines- 
Val  1984;  Bernal  k  Roshko  1986;  Browand  k  Troutt  1980,  1985;  Huang  1985;  Jimenei,  Cogollos  k  Bernal  1985; 
Lasheras,  Cho  k  Maxworthy  1986;  Miksad  1972;  Thomas  k  Brehob  1986;  and  Thomas  k  Prakasb  1991).  We  first 
consider  here  the  development  of  a  single  three-dimensional  (spiral)  mode;  then  we  consider  the  interaction  among 
various  azimuthal  modes. 

4.1.  DEVELOPMENT  OF  FIRST  HELICAL  MODE  IN  TURBULENT  JET 

Linear  stability  analyses  (Mattingly  k  Chang  1974;  Michalke  1971;  and  Plaschko  1979)  indicate  that  the  initial 
region  of  the  jet  is  equally  unstable  to  both  the  axisymmetric  and  first  helical  (n  =  1)  modes  and  that  higher  azimuthal 
modes  are  less  unstable.  Cohen  k  Wygnanski  (1987a,b),  Drubka  (1981),  Drubka  et  al.  (1989),  Rice,  Raman  k 
Reshotko  (1990),  and  Strange  k  Crigbton  (1981)  document  experimentally  the  existence  of  these  two  modes  in  the 
initial  region  of  the  jet.  Corke,  Shakib  k  Nagib’s  (1991)  and  Strange  k  Crigbton’s  (1981)  experimental  results  confirm 
that  the  axisymmetric  and  first-order  helical  modes  have  comparable  growth  rates  in  the  initial  region  of  the  jet. 
However,  Corke  et  al.’s  short-time  spectral  estimates  show  that  these  two  modes  do  not  exist  at  the  same  time  or 
space.  The  apparent  nondeterministic  switching  observed  between  these  two  modes  is  attributed  to  the  jet’s  response 
to  stochastic  input  of  axisymmetric  or  nonaxisymmetric  disturbances. 

.\lthough  the  linear  stability  theory  predicts  almost  the  same  growth  rate  for  both  the  axisymmetric  and  first 
helical  modes,  their  nonlinear  developments  in  a  turbulent  jet  may  be  different,  as  the  study  of  Mankbadi  k  Liu 
(1981)  reveals.  The  nonlinear  growth  of  both  modes  is  shown  in  figure  23.  At  low  Strouhal  numbers  the  mean-flow 
production  of  the  n  =  1  mode  is  higher  than  that  of  the  n  =  0  axisymmetric  mode,  and  therefore  the  initial 
nonlinear  growth  of  the  n  =  1  mode  is  higher  than  that  of  the  n  =  0  mode  as  long  as  the  Strouhal  number  is  low. 
However,  for  all  Strouhal  numbers  considered,  the  n  =  1  mode  decays  much  faster  than  the  n  =  0  mode.  This  is 
attributed  to  the  azimuthal  actions  of  the  n  =  1  mode  that  produce  azimuthal  stresses  not  present  in  the 
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&xisymmetric  case.  This  additional  stress  causes  the  energy  transfer  mechanism  between  the  large-scale  structure  and 
the  fine-grained  turbulence  to  be  more  efficient  for  the  n  =  1  mode.  The  decay  of  the  waves  through  dissipation  of 
their  energy  to  the  turbulence  is  therefore  stronger  for  n  =  1.  This  causes  the  helical  modes  to  be  restricted  to  a 
smaller  region  next  to  the  Jet  exit  than  when  n  =  0  at  the  same  Strouhal  number.  Thus  for  the  subsequent  region  of 
the  potential  core  the  observations  would  most  likely  show  the  n  =  0  mode  to  be  the  dominant  one,  as  observed  by 
Michalke  ti  Fuchs  (1975). 

The  effectiveness  of  an  instability  wave  in  pumping  energy  to  the  turbulence  is  governed  by  its  efficiency,  its 
maximum  attainable  amplitude,  and  its  streamwise  lifespan.  The  helical  modes  are  quite  efficient  in  pumping  energy 
to  the  turbulence,  but  their  streamwise  lifespan  is  short  because  of  their  rapid  decay.  The  net  outcome  is  that  the 
helical  modes  are  still  slightly  more  effective  in  enhancing  the  turbulence  tmd  the  growth  cates  than  the  corresponding 
axisymmetric  component  (Mankbadi  &  Liu  1981).  This  trend  was  confirmed  in  the  experiment  of  Strange  (1981), 
where  the  turbulence  was  observed  to  increase  noticeably  when  the  jet  was  excited  with  helical  modes.  This  suggests 
that  if  somehow  the  asimuthal  mode  could  be  sustained  for  a  longer  distance  along  the  jet,  such  as  by  combined 
bimodal  forcing,  it  could  be  quite  a  powerful  tool  in  jet  control. 

14.2.  THREE-DIMENSIONAL  MODE-MODE  INTERACTION 

Cohen  8t  Wygnanski  (1987a,b)  experimentally  studied  the  asimuthal  interactions  in  a  circular  jet.  Their  results 
show  that  the  interactions  can  produce  steady  azimuthal  variation  of  the  mean  flow.  These  results  showed  that  the 
mean-flow  profile  remains  axisymmetric  if  it  is  forced  with  either  the  axisymmetric  mode  or  the  first  helical  mode 
alone.  This  was  also  confirmed  theoretically  by  Cohen  ti  Wygnanski  (1987a,b)  and  Mankbadi  (1991).  But  when  the 
modes  are  excited  simultaneously  at  the  same  frequency,  there  are  substantial  deviations  from  axial  symmetry,  as  the 
figure  illustrates. 

Corke  k  Kusek  (1991)  experimentally  considered  the  mode-mode  interaction  in  a  round  jet.  They  forced  first 
helical  modes  of  n  =  xl  along  with  an  axisymmetric  mode  at  the  harmonic  frequency.  Their  results  indicate  that  the 
axisymmetric  mode  develops  according  to  linear  theory  throughout  the  initial  region  of  the  jet.  The  initial  growth  of 
the  forced  helical  mode  was  according  to  linear  theory.  But  this  initial  growth  was  followed  by  a  sharp  change 
indicating  an  enhanced  secondary  growth  of  this  mode  (shown  here  as  fig.  24).  Their  results  also  indicate  that  the 
downstream  development  of  the  momentum  thickness  is  characterised  by  strong  azimuthal  distribution.  The  total, 
azimuthally  summed,  momentum  thickness  was  three  times  more  than  the  natural  jet  (shown  here  as  fig.  25). 

Corke  k  Kusek  (1991)  also  studied  the  interactions  resulting  from  seeding  a  pair  of  first  helical  modes  (n  =  ±1)  at 
a  Strouhal  number  close  to  the  natural  helical  mode,  but  more  importantly  where  it  could  couple  with  the  natural  jet- 
column  mode  instability.  This  occurs  through  a  difference  interaction  between  the  forced  mode  and  the  natural 
axisymmetric  mode.  The  results  of  this  lead  to  a  highly  organized  jet,  with  numerous  discrete  modes  that  are  all 
derivable  from  the  interactions  with  the  jet-column  mode.  They  also  found  the  near-subharmonic  modes  to  show  a 
secondary  enhanced  growth  that  is  comparable  to  that  of  the  previous  exact  subharmonic  resonance  case. 

Raman  (1991)  and  Raman,  Rice  &  Reshotko  (1990)  have  considered  the  interaction  between  the  axisymmetric 
and  helical  modes  in  a  round  jet  with  emphasis  on  the  Strouhal  number  range  relevant  to  the  jet-column  mode.  They 
examined  the  effect  of  combined  forcing  of  the  axisymmetric  and  first  helical  modes  on  the  spreading  rate  by  measuring 
the  jet  velocity  at  various  cross  sections.  The  results  indicate  that  combined  forcing  results  in  considerable 
enhancement  of  the  mixing  rate  (see  fig.  28)  and  also  in  severe  distortion  in  the  jet  cross  section. 

On  the  theoretical  side  some  aspects  of  the  three-dimensional  mode  interactions  were  studied  by  Corcos  k  Lin 
(1984),  Pierrehumbert  k  Widnall  (1982),  and  Metcalf  et  al.  (1987).  The  first  analysis  of  three-dimensional  interactions 
in  the  initial  region  of  a  round  jet  was  given  by  Lee  (1988)  and  Lee  k  Liu  (1985,  1987,  1989).  They  considered  the 
nonlinear  interactions  among  five  modes:  three  at  the  fundamental  frequency  (n  =  0,1,2)  and  two  at  the  subharmonic 
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frequency  (n  =  0,1).  Their  results,  shown  here  as  figure  27,  indicate  that  the  axisymmetric  and  helical  modes  grow 
almost  identically  in  the  initial  region  until  the  energy  densities  of  the  fundamental  noodes  reach  peak  values.  When 
the  initial  energy  densities  of  the  fundamental  and  subharmonic  modes  are  equal,  the  initial  growth  of  the  shear-layer 
momentum  thickness  and  the  fundamental  energy  densities  is  mainly  governed  by  the  energy  transfer  from  the  mean 
flow  to  the  fundamental  modes.  The  subharmonic  energy  reaches  peak  values  at  earlier  or  later  streamwise  positions 
than  in  the  linear  case,  depending  on  the  energy  transfer  between  the  fundamental  and  the  subharmonic,  which  is 
controlled  by  the  initial  phase-difference  angle.  The  results  of  Lee  ti  Liu  (1989)  confirm  the  experimental 
observations  of  Bernal  (1981),  Huang  (1985),  and  Jimenex  (1983)  that  in  the  two-dimensional  mixing  layer  the  number 
of  three-dimensional  spanwise-periodic  coherent  structures  lessens  with  the  downstream  distance;  that  is.  the  spanwise 
wavenumber  decreases  with  x.  Their  results  also  show  tnat  the  axisymmetric  mode  persists  longer  in  the  streamwise 
direction  than  does  the  first  helical  mode. 
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Figure  1  —Large-scate-structure  Kinetic  ertergy  ratio  along  a 
round  |et  tor  several  Strouhal  numbers  (From  Mankbadi  A 
Uu  1961.) 


Figure  3  —Maximum  amplification  in  coherent-structure 
kineoc  energy  E  as  a  function  of  Strouhal  number 
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Figure  4  —Measurements  of  momentum  thickness  at 
x/d  •  9  agairat  exatation  level  compared  with  predictions 
of  integral  method  (From  Raman  et  ai  1968) 
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Figure  5  —Theoretical  predietion  of  NUIopoviloc  a  Uu  (1987) 
compared  with  Ho  8  Huang  (1962)  experiment 
(E,o  -0  16x10-*.  £20-0  48x10-3,  p,  .0.26,  Re,  -81  ) 
(From  Nikitopoulos  8  Uu  1987 ) 
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Figure  12  — Streamwisa  variation  at  subtiarmonic  amplitude 
tunction  at  oitterent  initial  phasa-diffarenca  angles  lor 
lundamental  a_„  (From  Monkawitz  1988  ) 


2  3 

(b)  6,  .  270“ 

Figure  14  — Predictad  and  measured  development  ol  priase 
ditlerence  angle  lor  two  initial  ditterance  angles  iF’om 
Mankbadi  et  al  1989) 
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Figure  18  —Enact  ot  forcing  level  at  several  Slrouhal 
numbers  on  momenlum  thickness  at  x/0  •  3 
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Figure  20  — Caiculaied  momentum  thcftness  (Mankbadi 
1985c)  under  several  torcmg  Sirouhal  rumbers  m  comparison 
with  Husain's  (1962)  measurements  Exit  conditwns 
u  -  0  3%  forcing  level.  1%.  urMxoied  level  of  coherent 
components.  0  1% 
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Figure  21  —Turbulence  enhancement  under  various  ratios 
of  initial  energy  levels.  Case  A:  initial  phase  differences 
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Figure  22  — Turbulenca  suppression  m  shear  Hows 
(From  Zaman  S  Hussain  1961 .  and  Hussain  1966.) 
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Figure  24  — Comparieon  of  streamwiae  growrth  of  maximum 
ftuctuatior>$  in  seeded  helical  modes  for  (V¥0  cases  Case  A 
piar>e  wave  at  fundamerttai  frequency  f^  -  2500  Hz  phis  pair 
of  azimuthal  waves  (r  •  ±1 )  at  suOharmonic  frequency 
fj-  1250  Hz  CaseB  a  pair  of  azmiuthal  waves  (n  -  ±1) 
at  frequency  •  1250  Hz  (From  Corhe  5  Kusek  1001  ) 


Figure  25 — Seeamwise  development  of  azimuthaily 
summed  momenuim  thichness  for  three  cases  and  natural 
jet  Case  A:  plane  wave  at  fundamental  frequency 
fi  •  2500  Hz  plus  pair  of  azimuthal  waves  (n  •  ii )  at 
subharmoflic  frequerrcy  f,  •  1 250  Hz.  Case  6  a  pair  uf 
azimuthal  waves  (n  ■  ±1)  at  frequency  f,  •  1250  Hz 
CaseC  a  pair  of  azimufrtal  waves  (n  •  ±1)  at  frequency 
ff  -  2500  Hz.  (From  Corhe  A  Kuseh  1001  ) 


IL5-39 


Understanding  turbulence  via  vortex  dynamics: 
some  new  perspectives 
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Abstract:  This  lecture  will  review  some  new  aspects  of  vortex 
dynamics,  which  are  elucidated  by  direct  numerical  simulation  of  the 
Navier-Stokes  equations.  Recognizing  from  our  study  of  the 
reconnection  mechanism  that  vortex  lines  associated  with  coherent 
structures  are  frequently  helical,  we  study  first  the  evolution  of  a 
laminar  vortex  column  with  nonuniform  core  and  then  its  evolution 
in  the  presence  of  fine-scale  homogeneous  turbulence.  We  show  that 
core  d)mamics,  although  ignored  so  far,  consists  of  travelling  vorticity 
wavepackets  and  can  be  very  significant  in  vortex  dynanucs  and  vortex 
interactions,  and  can  be  better  explained  by  complex  helical  wave 
decomposition,  a  new  mathematical  tool,  than  in  terms  of  swirl  and 
meridional  flow.  Our  results  reveal  a  new  mechanism  for  direct 
coupling  between  coherent  structures  and  fine-scale  turbulence  and 
hence  for  the  failure  of  the  hypothesis  of  local  isotropy. 

1.  Core  Dynamics 

Here  we  build  on  our  long-standing  proposal  that  coherent  structures  in 
fluid  turbulence  should  be  characterized  by  coherent  vorticity,  the  underlying 
instantaneously  space-correlated  vorticity,  and  that  vortex  dynamics  is  a 
tractable  avenue  for  understanding  evolutionary  dynamics  of  coherent 
structures,  their  role  in  turbulent  transport  phenomena,  and  their  interaction 
with  fine-scale  turbulence. 

Investigation  of  vortex  lines  in  the  bridges  during  reconnection  of  two 
antiparallel  vortex  tubes  (Melander  &  Hussain,  1988,  referenced  as  MH) 
revealed  that  these  lines  are  helical,  hence  inducing  flow  along  the  vortex 
axes;  as  a  result  of  this,  there  is  an  inviscid  ’vorticity  smoothing  mechanism’ 
that  causes  enstrophy  production  opposite  to  that  which  would  otherwise  be 
expected  and  counters  vorticity  augmentation  caused  by  vortex  stretching  in 
the  same  cross  section.  In  order  to  focus  on  the  axial  flow  in  the  bridges,  we 
have  idealized  this  problem  to  that  of  an  axisymmetric  vortex  with  a 
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sinusoidal  variation  of  core  size.  This  way  we  eliminate  the  complications  of 
curvature  and  the  flow  induced  by  the  threads  (MH).  Because  of  the  axial 
variation  of  the  core  diameter,  there  is  also  an  axial  variation  of  swirl  and 
hence  twisting  of  vortex  lines  soon  after  t  =  0.  Figure  1  shows  a  schematic  of 
the  vortex  at  a  time  t  >  0  with  vortex  lines  lying  on  the  shaded  surface 
denoting  an  axisymmetric  vortex  surface  (not  a  vorticity  level  surface,  but  rv 
=  constant);  a  90°  cutaway  is  introduced  to  enhance  comprehension  of 
meridional  streamlines,  and  swirl  and  axial  velocity  profiles.  The  vortex 
evolves  as  a  result  of  the  interaction  between  meridional  flow  and  swirl.  The 
velocities  u,v,  and  w  in  the  (r,  9,  z)  coordinates  are  governed  by  the  following 
equations: 


=  viscous  term;  ^  =  rv;  (1.1) 

□tTi  =r‘49^2/32  +  viscous  term;  'n  =  Q)e/r  (1.2) 

where  Dt  =  9t+u9t+w3z  denotes  the  material  derivative  in  the  meridional 
flow,  whose  streamfunction  y  is  related  to  u,  w  and  cog  as  follows: 


u  =  Vz/f/  w  =  -\Kz/z  and  rcoe  =  vi/n-  -  Vr  /r+  Vzz . 


The  axial  variation  of  the  swirl,  produces  coiling  of  vortex  lines  and 
hence  axial  pumping  of  fluid  in  a  direction  that  will  tend  to  smooth  out  core 
size  variation  which  is  opposite  to  the  axial  variation  of  I  co  I  (i.e.,  w  is 
opposite  to  the  vorticity  flux).  Swirl  is  large  where  core  size  is  small  and  vice 
versa.  Also,  the  twisting  is  stronger  near  the  axis  than  at  the  outer  edges.  Note 
that  both  swirl  and  meridional  flow  would  have  undergone  uneventful 

decay  were  it  not  for  the  coupling  term  between  the  two  fields. 

Azimuthal  vorticity,  (09,  initially  zero,  is  thus  immediately  created  by  axial 
expansion  and  contraction  of  the  vortex  tube  via  the  coupling  term.  This  is 
the  basic  mechanism  for  motion  of  waves  along  the  vortex  axis.  Maximum 

twisting  of  the  vortex  lines  occurs  at  the  inflection  points  of  C^(z).  The 
creation  of  tog  is  necessary  to  induce  the  meridional  flow.  Since  the 
meridional  flow  first  forms  counter  circulating  cells  (we  call  them  primary 
cells),  the  vorticity  peak  (at  the  smallest  initial  core)  bifurcates  into  two  parts 
which  travel  in  opposite  directions.  We  may  also  think  of  this  phenomenon 
as  a  wavepacket  which  bounces  back  and  forth  while  undergoing  viscous 
decay.  The  first  rebound  induces  a  meridional  flow  reversal  within  each 
primary  cell,  thereby  generating  a  secondary  cell,  which  soon  dominates  by 
pushing  out  the  primary  cell.  The  wavepacket  behavior  of  the  vorticity  is 
associated  with  enstrophy  production  Po),  which  can  be  related  to  \|/  for 
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invisdd  flows  as: 


P(0 


r2  dz 


(1.3) 


Thus,  Po)  can  be  inferred  at  any  time  from  the  meridional  flow  streamline 
pattern. 

It  is  important  to  focus  on  the  generation  of  meridional  flow,  hence 
T|  =  oie/r  .  We  find  that  for  inviscid  flow. 


DtTi  =  (axial  vorticity)  x  (differential  rotation), 

the  rotation  being  along  an  axisymmetric  vortex  surface;  thus,  the 
instantaneous  value  of  t]  does  not  affect  instantaneous  material  generation  of 
"n,  i.e.  DtT|.  Because  of  axial  transport  of  vorticity  as  wavepackets,  t;  and  DtH 
also  oscillate  in  time,  t\  leading  DtTi  by  a  phase  shift  of  about  90®;  this  phase 
shift  controls  T] -transport.  The  two  ti -transport  mechanisms  (convection  of  r\ 
by  meridional  flow  and  r| -generation  by  differential  rotation  along  the  axis) 
are  in  opposite  directions  (hence  slower  ^-transport)  in  the  primary  cell,  but 

in  the  same  direction  (hence  faster  Tj-transport)  in  the  secondary  cell. 

By  investigating  this  flow  for  increasingly  higher  Re  we  have  found  that 
the  core  size  variations  do  not  decay  in  the  high  Re-limit.  Moreover,  we  find 
that  the  wavemotion  is  more  rapid  at  higher  Re,  albeit  the  wavespeed 
remains  finite  as  Re"><«.  This  result  has  significant  implications  for 
computational  vortex  filament  models  (e.g.  Moore  &  Saffman,  1972)  where  it 
is  assumed  that  core  variations  are  smoothed  out  by  the  above  wavemotion. 
This  assumption  becomes  dubious  in  the  light  of  our  findings. 

2.  Helicity  and  Helical  Wave  Decomposition 

The  helical  nature  of  flow  has  become  the  focus  of  considerable  interest 

in  recent  years  (Moffatt  1969).  Of  the  three  quantities:  helicity  density  h  =  u  co, 

relative  helidty  hr  =  h/(  I  u  I  I  co  I ),  and  helicity  integral  H  =  Ju  codV,  only  the 
last  is  Galilean  invariant  and  is  a  conserved  quantity  for  inviscid  flow.  From 

I  (DAu  1 2  =  u^co^/d-  hr^)  and  the  Navier-Stokes  equations: 

ut  +  CflAu  =  -V(P/p+  u2/2)  +  v  a  u  ,  (2.1) 


it  is  common  to  claim  that  cascade  is  small  if  hr  =  ±1.  But  such  thinking  is 
fraught  with  many  pitfalls.  First,  although  hr  =  ±1  does  imply  small  1  coau  I ,  it 
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does  not  imply  small  Va(oau  as  high  frequency  oscillations  of  cdau  are  possible. 

In  some  frames,  ojau  can  be  large  but  purely  potential  so  that  vorticity  obeys 
the  purely  diffusion  equation  and  hence  there  is  no  cascade.  A  rectilinear 
vortex  provides  a  glaring  example.  Thus,  for  cascade  suppression, 
Beltramization  (i.e.,  hr  =  1)  is  sufficient,  but  not  necessary.  An  example  of 
cascade  suppression  for  which  Vacoau  =  0  is  not  satisfied  is  a  laminar  vortex 
ring  which  travels  at  a  constant  speed. 

Thus,  while  H  is  a  topological  property,  h  and  hr  are  of  questionable  use. 
But  recognizing  that  local  helical  structure  in  a  flow  contains  some  essential 
physics,  we  propose  that  complex  helical  wave  decomposition  (Moses  1971; 
Lesieur  1990)  is  the  relevant  tool  for  understanding  vortex  dynamics  and 
interactions.  This  decomposition  in  essence  expands  the  field  variables  (e  g., 
u,  co)  in  terms  of  the  eigenfunctions  of  the  curl  operator,  which  has  only  real 
eigenvalues  in  a  periodic  box  or  in  infinite  space.  Moreover,  the 
eigenfunctions  can  be  chosen  to  form  a  complete  set  of  orthonormal  basis 
functions.  In  Fourier  space,  for  each  wavevector  k  there  are  two  eigenmodes 
corresponding  to  the  positive  and  negative  eigenvalues  k  and  -k.  All 
functions  which  are  linear  combinations  of  eigenfunctions  of  positive 
eigenvalues  can  be  called  right-handed  as  trajectories  or  vector  lines  locally 
form  right-handed  helices.  Similarly,  we  call  linear  combinations  of 
eigenfunctions  corresponding  to  negative  eigenvalues  left-handed.  Thus  for 

an  incompressible  velocity  field,  u  =  ur+  ul  +  V(j>.  Since  V<j)  is  the  projection  of 
u  onto  the  eigenspace  corresponding  to  the  eigenvalue  k=  0  of  the  curl 
operator,  and  since  V  u  =  0,  we  have  A((>  =  0.  If  the  potential  part  of  the  flow  is 

constant  at  infinity,  or  for  a  periodic  box,  V0  is  a  constant.  Thus  ur  and  ul  are 
unique,  and  both  translationally  and  rotationally  invariant.  Similarly, 

0)  =  0)R+  COl  (assuming  no  rotation  at  infinity). 

The  decomposition  of  a  flow  field  into  polarized  (i.e.  right-  and  left- 
handed)  components  is  rooted  in  the  intrinsic  physical  nature  of  the  Navier- 
Stokes  equations:  the  eigenmodes  of  the  curl  operator  are  exact  solutions  of 
the  Euler  equation  and  constitute  a  special  class  of  solutions  called  Beltrami 
flows  with  constant  abnormality  (i.e.  (o  =  constant  u).  Because  of  orthogonality 
of  the  eigenfunctions  of  the  curl  operator,  helicity  takes  the  simple  form 

H=Hr+Hl  (2.2) 

where 

Hr  =  JuR-coRdV  >0;  Hl  =  /ul  tOLdV  <  0  .  (2.3) 

The  decomposition  also  provides  a  clearer  insight  into  the  flow  physics; 
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cascade  is  inhibited  wherever  (cdr+  q)l)''(ur+  ul)  and  its  first  spatial  derivative 
are  small.  One  can  also  easily  show  that  cascade  from  interactions  of  modes  is 
small  when  the  modes  are  of  the  same  parity  (i.e.  same  handedness)  but  large 
when  they  are  of  opposite  parity.  One  can  thus  infer  that  polarized  vortices 
are  persistent,  hence  "coherent,"  features  of  the  flow. 

We  apply  the  decomposition  to  obtain  some  understanding  of  our 
axisymmetric  vortex  in  the  physical  space.  Remember  that  vector  lines  of 

cor(o)l)  are  right-handed  (left-handed)  helices.  In  general  the  physical  space 

distributions  of  o)r  and  <ol  overlap.  The  ojr  and  cdl  distributions  of  our  vortex 
are  shown  as  functions  of  time  in  Figure  2  (note  identical  distributions  of 

I  Q)r  I  and  1 0)L  I  at  t  =  0  in  Figure  2a).  This  evolution  is  much  more  revealing 
than  the  evolution  of  the  hr  field  (not  shown).  The  polarized  components 
move  in  opposite  directions.  Aside  from  the  nonlinear  interaction  between 
(Or  and  (i)L  there  is  an  obvious  resemblance  to  d'Alembert  formula  for  the  1-D 
wave  equation! 

Note  that  I  (Or  I  is  antisymmetric  to  I  col  I  in  z  with  respect  to  z  =  /  at  all 
times,  coinciding  in  frame  (a).  The  helical  decomposition  thus  gives  unique 

separation  of  o)  into  ojr  and  col  components,  a  feature  we  think  is  essential  for 
deeper  understanding  of  coherent  structures  in  turbulent  flows.  Note  that  the 

I  (Or  I  peak  moves  to  the  left  instead  of  to  the  right  as  one  would  expect;  this  is 
a  consequence  of  nonlinear  interaction  (discussed  below).  In  fact,  in  the  case 

of  an  isolated  vortex  with  only  right-handed  polarization,  the  I  (or  I  peak  does 
indeed  move  to  the  right.  In  Figure  2  we  see  that  as  they  move,  the 
wavepackets  deform:  they  broaden  by  diffusion,  but  also  elongate  and  form  a 
bubble  by  nonlinear  effects.  The  nonlinearity  is  also  responsible  for  the 
breakup  of  the  initial  front-back  symmetry,  i.e.  steepening  at  the  front  with  a 
tail  at  the  back. 

To  understand  the  nonlinear  interactions  between  polarized  components, 
we  extract  each  component  by  the  projection  operators  (P+,  P‘).  Here  we 
discuss  only  I  (Or  I  (by  s)anmetry,  the  (Ol  equation  is  obvious): 

=  -{VA(ci)RAuR))  +  {P-[VA(a)RAuR)]}  -  {P+[ul  V(Or]} 

I  n  III 

+{P+[(Or-Vul])  -  P+[Va((olau)]1  +  Aq)r))  (2.4) 

IV  V  VI 

Term  I  is  the  inviscid  self-evolution;  term  II  is  the  generation  of  col  by 
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evolution  of  cor;  term  IE  is  the  contribution  to  cor  by  its  advection  by  ul;  term 
IV  is  stretching  of  cor  by  ul;  term  V  is  the  Q)r  generation  by  qjl/  consisting  of 
self-interaction  of  col  and  the  right-handed  part  of  stretching  and  advection  of 
col  by  Ur;  and  term  VI  is  the  viscous  diffusion  term.  Terms  II-V  represent 
coupling  between  the  left-  and  right-handed  components.  We  have  evaluated 
these  terms  for  the  vortex  and  find  that  in  general  their  dominance  in 
decreasing  order  are  as  follows:  HI,  I,  V,  IV,  VI,  and  II. 

The  evolution  of  cdr  can  be  largely  understood  in  terms  of  two  effects: 
self-evolution  and  advection  by  the  ul  field.  The  self-evolution  (term  I) 

attempts  to  move  the  ojR-packet  to  the  right  by  adding  vorticity  at  the  front 

and  deleting  it  at  the  back.  But  because  ul  moves  the  tOR-packet  to  the  left,  the 
leftward  motion  dominates,  although  it  is  slower  than  ul.  Also,  because  the 
velocity  field  has  the  largest  axial  component  on  the  axis,  it  pushes  the  front 
of  the  packet  backward  at  a  faster  rate  near  the  axis  (Figure  2g),  hence  causing 
the  formation  of  a  low  enstrophy  bubble  (Figure  2i).  The  enhanced  elongation 
is  a  combined  effect  of  terms  HI  and  V. 

The  above  gives  a  glimpse  of  how  helical  wave  decomposition  provides  a 
new  tool  for  analysis  of  core  dynamics  in  terms  of  tractable  interaction  of 
polarized  velocity  and  vorticity  wave  packets  (see  Melander  &  Hussain  1991a 
for  details).  Such  physical  insight  into  the  core  dynamics  is  impossible  via  the 
usual  tools  of  vortex  dynamics  such  as  Biot-Savart  law  and  local  induction 
approximation.  We  hope  many  other  important  vortex  phenomena  (one 
discussed  briefly  below)  can  be  understood  better  by  this  approach.  Vortex 
breakdown  is  another  obvious  candidate  (subject  of  a  separate  study  by  us). 

3.  Interaction  with  Fine-scale  Turbulence 

In  an  attempt  to  understand  the  coupling  between  large-scale  coherent 
structures  and  fine-scale  turbulence,  we  have  repeated  the  simulation 
reported  earlier  with  the  axisymmetric  sinusoidal  coherent  vortex  (called  CV) 
immersed  in  a  background  of  isotropic  fine-scale  incoherent  turbulence.  Care 
was  taken  to  assure  that  the  initial  rms  level  was  sufficiently  high  for  the 
fine-scale  turbulence  to  survive  long  enough  to  dynamically  interact  with 
CV.  The  fine-scale  size  was  chosen  to  be  the  smallest  permitted  by  the 
resolution,  but  still  with  a  spectral  gap  between  it  and  that  of  CV.  We  find  that 
the  scales  in  the  background  incoherent  vorticity  grow  progressively,  so  that 
at  the  end  of  the  simulation  the  largest  incoherent  scales  are  comparable  to 
CV.  The  spectral  gap  is  gradually  filled  not  by  diffusive  mechanisms,  but  by 
interaction  between  incoherent  turbulence  and  CV.  While  the  size  of  the 
incoherent  turbulence  remains  uniform  in  space,  the  strength  is  higher  at  the 
boundary  of  CV,  where  it  is  wrapped  around  CV  and  energized  by  stretching. 
This  is  not  dissimilar  from  the  growth  of  axisymmetric  vortices  on  an 
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impulsively  rotated  rod  except  that  in  our  case  the  curved  vortices  around  CV 
are  intrinsically  asymmetric,  induced  by  the  shear  in  the  boundary  of  CV. 

The  spiral  structures  formed  from  organization  of  the  incoherent 
turbulence  are  indeed  quite  different  from  the  spiral  sheet-like  structures 
proposed  by  Lundgren  (1982).  The  structures  we  find  are  rod-like  spiral 
patterns  wrapped  around  CV  with  senses  aligned  or  opposed  to  the  swirl  of 
CV  (Figure  3).  The  helical  wave  decomposition  is  also  helpful  in 
understanding  the  coupling  between  CV  and  incoherent  turbulence.  The 
spiral  structures  are  found  to  have  a  tendency  to  be  highly  polarized;  they  are 
either  predominantly  right-handed  or  predominantly  left-handed.  We  indeed 
find  a  strong  correspondence  between  peaks  of  incoherent  turbulence  in  the 
boundary  of  CV  and  high  values  of  the  degree  of  polarization.  The  incoherent 
turbulence  spirals  undergo  growth  through  merger  by  the  (truly  in  viscid) 
pairing  mechanism  and  not  by  fusion  through  viscous  decay  and  diffusion.  In 
order  for  the  spiral  vortices  to  pair,  their  transport  (axial  to  CV)  is  essential. 
There  are  two  distinct  mechanisms  for  such  transport:  i)  transport  of  nearby 
opposite-signed  vortices  as  dipoles,  and  ii)  self-induced  transport  due  to 
curvature  of  the  azimuthally  aligned  vortices  (not  present  in  the  2D  case). 
Because  of  the  shear  of  CV,  the  small-scale  vortex  spiral  undergoes 
differential  stretching,  which  provides  the  spiral  an  intrinsic  tendency  to 
become  polarized. 

In  virtually  .all  turbulence  theory,  local  isotropy,  which  also  forms  the 
cornerstone  of  Kolmogorov's  hypothesis,  is  universally  assumed  and  implies 
decoupling  of  large  and  fine  scales.  By  extrapolating  our  results  (Figure  3),  we 
conjecture,  for  the  case  of  very  high  Re,  a  hierarchy  of  structures  of 
successively  smaller  scales,  i.e.  a  fractal  cascade.  This  supports  our  long-held 
doubt  regarding  the  validity  of  the  concept  of  local  isotropy.  Of  course,  local 
isotropy  does  not  require  individual  fine  scales  to  be  isotropic,  but  merely 
suggests  the  lack  of  any  statistical  preference  for  the  fine-scale  structure's 
orientation.  We  think  that  the  fine  scales  retain  some  preferred  orientation 
with  respect  to  the  coherent  structures. 

lite  CV-in-turbulence  naturally  decays,  and  these  unforced  flows  will 
eventually  laminarize,  in  a  time  scale  depending  on  both  Re  and  the  initial 
rms  turbulence  level,  lx  the  level  is  too  low,  CV  recovers  axisymmetry;  if  it  is 
too  high,  CV  is  completely  disrupted.  For  intermediate  values  interactions 
discussed  above  occur.  In  this  case,  however,  there  is  the  interesting 
possibility  of  excitation  of  bending  waves  on  CV.  Without  bending  waves,  the 
spiral  structures  tend  to  be  axisymmetric  as  they  wrap  around  CV,  thus 
diminishing  their  stretching  by  CV.  When  bending  waves  are  excited,  CV 
cea.ses  to  be  axisymmetric  and  is  then  in  a  position  to  continue  the  stretching 
of  the  spiral  incoherent  turbulence.  This  is  an  example  of  feedback  (or 
backscatter)  from  the  smaller  scales  to  CV.  Thus,  we  have  a  mechanism  of 
coherent  structure/fine-scale  interaction:  the  former  organizes  the  latter  by 
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vortex  stretching  and  the  latter,  if  Re  is  high  enough,  induces  bending  waves 
in  the  former  to  generate  the  mechanism  of  its  own  survival. 

Thus,  for  very  high  Reynolds  numbers  we  propose  a  fractal  scenario  of 
vorticity  cascade  from  the  largest  scale  CV  to  the  smallest  scales.  Since  the 
smallest  scales  are  closely  coupled  with  the  CV,  which  will  have  preferred 
orientations  in  any  turbulent  shear  flow,  this  study  provides  a  direct 
challenge  to  the  hypothesis  of  local  istotropy,  as  well  as  provides  a 
mechanism  for  small-scale  anistropy. 

This  lecture  is  based  on  joint  research  collaboration  with  Professor  M. 
V.  Melander  of  the  Southern  Methodist  University  in  Dallas,  Texas.  This  is  a 
progress  report  of  our  continuing  research  activities  on  vortex  dynamics  and 
their  connection  to  coherent  structures  in  shear  flow  turbulence.  This 
research  is  funded  by  the  Office  of  Naval  Research  and  the  Air  Force  Office  of 
Scientific  Research. 
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Fig.  1 .  Axisymmettic  vortex  surface  with  a  90*  cutaway  on  which  vortex  lines  lie. 
Also  shown  are  streamlines  in  a  meridional  plane,  and  v(r)  and  w(r)  profiles. 
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Evidence  of  Local-Axisymmetry  in  tho 
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Abstract 

The  small  scale  characteristics  of  turbulent  flow  resulting  from  a  jet  exhausting 
into  a  quiescent  environment  is  investigated.  The  Reynolds  number  based  on  exit 
conditions  is  approximately  20,000.  Second  order  derivative  moments  are  obtained 
using  a  flying  hot-wire  anemometry. 

The  measured  derivative  moments  are  used  to  evaluate  both  deviations  from  the 
requirements  of  local-isotropy  and  the  conditions  for  turbulence  which  Is  locally 
invariant  about  a  preferred  direction.  Results  of  the  rate  of  dissipation  of 
kinetic  energy  are  presented. 

1  Introduction 

The  present  work  consists  of  an  investigation  of  the  small  scales  in  a  planar 
turbulent  jet  using  flying  hot-wire  anemometry.  The  overall  objective  is  to 
provide  a  basis  for  evaluating  turbulence  closure  hypotheses  from  measurements  of 
the  moments  of  the  velocity  and  the  rate  of  dissipation  of  turbulence  energy.  The 
secondary  objectives  are:  evaluation  of  deviations  from  local  isotropy  and  a 
direct  measurement  of  the  dissipation. 

The  high  turbulence  intensity  in  a  jet  gives  rise  to  cross-flow  and  rectification 
errors  on  hot-wires  (Tutu  and  Chevray  1975).  These  errors  as  well  as  the  effect 
of  the  fluctuating  convection  velocity  on  the  measured  derivatives  can  be  reduced 
by  superimposing  a  velocity  on  the  hot-wire,  thereby  reducing  the  effective 
turbulence  intensity.  This  was  accomplished  by  using  hot-wires  mounted  on  a  flying 
wire  system  which  reduced  the  effective  turbulence  intensity  from  28%  to  13%  at 
the  centerline  of  the  jet  and  to  a  maximum  of  30%  at  the  outer  edge. 

Measurements  of  the  dissipation  rate  of  energy  have  in  the  past  relied  on  the 
assumption  of  local  isotropy.  The  concept  of  local  isotropy  is  of  prime  importance 
to  the  theory  of  turbulent  flows  since  it  implies  the  universality  of  the  small 
scale  structures  and  the  loss  of  all  directional  preferences  at  the  dissipative 
scales.  Although  this  leads  to  considerable  simplifications  in  determining  the 
turbulent  dissipation  rate,  it’s  validity  is  limited  to  flows  with  sufficiently 
large  Reynolds  numbers.  Recent  measurements  of  the  fine  scale  structures  in 
laboratory  turbulent  jets  show  deviations  from  the  conditions  of  local  isotropy, 
Antonia  et  al  (1987),  George  and  Hussein  (1991)  and  Praskovsky,  et  al  (1990). 
Extensions  of  the  theory  of  local  isotropy  and  introduction  of  the  concept  of 
local-axi symmetry  which  accounts  for  the  directional  preferences  due  to  the  finite 
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Reynolds  njmbe''  of  these  laboratory  flows  have  recently  been  developed,  George  and 
Hussein  11991).  These  experimenral  results  show  that  the  velocity  derivative 
correlations  ’n  a  large  number  of  flows  are  not  well  described  by  the  conditions 
of  1 ocal sot nopy . 

The  objective  of  this  work  is  to  provide  experimental  evidence  of  deviations  from 
local  isotropy  in  a  planar  turbulent  jet.  Earlier  experiments  on  planar  jets  by 
Antonia  et  al  (1986)  give  credence  to  deviations  of  the  small  scales  from  the 
requirements  of  local  isotropy.  The  present  investigation  addresses  these  and 
other  questions  on  the  nature  of  local-isotropy  at  laboratory  range  Reynolds 
numbers.  Since  one  of  the  primary  consequences  of  locul  isotropy  is  on  the 
determination  of  the  dissipation  rates  of  turbulence,  the  best  test  for  local 
isotropy  is  one  in  which  different  sets  of  the  measured  velocity  derivative 
correlations  are  compared  relative  to  each  other.  In  the  present  investigation, 
this  was  accomplished  using  flying  hot  wire  anemometry  to  obtain  measurements  of 
the  streamwise  and  cross-flow  derivatives  of  the  velocity.  These  investigations 
of  the  dissipative  scales  of  turbulence  reveal  dependence  of  the  small  scale 
structures  on  the  large-scale  anisotropic  turbulent  motion.  This  is  exhibited  ’n 
the  deviations  of  the  small  scales  from  the  requirements  of  local-isotropy.  I; 
is  well  known  that  this  effect  becomes  more  negligible  as  the  Reynolds  number 
tends  to  infinity.  The  importance  of  this  large-scale  and  small-scale  interaction 
is  exhibited  in  all  moderate  Reynolds  number  flows.  Since  a  large  portion  of 
fluid  systems  in  laboratory  flows  are  in  this  Reynolds  number  region,  the 
reported  research  is  of  importance  to  understanding  of  the  nature  of  the  energy 
transfer  in  shear  flows. 


2  Small  Scale  Turbulence 
2.1  Local  Isotropy 

One  of  the  cornerstones  of  turbulence  theory  over  the  past  fifty  years  has  been 
the  hypothesis  of  local  isotropy.  Introduced  by  Kolmogorov  in  1941,  local 
isotropy  assumes  that  the  small  scale  turbulence  satisfies  the 
relationships  for  isotropic  turbulence,  regardless  of  the  anisotropy  of  the 
large  scale  energy-containing  motions.  The  principal  applications  of 
local-isotropy  have  been  the  determination  of  the  rate  of  dissipation  of 
turbulence  kinetic  energy.  In  general,  determination  of  the  dissipation 
requires  the  measurement  of  twelve  different  derivative  moments.  (To-date,  this 
has  never  been  accomplished).  The  assumption  of  local  isotropy  reduces  this 
requirement  to  the  measurement  of  only  a  single  derivative  moment  --  usually 
<^u,/^x,>^  the  streamwise  gradient  of  the  streamwise  velocity.  Modellers  of  the 
kinetic  energy  and  Reynolds  stress  equations  also  depend  on  local  isotropy  to 
reduce  the  component  dissipations  to  a  single  isotropic  dissipation. 

There  has  been  an  increasing  body  of  literature  over  the  past  10  years 
documenting  experimental  results  taken  in  a  variety  of  flows  which  do  not 
satisfy  the  isotropic  derivative  relations.  For  example,  Browne  et  al. 
(1987)  measured  nine  of  the  twelve  derivative  moments  necessary  to  det'-mine  the 
dissipation  in  a  plane  wake,  and  showed  clearly  that  local  isotropy  was  not  an 
appropriate  description  of  at  least  that  flow.  Their  best  estimate  of  the 
actual  dissipation  differed  by  about  a  factor  of  two  from  the  isotropic  value. 
Similar  results  were  obtained  recently  by  Hussein  and  George  (1989)  in  a  round  jet 
at  much  higher  turbulence  Reynolds  number.  Deviations  from  the  requirements  of 
local  isotropy  can  be  quantified  by  comparing  the  magnitudes  of  various  mean 
square  derivatives  across  the  jet. 


Z.2  Loca : ' y-dx 1 symmetri c  homogeneeus  turbulence 

For  a  Newtonian  fluid  with  a  kinematic  viscosity,  v,  the  rate  of  dissipation 
of  turbulence  kinetic  energy  per  unit  volume,  e,  is  given  by 


(1) 


The  direct  measurement  of  the  average  dissipation  and  mean  square  vorticity 
clearly  requires  measurements  of  various  components  of  the  spatial  derivatives. 
Because  of  the  near  impossibility  of  this  in  practice,  investigators  have  usually 
relied  on  the  assumption  of  local  isotropy  and  Taylor’s  frozen  field  hypothesis 
in  determining  the  dissipation. 

For  isotropic  turbulence  (Hinze  1975): 


Thus  only  measurement  of  <5ui/5x,>^  is  necessary.  This  has  been  usually 
accomplished  by  measuring  only  the  temporal  derivative  of  the  longitudinal 
components  of  the  velocity  and  using  Taylor's  frozen  field  hypothesis. 

The  assumption  of  local  isotropy  simplified  the  experiments  significantly  but 
the  accuracy  of  the  results  were  impaired  by  the  fact  that  shear  flows  such  as  the 
jet  did  not  usually  satisfy  the  relations  for  local  isotropy.  For  the  jet,  this 
anisotropy  of  the  small  scales  becomes  more  pronounced  the  further  one  gets  form 
the  centerl i ne. 


Al-3 


From  the  measurement  of  seven  of  the  terms  in  equation  (2)  it  was  clear  from 
tne  data  that  these  derivative  measurements  did  not  satisfy  the  conditions  for 
local  isotropy.  However,  they  were  found  to  satisfy  the  conditions  for 
axisymmet'-ic  homogeneous  turbulence  (Batchelor  1946,  Chandrasekhar  1950)  to  within 
the  experimental  error.  Thus  it  is  appropriate  to  use  the  concept  of  locally 
axisymmetric  turbulence  introduced  by  George  and  Hussein  (1991)  for  which 
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From  equation  (3)  it  follows  immediately  that 


For  isotropic  turbulence  equation  (1)  reduces  to  the  familiar  result. 
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3  Experimenta?  facility  and  techniques 

3 . 1  The  je:  faci 1 i ty 

The  ex3e'"'Tiental  program  was  carried  out  in  the  far  field  of  a  planar  turbulent 
jet  'ssuing  into  a  quiescent  environment.  Driving  the  air  jet  was  a  3-hp  paddle 
b'owe’".  Swirl,  spatial  inhomogeneities  in  the  mean  flow  and  turbulence 
intensities  were  removed  using  wire  screens  and  plastic  straws.  A  smooth  fifth 
order  polynomial  contraction  ensures  a  top  hat  velocity  profile  at  the  exit.  The 
experiments  were  performed  in  a  large  4mx4mxl0m  room.  The  results  presented  in 
this  report  were  carried  out  at  X/d  of  100  an  120  for  experiments  with  exit 
Reynolds  number  for  the  experiments  was  20000. 

3.2  Data  acquisition  and  sampling  considerations 

The  hot-wire  signals  were  digitized  using  a  15  bit,  16  channel  A/D  converter  with 
a  throughput  rate  of  150  kHz.  The  anti-aliasing  filters  used  were  Bessel  Low-Pass 
Filters  (manufactured  by  Frequency  Devices,  Model  848  P8195)  and  were  tunable  over 
a  frequency  range  of  200  Hz  to  51,2  kHz.  Measurements  of  all  of  the  components  of 
the  velocity  and  a  number  of  the  velocity  derivatives  were  made.  Care  was  taken 
to  ensure  that  record  lengths  were  long  enough  to  ensure  that  statistical 
convergence  was  achieved. 

3.3  Description  of  hot-wire  probes 

An  array  of  Standard  cross-wire  probes  were  used  for  the  experiments.  All  the 
wires  used  on  the  probes  were  Wollaston  (Pt-10%Rh)  with  2.5  micron  diameter. 
Compared  to  the  Kolmogrov  scales  in  this  flow  which  are  about  0.16mm  at  the 
centerline  of  the  jet,  the  wires  were  sufficiently  short  so  that  the  variances  of 
the  measured  derivatives  were  not  affected  by  length  effects  (  1^''’*’!  where  t)  is 
the  Kolmogorov  microscale,  Wyngaard  1968).  The  small  diameter  of  the  wires  was 
chosen  since  smaller  diameter  wires  have  higher  resistance  and  hence  better  signal 
to  noise  ratio. 

The  anemometers  used  were  Dantec  56C17  constant  temperature  anemometers  operated 
with  0.6  overheat  ratio.  To  avoid  aliasing  of  the  signals,  signal  conditioners 
were  used  to  low  pass  the  signals.  The  highest  frequency  in  the  flow 
(corresponding  to  the  Kolmogorov  microscale)  was  12  kHz,  so  the  low  pass  setting 
for  the  filters  was  at  15  Khz.  This  cutoff  frequency  was  calculated  using  the  sum 
of  jet  velocity  and  the  superimposed  velocity  (flying  wire  speed)  as  the 
convection  velocity. 

The  cross  wire  array  made  up  of  two  standard  cross-wire  probes  was  selected  to 
measure  all  the  terms  in  the  dissipation  equation  assuming  locally  axisymmetric 
homogeneous  turbulence  (George  and  Hussein  1991).  The  criteria  used  in  design  of 
this  probe  were  that  it  have  the  least  amount  of  probe  interference,  and 
acceptable  spatial  resolution  for  the  derivative  measurements.  The  spacing 
between  the  two  cross  wire  probes  was  approximately  0.4  nwi  which  is  close  enough 
in  regards  to  the  Kolmogorov  microscale  to  avoid  spatially  filtering  the 
derivative  signal.  This  probe  was  used  in  two  different  experiments.  In  the 
first,  the  probe  was  aligned  with  the  jet  in  such  a  way  that  the  terms  <8u,/8x,>^, 
<8u^/8x,>^  <^u^/(3xJ>^  <^u,/8xJ>^  were  measured.  In  the  second,  the  probe  was 
rotated  90  degrees  to  obtain  <8u,/8x,>^,  <^u,/^x,>^  <^u,/^x^>^  <8ui/8x2>. 

The  hot-wires  were  calibrated  in  a  low  turbulence  intensity  calibration  tunnel. 
The  error  in  predicting  the  measured  velocity  from  measured  voltages  was  typically 
less  than  0.1%  over  the  entire  range.  Once  the  calibration  coefficients  were 
found,  they  were  used  for  the  determination  of  instantaneous  velocity  from  the 
instantaneous  voltages  sampled  by  the  A/0.  The  calibration  data  was  verified  at 


the  end  of  each  experiment  to  insure  that  the  calibration  did  not  shift  during  the 
course  of  tne  experiment.  The  arrgle  calibration  for  the  cross-wires  was  done 
using  a  mod’^ied  cosine  law  with  a  velocity-dependent  k-factor  (Beuther  et  al. 
1987) . 


3.4  Oi f ferenti ati on 

The  streamwise  gradients  of  the  velocity  components  were  computed  from  Taylor's 
hypothesis  using 


dx  dt 


(14) 


where  Uc  is  the  convection  velocity  usually  taken  as  the  local  mean  velocity. 


The  differentiation  of  the  electronic  signal  was  accomplished  by  utilizing  the 
high-pass  filter  characteristics  of  the  Oantec  55N26  signal  conditioning  unit.  It 
is  well-known  that  the  differentiation  corresponds  to  +6dB/octave  frequency 
response  function  which  is  also  the  low  asymptote  of  a  single-pole  high  pass 
filter.  To  ensure  that  deviations  from  this  asymptote  near  the  breakpoint  were 
negligible,  the  high  pass  cutoff  frequency  was  chosen  about  five  times  higher  than 
the  highest  frequency  of  interest  in  the  signal,  that  corresponds  to  a  high 
frequency  cutoff  of  50  KHZ  for  these  experiments.  The  time  derivatives  were 
computed  from  the  output  using  the  following  relation  which  can  be  readily  derived 
from  linear  system  theory; 


de^ 

dt 


’■2nfffpeg 


(15) 


where  e,  is  the  voltage  of  the  signal  to  be  differentiated,  e,  is  the  voltage  of 
the  differentiated  signal  and  f^p  is  the  setting  of  the  high  pass  filter.  Because 
of  the  severe  attenuation  at  the  lowest  frequencies  by  the  high-pass  filter,  the 
amplifier  gain  was  set  at  100  to  provide  additional  amplification. 

The  measurements  of  the  spatial  derivatives  were  done  by  measuring  the  velocity 
components  at  two  points  that  are  in  close  proximity  to  each  other,  and  taking  the 
difference  to  approximate  the  velocity  gradient.  The  noises  in  the  difference 
signal  are  due  to  either  quantization  and  electronic  noise  or  to  uncertainty  in 
the  calibration  of  the  two  wires.  The  voltage  to  velocity  transformation  is 
accurate  to  within  1%  and  the  quantization  error  is  of  order  of  0.6  mv,  and  rms 
electronic  noise  is  of  the  order  of  3mv.  For  this  work  the  spacing  between  the 
wires  is  given  by  a  =2ii.  The  velocity  from  each  wire  and  the  corresponding 
spatial  difference  was  computed  from  sampled  voltages. 

3.5  Rationale  for  flying  probe 

The  numerous  problems  associated  with  the  use  of  standard  hot-wire  anemometry  in 
high  turbulence  intensity  flows  are  well  known.  The  errors  due  to  cross-flow  and 
the  effect  of  the  fluctuating  convection  velocity  on  the  measured  derivative  both 
scale  with  the  turbulence  intensity,  <uVu*>.  These  hot-wire  errors  can  be  avoided 
by  reducing  the  effective  turbulence  intensity.  This  is  accomplished  in  this  work 
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by  movinc  ot-wires  through  the  flow  so  that  the  effective  mean  velocity  seen 
by  the  2  is  that  0^  the  flow*  pi  us  that  of  the  wire,  thereby  reducing  the 
effective  turbulence  intensity. 

Flying  hot  wires  in  turbulent  flows  were  used  in  the  past  by  various 
investigators.  Uberoi  (1965)  used  a  flying  wire  in  his  study  of  entrainment  in 
shear  flows.  Cantwell  and  Coles  (1983),  Watmuff  et  al  (1983),  Panchapakesan  and 
Lumley  (1987)  are  other  investigators  that  applied  the  moving  wire  techniques  in 
a  wind-tunnel,  wake  and  heated  jet  respectively.  There  are  various  reasons  why  the 
moving  wires  were  used.  In  this  work  the  object  is  two-fold;  to  decrease  the 
errors  due  to  cross-flow  and  rectification,  and  to  enable  a  correct  implementation 
of  Taylor's  frozen  field  hypothesis,  Lumley  (1965)  and  George  et  al  (1989). 

3.6  Description  of  the  flying  wire  system 

Depending  on  the  method  by  '  nrobes  are  moved  relative  to  the  flow,  flying 
hot-wire  methods  require  .'■'.a  .  considerations  that  are  not  important  for 
conventional  hot-wire  anemometr  .  The  first  is  the  possible  wake  and  obstruction 
effects  from  the  probe  support  mechanism.  The  second  is  the  possible  need  for 
Slip  rings  or  optical  methods  for  tne  transmission  of  velocity  signal  from  the 
probes  to  the  data  acquisition  equipment.  The  third  is  the  need  for  an  accurate 
determination  of  the  position  and  veUcity  of  the  probe  relative  to  the  flow. 

Figure  1  shows  the  flying  wire  system  that  v-as  used  for  the  experiments  reported 
here.  The  design  of  this  apparatus  ensures  that  a  constant  traverse  velocity  is 
obtained  and  that  the  probe  vibrations  have  scales  which  are  smaller  than  the 
Kolmogorov  microscales.  A  rake  of  multiple  hot-wire  p;-obes  is  mounted  on  a 
streamlined  cantilever  beam.  The  beam  which  is  mounted  on  a  computer  controlled 
track,  extends  from  a  traversing  platform  to  a  position  that  enables  the  probes 
to  be  in  the  measurement  location  of  interest.  The  probes  are  traversed  parallel 
to  the  axis  of  the  jet. 

In  the  flying  hot-wire  system,  a  rake  of  hot-wire  probes  are  mounted  on  a 
cantilevered  airfoil  which  attached  is  to  a  one-dimensional  track.  This 
mechanism  enables  the  superposition  of  a  steady  uniform  velocity  on  the  hot-wire 
probes.  A  computer  controlled  optical  encoder  that  enables  the  support  mechanism 
to  be  traversed  at  constant  velocities.  During  an  experimental  run,  the  mechanism 
is  traversed  towards  the  jet  in  a  trajectory  that  is  parallel  to  the  jet  axis. 
This  enables  the  superposition  of  a  uniform  velocity  on  the  hot-wire  probes.  This 
was  accomplished  by  using  an  encoder  pulse  that  triggered  the  A/D  converter  to 
collect  the  data.  The  short  charging  time  of  the  sample  and  hold  of  the  A/D 
(nanoseconds)  insured  that  the  measurement  was  effectively  taken  at  a  point.  The 
data  was  sampled  along  the  track  at  specified  locations  along  the  track  and  4800 
samples  were  taken  for  a  number  of  selected  locations  across  the  jet. 

The  effect  of  the  wing  on  the  flow  was  carefully  studied.  The  wing  had  a  low 
coefficient  of  drag  Cd  of  0.003  and  a  Reynolds  number  of  1500  at  1  m/s.  The  large 
scale  characteristics  of  the  flow  around  the  wing  were  observed  with  smoke  wires. 
There  are  minimal  amounts  of  flow  disturbances  on  the  jet  as  the  wing  is  traversed 
through  it. 

Measurements  of  the  velocity  field  were  obtained  at  X/d*  100  and  120.  The  problems 
associated  with  the  support  mechanism  being  continuously  in  the  path  of  the  flow 
is  overcome  by  waiting  for  the  flow  to  readjust  after  each  traverse.  The  probe 
speed  was  selected  so  that  the  velocity  derivative  information  can  be  resolved. 
The  location  and  velocity  of  the  beam  were  obtained  from  an  optical  encoder  along 
the  track.  The  signal  is  transmitted  through  a  set  of  cables  embedded  inside  the 
beam  and  which  are  connected  directly  to  the  A/D  converter,  enabling  the 
measurements  to  be  carried  out  without  the  use  of  slip-rings. 


4  ExDer’rT'e'’ta’  Results 


The  mean  axial  velocity  normalized  by  the  centerline  velocity,  U/Uc,  is  plotted 
versus  the  non-dimensional  radial  coordinate,  y/b^,  in  Figure  2.  The  virtual  origin 
of  the  jet  IS  5.2  and  the  jet  spread  constant  is  0.093.  The  jet  spread  result 
obtained  by  Goldschmidt  (1983)  is  0.095  which  means  that  the  previous  results 
indicate  a  jet  spread  which  is  wider  than  that  of  the  present  investigation.  Even 
though  the  results  are  close,  it  is  important  to  note  that  the  difference  can  be 
explained  by  the  fact  that  the  earlier  stationary  wire  measurements  are  expected 
to  read  higher  velocity  readings  due  to  cross-flow  errors.  This  is  consistent  with 
the  expectation  that  the  stationary  wires  measure  wider  jet  growth  than  the  moving 
wire  nesults,  Hussein  and  George  (1989). 

The  streamwise  derivatives  of  the  three  velocity  components  were  calculated  from 
their  corresponding  measured  temporal  derivatives  of  <3u,/3t>,  <(9u2/<9t>,  <du-^/dt>. 
The  issue  of  the  applicability  of  Taylor's  hypothesis  was  addressed  by  utilizing 
the  flying  wire  mechanism.  The  effect  of  the  fluctuating  convection  velocity  is 
most  prominent  in  the  breakdown  of  Taylor's  frozen  field  hypothesis  (Lumley  1965). 
The  contribution  of  the  terms  depending  on  the  fluctuating  velocity  are  less  than 
4%  for  the  flying  wire  results,  and  they  therefore  are  close  to  the  actual  values 
of  <(?u,/<?x,>^ 

Figure  3  shows  the  profiles  of  the  velocity  derivatives  in  the  streamwise 
direction.  These  derivatives  satisfy  the  isotropic  relations  near  the  centerline, 
but  progressively  deviate  from  them  as  the  radius  increases.  On  this  figure, 
<0u,/3x,>^,  <(3u2/(3x,>*  and  <5uj/3x,>^  measured  with  the  cross-wire  probes  are 
plotted  as  a  function  of  transverse  positions 
across  the  jet. 

The  velocity  derivatives  in  the  azimuthal  direction,  <(9u,/8xj>*  and  x^Uj/^Xj^* 
measured  with  two  cross  probes  in  close  proximity  to  each  other  shown  on  Figure 

4.  The  other  experiment  which  was  performed  by  rotating  the  probes  by  90®  to 
measure  the  velocity  derivatives  in  the  transverse  direction.  The  results  from 
this  experiment,  <(3u,/5x2>*  and  <3uj/8x2>*  are  also  shown  on  Figure  4.  Local- 
Axi symmetry  requires  that  the  terms  <duj/(3x2>*  be  equal  to  <8u2/8xj>^  and  that 
<du2/d\.>^  be  equal  to  <duj/dx,>^.  These  terms  are  shown  on  Figures  2  and  3,  and  the 
results  shown  to  within  the  accuracy  of  the  measurements  that  the  flow  appears  to 
be  truly  axisymmetric  in  the  small  scales. 

The  full  implications  of  this  local  axisymmetry  is  presented  in  George  and 
Hussein  (1991).  The  most  significant  consequence  for  the  present  experiment  is 
that  the  entire  set  of  derivative  correlations  can  be  represented  in  terms  of  four 
invariants  which  in  turn,  depend  only  on  measurable  quantities.  Thus  the 
determination  of  the  dissipation  and  mean  square  fluctuating  vorticity  is  limited 
only  by  the  measurement  accuracy  of  the  four  independent  derivatives. 

Figure  5  shows  the  comparison  between  obtained  with  the  assumption  of 
local  axisymmetry  and  cj,,  calculated  from  <3u,/5x,>*  and  assuming  local  isotropy. 
For  the  jet,  the  isotropic  results  differ  from  the  dissipation  by  about  25%  at  the 
centerline  and  by  about  40%  near  the  point  of  maximum  mean  shear  (y/y^j  “  0.9). 

5.  Summary  and  Conclusions 

The  statistical  correlations  of  a  number  of  the  mean  square  velocity 
derivatives  in  the  dissipation  tensor  are  presented  for  the  planar  turbulent  jet. 
Three  of  the  mean  square  derivatives  were  computed  from  their  corresponding 
measured  temporal  derivatives.  The  use  of  the  flying  wire  probe  which  reduces  the 
effective  turbulence  intensity  provides  the  only  way  to  measure  these  terms 
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accurately  ' r  this  flow,  since  Jaylor's  frozen  field  hypothesis  does  not 
accurately  aoD’y  to  the  stationary  wire  results.  Having  obtained  a  set  of  data 
with  and  witnout  moving  the  wire,  an  assessment  of  the  breakdown  of  this 
hypothesis  was  done.  The  issue  of  cross-flow  and  rectification  errors  was 
addressed  with  pertinence  to  the  use  of  hot  wires  in  flows  with  turbulence 
intensities  that  is  higher  than  30%.  Comparisons  between  the  results  of  the  moving 
wire  and  stationary  wire  enabled  the  evaluation  of  these  errors. 

This  work  also  provides  a  considerable  amount  of  data  on  the  dissipative 
scales  of  turbulence  for  the  isothermal  axisymmetric  jet.  It  was  proven  that  the 
jet  is  not  locally  isotropic  but  rather  locally  axisymmetric  in  the  small  scale. 
The  direct  measurement  of  the  dissipation  is  presented  for  this  type  of  flow. 
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RESPONSE  OF  FINE-SCALE  TURBULENCE  TO  EXTERNAL  PRESSURE  FIELDS 
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Abstract 


Grid  generated  turbulent  flow  has  been  subjected  to  a  local  disturbance  in  the 
form  of  a  pressure  force  on  the  mean.  This  is  accomplished  by  a  standing  acoustic 
wave  in  the  cross-flow  direction.  This  radiation  pressure  disturbance  appears  as 
a  single  a  single  spike  in  the  energy  spectrum  and  corresponds  to  external 
forcing  at  the  selected  frequency.  With  this  kind  of  external  forcing,  the 
amplitude  and  the  frequency  of  the  excitation  can  be  varied  independently. 
Response  of  the  flow  to  the  excitations  are  presented  by  reporting  the  evolution 
of  the  energy  rate  and  estimates  of  the  dissipation. 


1.  Introduction 

The  practical  relevance  of  local -isotropy  in  turbulent  flows  is  of  prime 
importance  in  both  the  measurement  of  the  dissipation  rate  as  well  the  premise 
that  the  smallest  scale  motions  do  not  receive  energy  directly  from  the  mean  flow. 
Traditional  methods  of  studying  these  phenomena  have  relied  on  experiments  on  the 
dissipation  and  vorticity  field  of  turbulent  flows.  Of  interest  are  both  the 
description  of  both  the  statistical  nature  of  the  fine  scales  as  well  as  the 
response  of  turbulent  flow  to  superimposed  disturbances  More  recently  numerical 
simulations  on  distant  triadic  interactions  by  Yeung  anJ  Brasseur  (1991)  have 
indicated  the  persistence  of 

anisotropy  even  at  large  Reynolds  numbers.  Attempts  to  corroborate  these  results 
have  relied  on  the  developments  of  techniques  that  utilize  disturbances  that  are 
local  in  nature.  In  this  attempt,  one  would  prefer  known  disturbances  that  can  be 
assumed  to  be  ideal  spherical  shells  in  wavenumber  space.  In  the  case  of 
anisotropic  flow,  these  superimposed  disturbances  on  the  fluid  velocity  produce 
an  external  distortion  that  would  persist  to  the  small  scales.  The  nature  of  the 
transfer  of  the  energy  mechanisms  are  key  to  understanding  inter-scale  coupling 
as  well  as  deviations  from  local -isotropy.  •' 

The  existence  of  universal  similarity  of  the  small  scales  of  turbulent  flow  fields 
is  observed  for  flows  with  sufficiently  high  turbulent  Reynolds  numbers.  Recent 
measurements  of  the  fine  scale  characteristics  of  laboratory  turbulent  jets  by 
Antonia  et  al  (1986)  and  George  and  Hussein  (1991),  show  considerable  deviations 
from  the  requirements  of  local  isotropy.  Measurements  by  Praskovsky  et  al ,  (1990) 
in  elliptic  jets  at  turbulence  Reynolds  numbers  of  about  2000  also  corroborate 
these  results.  Since  Kolmogorov's  universal  similarity  hypothesis  is  based  on 
dimensional  arguments  for  the  infinite  Reynolds  number  limit,  these  deviations  are 
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expected  fo'  moderate  Reynolds  number  flows.  Questions  have  been  raised  on  the 
valiaity  0^  the  hypothesis  even  at  large  Reynolds  numbers.  The  physical 
implications  of  fiese  results  are  that  the  small-large  scale  couplings  not  only 
ex'st  at  low  'l-^nolds  numbers  but  also  persist  even  at  relatively  large  Reynolds 
numbers.  T'-’s  leads  to  the  possibility  of  influencing  the  structure  of  the  fine 
scales  oy  superimposing  external  excitations  on  the  large  scale  motion.  Of 
particular  interest  are  experiments  in  which  the  characteristics  of  the  small 
scales  are  influenced  by  external  forces  at  the  small  wavenumbers.  These 
simulations  which  are  carried  out  at  low  Reynolds  numbers  have  no  experimental 
verifications.  The  present  work  involves  an  experimental  program  in  which  the  flow 
IS  loaded  at  specific  low  frequencies  with  standing  acoustic  waves.  The 
experiments  are  performed  m  grid  turbulent  flow  in  a  low  turbulent  intensity 
wi nd  tunnel  . 

2.  Description  of  Experiment 

2.1  The  wind  tunnel  facility 

The  experiments  reported  here  were  carried  out  in  the  wind  tunnel  illustrated  in 
Figure  1.  The  facility  which  is  the  same  used  by  Han 

(1988)  for  studying  the  effect  of  contraction  in  grid  generated  turbulence 
consists  of  five  main  units:  blower,  flow  conditioning  unit,  grid  and  test 
section,  contraction  and  a  traversing  section. 

The  turbulence  generator  was  a  biplane  grid  constructed  of  circular  steel  rods 
with  40  percent  solidity.  The  test  section  followed  the 

grid  and  consisted  of  a  4  ft  circular  section  with  a  diameter  of  19.25  in.  The 
operating  point  for  the  system  was  selected  so  that  the  tunnel  velocity  was  2.4 
m/s.  The  velocity  corresponding  to  the  grid  Reynolds  number  of  4000  and  at  X/M»25 
(were  the  forcing  is  applied  as  described  below)  and  the  turbulent  Reynolds  number 

2.2  Forcing  technique 

In  this  paper,  we  present  a  technique  using  a  sound  field  as  an  external  force  in 
grid  generated  turbulence.  Earlier  investigators  have  avoided  using  acoustic 
excitations  primarily  because  of  the  associated  inherent  compressibility  effects 
and  the  corresponding  complexities  in  the  balance  of  the  governing  equations. 
Selecting  acoustic  waves  (rather  than  screen  of  low  solidity  as  others  have  used), 
Itsweire  and  Van  Atta  (1984)  has  advantage  of  avoiding  wake  effects.  It  also 
enables  the  possibility  of  adjusting  the  amplitude  and  frequency  of  the 
disturbance  independently.  The  results  from  the  earlier  measurements  do  not  lend 
themselves  to  a  comparison  with  the  theory  specifically  because  of  the  complicated 
wake  interactions. 

Two  kinds  of  terms  exist  in  the  force  on  a  flow  which  is  from  a  sound  field:  The 
first  is  from  a  radiation  pressure,  the  second  is  the  effect  of  the 
compressibility  of  the  flow.  In  the  present  application  the  former  dominates, 
since  the  flow  has  a  very  low  turbulent  Mach  number.  The  forcing  was  superimposed 
at  25M  downstream  from  the  grid. 

3.  Results 

The  measurements  were  taken  along  the  centerline  of  the  tunnel  with  a  free-stream 
velocity  setting  of  2.4  m/s.  These  measurements  were  aimed  at  identifying  the 
effect  of  the  external  disturbance  on  the  characteristics  of  the  flow.  Results  of 
the  streamwise  component  of  the  Reynolds  Stress,  the  mean-square  velocity 
derivative  in  the  axial  direction  and  one  component  of  the  spectral  tensor  are 
presented  for  a  number  of  X/M  locations.  Evolution  of  the  energy,  and  an  estimate 
of  the  dissipation  rate  are  inferred  from  these  measurements  for  both  the  forced 
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and  unforced  cases.  Figure  2  shows  the  evolution  of  the  streamwise  component  of 
the  Reynosos  stress  u^  for  both  the  forced  and  unforced  cases.  As  shown  on  the 
F'gure,  t‘'e  external  power  input  compensates  or  the  viscous  dissipation.  Figure 
3  shows  an  estimate  of  the  dissipation  rate  assuming  local  isotropy,  e  =15(5u/5x)*. 
As  shown  on  the  Figure,  close  to  the  position  at  which  the  disturbance  is 
supenmoosed  (X/M=25),  the  dissipation  is  less  than  that  of  the  incoming 

turbu’e''ce.  Th's  is  due  to  the  increased  energy  cascade  from  the  inertial  range 
to  the  viscous  range. 

The  spectral  results  are  presented  on  Figures  4  and  5.  Figure  4  shows  the 
streamwise  velocity  spectrum  normalized  by  the  Kolmogorov  length  and  velocity 
scales  at  several  X/M  locations  for  the  unforced  case.  As  shown  on  the  Figure 
even  though  the  tunnel  characteristics  do  not  provide  for  a  large  inertial 

subrange,  the  turbulent  Reynolds  number  is  considerably  larger  than  those  attained 
with  direct  numerical  simulations.  Figure  5  shows  the  spectrum  for  the  forced 
case  under  the  same  flow  conditions.  As  shown  on  the  figure,  the  disturbance  is 
in  the  energy  containing  scales  and  show  as  a  single  spike  in  wavenumber  space. 
In  the  high  wavenumper  region  there  is  a  larger  magni tude  of  loss  of  energy  in  the 
longitudinal  power  soectrum.  This  is  consistent  witn  the  results  obtained  in 
numerical  mulations. 

In  summary,  the  experimental  data  gives  considerable  confidence  in  the  local 
nature  of  the  disturbance.  We  have  presented  a  forcing  technique  that  is  capable 
of  forcing  the  flow  in  such  a  manner  that  the  assumption  of  a  local  disturbance 

at  a  single  wavenumber  holds.  The  ""estion  of  the  nature  of  equi -parti ti on  of 

energy  and  the  issue  of  balancing  the  energy  equations  can  be  achieved  with  a  set 
of  measurements  that  include  both  the  streamwise  and  the  cross-flow  components  of 
the  velocity  field. 
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P:  lUray  St.ihliiing  Unit  with  Tliree  Screens  fi:  X-Wiro  H;  Vertical  Traversing  System 

I:  Interchangable  Test  Sections;  48M,24M  and  20M  lengths,  (firid  locates  between  two  of  these) 

J:  X-wire  K:  Contraction  L:  3-Dimensional  Traversing  System 
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Abstract 

The  anisotropy  of  the  dissipation  rate  tensor  has  been  studied  in  the  self-preserving  region  of  a  cylinder  wake. 
Hot-wire  techniques  have  been  employed  to  measure  the  derivative  moments  in  the  soeamwise,  lateral  and  normal 
direction.  From  these  measurements  the  soeamwise  component  of  the  dissipation  rate  tensor  was  determined  and 
compared  to  an  anisooopic  dissipation  modeLcomponent  It  was  found  that  the  dissipation  rate  anisooopy  could 
essentially  be  accounted  for  by  the  employed  model.  In  this  flow  field  oiple  velocity  corTelation.>^  were  also 
measured  and  a  comparison  with  the  corresponding  modelled  profiles  has  been  made. 

1.  Introduction. 

Much  of  the  research  in  the  area  of  turbulence  modelling  is  today  directed  towards  an  improved  generality  of  the 
of  the  closure  models  for  the  Reynolds  stress  transport  equations.  An  important  part  of  this  work  is  the 
experimental  determination  of  the  dissipation  rate  tensor  and  the  triple  velocity  correlations.  The  anisotropy  of  the 
dissipation  rate  tensor  and  its  coupling  to  the  anisotropy  of  the  Reynolds  stress  tensor  has  been  shown  to  be  quit 
useful  in  the  modelling,  see  Browne  et  al.  (1987),  Hussein  and  George  (1989),  and  Hallback  et.  al.  (1989).  For  a 
more  complete  discussion  of  the  closure  problem  and  todays  turbulence  modelling  see  e.g.  George  &  Taulbee 
(1990)  and  in  Groth  (1991). 

A  key  element  in  obtaining  the  components  of  the  dissipation  rate  tensor  is  the  measurement  of  the  velocity 
gradients.  Due  to  limitations  in  current  experimental  techniques  a  determination  of  all  components  in  the 
dissipation  rate  tensor  is  impossible.  However,  if  the  flow  is  symmetric  in  some  coordinates,  like  the 
axisymmetric  case  of  HallbSck  et  al.  ( 1989),  the  number  of  components  is  reduced.  In  order  to  assess  the 
applicability  of  the  results  obtained  in  the  aforementioned  fundamental  investigations,  the  present  experiment  was 
carried  out  in  a  more  complex  flow,  the  self-preserving  region  of  a  cylinder  wake.  Measurements  are  presented  of 
the  dissipation  rate  and  triple  velocity  correlations,  and  comparisons  are  made  to  theoretical  models. 
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2.  Experimental  Arrangements. 

All  measurements  were  performed  in  a  low-speed  closed  circuit  wind-tunnel,  with  a  test  section  of  3.0  m  x  1.8  m 
X  1.2  m.  The  self-preserving  wake  was  generated  by  a  circular  cylinder,  of  a  diameter  of  4.0  mm.  which  was 
mounted  in  the  midplane  of  the  test  section.  In  the  measurements  a  free  stream  velocity  of  7.0  m/s  was  used, 
giving  a  Reynolds  number,  based  on  the  cylinder  diameter,  of  1840.  All  measurements  of  velocity  derivatives 
were  made  in  the  self-preserving  part  of  the  wake  at  xi/(26)  =  440. 

For  the  determination  of  the  free  stream  velocity  a  micro  manometer  and  a  Prandtl  tube  was  usca  turbulence 
measurements  were  carried  out  using  a  standard  DANTEC  constant-temperature  hot-wire  anemometer  and 
standard  DANTEC  hot-wires  (  55P01  and  55P61).  The  output  voltages  of  the  anemometers  were  filtered  and 
amplified.the  low-pass  filter  setting  was  3.0  kHz.  (This  value  was  appropriate  since  the  Kolmogorov  frequency 
was  approximately  2300  Hz).  The  signals  from  the  micro  manometer,  the  anemometer  and  the  signal  condiuoner 
were  subsequently  sampled  using  a  twelve  bit  A/D  converter  with  a  sample  and  hold  unit 
A  hot-wire  method  based  on  single-  as  well  as  cross-wires  was  developed  to  enable  these  measurements.  For  the 
cross- wire  measurements  this  method  uses  a  look-up  table.  Lueptow,  Breuer  &  Haritonidis  (1988),  in  the 
calibration  routines  for  the  improvement  of  the  angular  sensitivity  and  the  elimination  of  correctiem  factors  due  to 
the  probe  geometry.  A  more  comprehensive  description  of  the  hot-wire  method  can  be  found  in  Aronson  (1991). 
In  order  to  obtain  a  satisfactory  spatial  resolution  in  the  determination  of  the  velocity  derivatives,  George  & 
Hussein  (1991)  and  Johansson  (1992)  stressed  that  the  spatial  extension  of  the  employed  sensor  must  be  of  the 
order  of  the  Kolmogorov  microscale.  The  experimental  conditions  used  here  gives  the  advantage  of  the  relatively 
large  size  of  the  Kolmogorov  microscale,  ranging  from  0.47  mm  at  the  centre  line  to  about  0.8  mm  near  the  edge 
of  the  wake,  needed  to  obtain  a  satisfactory  spatial  resolution. 

In  the  transport  equation  for  the  average  turbulent  kinetic  energy  the  dissipation  rate  is  given  by  (e.g.  Hinze 
(1975)) 


"dui  dUi  dUi 

;  S  V  —  -  ^  ^  I  L 

dxj  ^Xf  dxi 


(1) 


The  streamwise  components  e.g.  (dui/dxi)^  may  be  rewritten,  using  Taylors  hypothesis, 

a 
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where  Xi  is  defined  as  the  Taylor  microscale.  Since  a  transformation  from  a  spatial  to  a  tempmal  derivative  is 
necessary  the  validity  of  Taylors  hypothesis  was  established  according  to  the  criteria  of  Lin  (1953),  and  for  all 
parts  of  the  self-preserving  wake  it  was  found  that  the  employment  of  the  hypothesis  was  justified. 
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In  order  to  correctly  compute  this  microscale  it  is  important  to  choose  an  appropriate  sampling  frequency  or  time 
between  samples  (At)  when  measuring.  If  At  is  too  short  effects  of  electrical  noise  and  insufficient  resolution  in 
the  AD-converter  will  give  a  too  low  value  of  the  microscale,  on  the  other  hand  if  At  is  too  long  die  fine  scales 
will  not  be  resolved  yielding  a  too  large  value. 


^imj  _  ' 

‘K 

where  xL  =  ^ 

IXtl 

/  i  At  / 

As  shown  in  figure  1  the  measured  time  scale,  Xun,  in  the  intermediate  region  (0. 1  <  At  /  X,  <  0.4)  closely 
adheres  to  relation  (2).  This  makes  it  possible  to  accurately  obtain  the  wanted  microscale,  Xt.  irom  extrapolation 
of  measurements.  These  results  are  in  close  agreement  with  the  results  of  HallbUck  et  al.  (1989). 


Figure  1 .  The  measured  microscate  Xu  Figure  2.  The  Donnalizcd  distribution  of 

notmalized  by  Xi  as  a  fimetioa  Reynolds  sbear  stress, 

of  4i/Xi. 


To  obtain  (dui/dxyf  and  (dui/dxa)^  a  similar  technique  was  used.  At  is  then  replaced  by  the  spatial  separation 
Axy  and  Axj  resp.  According  to  Wyngaard  (1969)  the  present  probe  geometries  would  give  an  90%  response, 
or  better,  during  the  gradient  measurements. 


3.  Results  and  discussions. 

3.1  The  seif-preservation  of  the  cylinder  wake. 

In  the  plane  two-dimensional  wake  behind  a  cylinder,  sufficiently  far  downstream,  the  transverse  distributions  of 
mean-velocity  and  Reynolds  stresses  are  assumed  to  be  self-preserving.  That  is,  these  distributions  assume 
functional  forms  which  are  independent  of  Xi  when  normalized  by  the  characteristic  velocity  and  length  scales. 
These  conditions  can  be  expressed  in  the  form; 

Ui  =  U«-^(X2/1),  ui  =  U?^(X2/l)  and  ulug  *  Uj ^(xg/l). 


(3, 4,  5) 


where  ihe  characteristic  velocity,  Uj,  is  defined  as  the  maximum  value  of  the  mean-velocity  defect  at  that 
posiiion,and  the  characteristic  length.  is  defined  as  the  distance  from  the  centerline  to  the  position  where  the 
mean-velocity  defect  is  0.5  Us.  following  Tennekes  &  Lumley  (1972).  In  the  self-preserving  region  Us  and  t.  the 
normalized  velocity  and  length  scales  should  vary  as 

and  l  =  16.7) 

U-  I  20  /  0  1  20  / 

where  A  and  B  are  universal  constants,  0  is  the  momentum  thickness  (  here  0  =  1.90  mm)  and  xq  is  the  virtual 
origin.  Measurements  were  made  at  distances  ranging  from  210  to  880  momentum  thicknesses  downstream  of  the 
cylinder.  The  data  obtained  indicated  that  some  400  momentum  thicknesses  downstream  the  vekicity  scale  Us 
was  proportional  to  (xi  -  xq)"*'^  ,  and  the  width  of  the  wake  I  was  proportional  to  (xi  -  xq)*'^.  In  this  region  the 
coefficients  A  and  B  take  the  values  1.25  and  0.41  respectively  and  Xo/(20)  =  -112.  These  values  of  the 
coefficients  are  in  good  agreement  with  the  corresponding  values  reported  by  Wygnanski,  Champagne  &  Marsali 
(1986)  who  found  A=1.24  and  B=0.41. 

To  asses  the  quality  of  the  turbulence  data  we  checked  if  the  directly  measured  Reynolds  shear  stress  agreed  with 
the  value  calculated  from  the  mean  momentum  equation.  For  a  two-dimensional ,  small-deficit  w -dee  the  mean 
momentum  equation  can  be  approximated  to 

Here  the  Reynolds  number  is  assumed  to  be  sufficiendy  large  for  viscous  and  diffusive  terms  to  be  neglected,  and 
the  streamwise  gradients  of  the  normal  stress  have  also  been  neglected  by  using  the  boundary  layer 
approximation.  The  Reynolds  shear  stress  uTu^  can  be  calculated  using  eq.  (3),  eq.  (5)  and  integrating  eq.  (8) 
across  the  wake.  This  yields  the  normalized  distribution  of  uiu^. 


-0- 


dX-bX^i  . 


a  =  b  =  and  x  =  X2/l  . 

Uj  dxi  U,  dxi  U,  dxi 

The  use  of  eq.  (6)  and  (7)  indicates  that  a  of  eq.  (9)  should  be  zero  so  that  eq.  (9)  can  be  simplified  to 


UlU2  _  B  X2 


U.-Ui 


U?  4A  t  U.  ■ 

In  figure  2  the  measured  Reynolds  shear  stress  is  compared  to  the  calculated  value  from  eq.(lO).  At  the  position 
of  maximum  shear  stress  the  largest  difference  between  the  experimental  and  the  calculated  values  is  about  6%  . 
Based  on  a  number  of  measurements,  we  estimate  the  error  in  Uj  to  be  ±  5.5%  and  the  uncertainty  in  u^u^  to  be 
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±  5%.  L'sing  the  propagation  of  errors  approach,  the  resulting  uncertainty  in  the  measured  Uj  U2  /  Uj  is  estimated 
to  ±  9%.  At  X2  /  i,  =  1 .  near  the  position  of  maximum  shear  stress,  U-  -  Uj  is  exactly  U,  /  2  ,  >  ielding  that  the 
only  uncertainty  in  the  calculated  shear  stress  is  the  uncertainty  in  B/A.  which  is  estimated  to  be  approximately 
2%.  so  the  agreement  between  the  momentum  balance  and  the  direct  measurements  of  the  shear  stress  is 
satisfying. 

3.2  Average  turbulent  kinetic  energy  budget  and  the  anisotropy  factors. 

An  approximation  to  the  transport  equation  for  the  average  turbulent  kinetic  energy  (k  =  1/2  u,u,)  is  given  by 
(Townsend  (1949)) 

Estimates  were  made  for  all  the  terms  in  eq.(l  1)  except  for  the  pressure  diffusion  term  which  was  determined  by 
difference.  The  gradient  dk/dxi  was  inferred  from  the  streamwise  variations  of  U,  and  i,  and  the  lateral 

derivatives  of  U  i  and  were  obtained  by  fitting  a  curve  to  the  data  and  then  performing  a  differentiation.  Since 
one  component  of  u§U2,  was  not  meas^ued,  we  inferred  our  distribution  for  u^uj  from  our  u^u:  data  via  the 
relation 


In  general,  the  magnitude  of  u^U2  is  sufficiently  smaller  than  UiU2  or  u|  to  suggest  that  the  determination  of  u|u2 
is  not  critical  in  the  context  of  obtaining  ku^.  The  various  terms  in  eq.(l  1),  normalized  by  multiplying  with  l/U|, 
are  plotted  in  figure  3.  Assuming  symmetry  with  respect  to  XiH.  s  0  the  diffusion  terms  should  satisfy  the 
following  two  integral  constraints 

The  diffusion  of  k  satisfies  the  integral  constraint  by  about  3%.  However  the  pressure  diffusion  term,  obtained  by 
difference,  is  small  compared  to  the  diffusion  of  k.  and  does  not  satisfy  the  integral  constraint  This  demonstrates 
that  in  this  case  the  pressure  diffusion  is  inaccurate  due  to  the  assumption  of  an  isotropic  dissipation  rate  and  is  an 
indication  of  the  need  for  a  better  estimate  of  the  dissipation  rate. 
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Figure  3.  Budget  of  average  turbulent 
kinetic  energy 


Figure  4.  Tbe  disiiibution  of  the  ratios 
Ki  througb  K4. 


If  the  assumption  of  isotropy  in  the  self-preserving  region  of  a  cylinder  wake  would  be  correct,  the  ratios  K| 
through  K4  should  be  1.0.  Here  Ki  through  K4  are  defined  as: 

Ki  -  2  {3ui/3xi)^/(9u2/9xi)^  K:  =  2  (3ui/3xi)^/(3u3/3xi)^ 

K3  =  2  {9ui/3xip/(3ui/3x2p  K4  =  2  (3ui/3xi)^/(3ui/3x3)*  • 

In  Figure  4  the  distributions  of  the  ratios  Ki  through  K4  of  the  present  flow  case  are  shown.  As  is  evident  in 
this  Figure  these  ratios  are  never  equal  to  unity,  indicating  that  the  condition  of  isotropy  is  not  fulfilled,  and 
further  emphasizes  the  need  for  a  better  estimate  of  the  dissipadon  rate.  It  may,  however,  be  noted  that  Ki  ■  K2  > 
1  and  K3  «  K4  <  I,  an  observation  in  full  agreement  with  what  has  been  suggested  by  George  and  Hussein 
(1991)  as  a  case  of  local  axisymmetric  turbulence. 


3.3  Dissipation  Model. 


To  investigate  the  assumed  relation  between  the  anisotropy  of  the  dissipation  rate  tensor  and  the  stress  tensor  the 
streamwise  component  ( Cu  )  of  the  dissipation  rate  tensor  was  measured  as  well  as  computed  using  a 
dissipation  model  based  on  the  anisotropies  of  the  Reynolds  stress  tensor.  In  the  measurements,  terms  in  ei  i 
requiring  the  use  of  more  than  one  cross-wire  have  been  estimated  using  the  assumption  of  isotropy,  thus 
yielding 

The  here  employed  dissipation  model  was  suggested  by  Hallback,  Groth  and  Johansson  (1990),  and  is  basically 
an  extension  of  a  model  originally  suggested  by  Rotta  (1951)  and  later  developed  by  Hanjalic  and  Launder 
(1976).  This  dissipation  model  satisfies  both  the  weak  and  the  strong  realizability  conditions,  due  to  Pope  (1985). 

Eij  ®  E  (cij  +  ^  5ij|  •  (14) 
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where 

e,)  =  a.,  +  -> !  (i  n,  -  i)  ay  -  (a.kakj  -  ^  Q.  5y|  |  . 

a.j  =  ^  ^  5.J  and  II,  =  ay^ak.  . 

TTie  value  of  a  in  this  comparison  was  chosen  to  be  0.75.  In  figure  5  a  comparison  bciv.  een  the  experimental  and 
modelled  distributions  of  the  streamwise  component  (  E|  t )  of  the  dissipation  rate  tensor  is  shown,  (the  various 
terms  in  eq.(  13)  and  eq.(14)  are  normalized  by  multiplying  with  i/U|.)  It  is  seen  that  the  isotropic  estimate  of  E|  i 
is  smaller  than  the  measured  value  across  the  whole  wake,  at  the  centerline  of  the  wake  the  difference  is  about 
S%.  at  xi/t  =  1  about  15%,  and  near  the  edge  of  the  wake  the  isotropic  estimate  of  Ci  i  is  25%  smaller  than  the 
measured  value.  It  is  seen  that  the  modelled  distribution  of  en  agrees  well  with  the  measured  distribution  of  ei  i. 
However,  eq.(13)  does  overpredict  the  dissipation  rate  at  the  centerline  of  the  wake  by  about  3%.  This  result 
shows  that  the  model  used,  which  describes  the  anisotropies  of  the  dissipation  rate  tensor  in  terms  of  the 
anisotropies  of  the  Reynolds  stress  tensor,  to  some  extent  can  predict  the  anisotropies  of  the  small  scales  m  this 
case.  Here  it  should  be  pointed  out  that  the  Reynolds  number  of  this  investigation  is  relatively  low,  a  fact  that  can 
be  in  favour  of  the  model. 


en 


3.4  Triple  velocity  correlations. 


In  the  beginning  of  the  seventies  Hanjalic  and  Launder  (1972)  suggested  a  model  for  the  triple  velocity 
correlations.  Looking  at  high  Reynolds  number  flow  and  refering  to  measurements  in  a  plane  axisymmettic 
channel  they  neglected  the  viscosity  and  pressure  dependent  parts,  and  suggested  the  following  model. 


-iMijiiksc,^ 


_ donik  _ —dSiBk  _ 


(15) 
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The  model  parameter  c,  was  set  to  0.1 1,  due  to  Launder.  Reece  &  Rodi  (1975).  The  from  eq.  ( 15)  calculated 
triple  velocity  correlauons  were  compared  to  the  present  measured  profiles  of  the  triple  velocity  correlations. 
Shown  in  Figures  6  and  7  are  the  comparison  for  the  total  streamwise  and  the  total  lateral  transport  correlations. 
(The  different  correKitions  have  been  normalized  by  dividing  with  Uj.)  In  general  the  shape  of  the  predicted 
profiles  similar  to  those  measured,  however,  it  can  be  seen  that  the  model  underpredicts  the  experimental  profile 
for  the  streamwi>c  transport.  For  the  lateral  transport  eq.(15)  predicts  the  measured  profile  better,  but  the 
predicted  values  are  consistently  lower  than  the  measured  values. 


4.  Conclusions. 
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Figure  7.  Lateral  transport  l/2U2U,Ui. 


An  investigation  has  been  carried  out  in  which  the  derivative  moments  have  been  measured,  employing  hot-wire 
methods.  The  streamwise  component  ei  i  of  the  dissipation  rate  tensor  was  determined  and  compared  to  the 
corresponding  quantity  computed  with  an  algebraic  dissipation  model.  From  these  comparisons  the  following 
conclusions  can  be  made. 

*  The  present  experimental  arrangement  fulfils  the  requirement  of  a  two  dimensional,  self-preserving 
cylinder  wake  flow.  For  the  studied  Reynolds  number,  1840,  the  dissipation  rate  terms  have  been 
shown  to  have  a  non-isotropic  structure. 

*  The  measured  profile  of  the  streamwise  component  of  the  dissipation  rate  tensor  agrees  well  with  the 
profile  predicted  by  the  dissipation  rate  model  of  HallbSck  et  al.  (1989).  As  compared  to  corresponding 
quantities  obtained  under  the  assumption  of  isotropy,  large  deviations  can  be  noted. 

*  The  profiles  for  the  third  moments  predicted  by  the  model  of  Hanjalic  and  Launder  (1972)  show  similar 
shaped  profiles  with  those  measured,  but  they  ate  different  in  magnitude. 
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Abstract 

The  two-dimensional,  forced,  barotropic  vorticity  equation  on  the  id-plane  is  studied 
using  the  Renormalisation  Group  (RNG)  technique.  It  is  shown  that  the  3-term  does  not 
renormalize  in  the  process  of  infra-red  (k  — »  0)  renormalization.  As  k  0,  the  RNG 
viscosity  develops  significant  anisotropy,  due  to  the  3-effect.  The  RNG  viscosities  were 
used  for  calctilations  of  energy  transfer,  energy  spectra  and  two-parametric  viscosity  in  the 
energy  sub-range.  It  was  found  that,  nak  0,  the  energy  spectrum  becomes  substan¬ 
tially  anisotropic,  with  energy  concentrated  in  a  zonal  flow  and  zonally  propagating  Rossby 
waves.  Such  a  spectrum  is  omuiatent  with  the  spectral  energy  transfer  that  has  local  neg¬ 
ative  maxima  at  0  a  0,  x  and  d  =  ±^/2.  These  results  have  important  implications  for 
geophysical  fluid  dynamics. 

1.  Introduction 

The  two-dimensional  (2-D)  barotropic  vorticity  equation  has  long  been  recognized  as  one  of  the  simplest 
models  relevant  to  geophysical  flows.  It  describes  non-vortex-stretching  large-scale  horizontal  motions  and, 
when  forced,  its  non-linearity  supports  well-observed  energy  and  enstrophy  spectra,  inverse  energy  and 
direct  enstrof^y  cascades.  Numerical  simulations  with  this  equation  reveal  generation  and  evolution  of 
coherent  structures  which  may  be  isolated  or  multiple  vortices  [1-3].  Such  structures  can  be  reproduced 
in  the  laboratory  settings  [4,5].  In  the  geophysical  context  of  differentially  rotating  flows,  this  equation 
is  supplemented  by  the  0-term  that  reflects  the  variation  of  the  planetary  vorticity.  Then,  the  vorticity 
equation  on  the  3-pIane  supports  large-scale  Rossby  waves  and  describes  the  interaction  between  these 
waves  and  two-dimensional  turbulence.  The  fi-effect  tends  to  destroy  the  coherent  structures  characteristic 
of  purely  2-D  turbulence  thus  improving  the  applicability  of  statistical  theories  to  3-plane  turbulence  [6|. 
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Without  dissipation,  this  equation  constitutes  preservation  of  potential  vorticity  on  both  /-  and  J-planes, 
the  evolution  of  which  is  believed  to  be  the  dominant  factor  determining  large-scale,  wind-driven  oceanic 
circulation  'T'.  This  equation  can  also  be  generalized  to  include  effects  of  stratification,  bottom  topography, 
friction  and  three-dimensionality  [8-lOj.  Extensive  reviews  of  different  properties  of  the  barotropic  vorticity 
equation  can  be  found  in  [S.  11-13], 

Pioneering  studies  of  turbulence  auid  waves  on  the  d-plane  were  conducted  by  Rhines  [14]  who  found  that 
at  large  k  the  flow  is  relatively  unaffected  by  the  differential  rotation  and  behaves  largely  like  two-dimensional 
turbulence.  With  decreasing  k,  inverse  energy  cascade  halts  sind  flow  evolves  towards  the  regime  of  linear 
Rossby  waves.  The  transitional  wave  number  introduced  by  Rhines  [14]  is  related  to  3  and  velocity  scale 
L'  ats  ki  —  {3/2U)^^^.  Holloway  and  Hendershott  [15]  corroborated  Rhines's  results  using  the  Test  Field 
Model  (TFM)  by  Kraichnan  [16|;  they  defined  kg  based  upon  the  rms  vorticity,  to  assure  the  Galilean 
invariance.  Later,  Rhines’s  suggestion  on  the  inhibition  of  the  inverse  energy  cascade  by  the  3-effect  was 
given  an  important  implementation  in  the  theory  of  geophysical  predictability  where  k$  was  identified  with 
the  maximum  scales  which  can  be  attained  by  the  initially  small-scale  errors  [17], 

Despite  the  great  effort  invested  in  studies  of  barotropic  vorticity  equation,  its  basic  non-linear  features 
are  still  poorly  understood.  Furthermore,  enstrophy  dissipation  is  often  neglected  or,  when  includ(?d  in  nu¬ 
merical  models,  is  parameterized  by  ad-hoc  eddy-  and/or  hyper-viscosities.  There  exist  only  a  few  analytical 
stuches  of  the  flow  anisotropization  due  to  differential  rotation  (see,  for  instance,  [15]);  this  phenomenon  has 

usually  been  demonstrated  via  numerical  experimentation  [14, 18], 

This  paper  is  aimed  to  advance  our  understanding  of  the  analytical  properties  of  the  fully  non-linear 

and  dissipative  barotropic  vorticity  equation  on  the  ^-plane.  For  this  purpose,  the  RNG  formalism,  recently 
developied  for  purely  two-dimensional  turbulence  [20],  wiU  be  extended  to  account  for  the  ^-effect.  Unlike 
the  standard  quasi-geostrophic  approximation,  in  our  approach  not  only  weak  non-linearity  is  not  assumed 
a  pnofi  but,  on  the  contrary,  strong  non-linear  interactions  are  responsible  for  renormalization  and  rescaling 
of  all  flow  parameters  in  the  process  of  small  scales  elimination. 

2.  Mathematical  Formulation 

The  basic  equation  of  the  present  study,  the  barotropic  vorticity  equation  on  the  4-plane,  is: 

+  (1) 

where  0  is  the  stream  function,  C  =  ^*0  the  relative  vorticity,  0  describes  the  differential  rotation 
(implying  that  the  Coriolis  piinuneter,  /,  is  given  by  /  =  /»  -f-  0y,  y  is  directed  northward  and  ^  is  a 
constant),  is  the  molecular  viscosity  luid  J(^,^)  is  the  Jacobian.  This  equation  can  be  re-wntten  in  the 
self-contained  form: 
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12) 


I  -’I 

where  is  the  unit  antisymmetric  tensor  and  V~^  is  the  inverse  Laplacian  which  renders  the  problem 
non-local.  Following  [20\,  Eq.  (2)  can  be  Fourier- transformed  resulting  in 


C(fc)  =  G%k)t,^k 


[  C{4)C{^  ~  4)  ‘^4  I  foiLy 


Here,  k  =  (k.fl),  G“(ifc)  =  (ill  +  i0ktk~'^  -t-  is  the  bare  propagator  that  includes  the  5-effect,  and 

d  =  2  is  the  dimension  of  space.  The  random,  zero-mean,  white  Gaussian  stirring  force  f  in  the  rhs  of  Eq. 
(3)  accounts  for  the  steady  energy  input  localized  in  the  vicinity  of  a  wave  number  ko.  This  term  maintains 
a  fully  developed  nondecaying  turbulence  for  the  unbounded  homogeneous  system  under  consideration  and 
is  equivalent  to  the  stirring  force  introduced  by  Yakhot  and  Orszag  (19j.  As  was  shown  in  [20],  the  effect  of 
the  localized  random  stirring  on  the  2-D  flow  field  in  the  RNG  formalism  is  equivalent  to  introducing,  in  the 
renormalized  equation,  of  the  spatially-  and  temporarily-distributed  forcing  with  the  correlator 


<  ((k,n){(k',n')  >=  2Dok-**\2r)*-^^6(]c  +  k')«(n  -b  ft'). 


(4) 


where  y  and  D»  are  different  for  ifc  <  Ik.  and  k  >  The  region  i  <  fc,  corresponds  to  the  inverse 
energy  cascade  for  which  y  =  2  and  Do  <xe,t  being  the  constant  energy  injection  rate;  the  region  k  > 
corresponds  to  the  direct  enstrophy  cascade  with  the  constant  rate  in  that  region  Doccff  and  y  =  4. 

Similarly  to  the  ease  cf  purely  two-dimensional  turbulence  [20),  Fourier-coeflScients  of  the  relative  vor- 
ticity  can  be  separated  into  “small  scale”  and  “large  scale”  modes,  C^(*)  where  0  <  fc  <  A„ 

Ao  being  the  vorticity  analog  of  the  Kolmogorov  length  scale,  i.e.,  the  scale  of  the  viscous  dissipation  of 
enstrophy.  Then,  the  modes  firom  the  mterval  A,  -  i A,  <  ifc  <  A,  are  eliminated;  the  remaining  modes  C^(  fc) 
are  defined  over  a  reduced  domain  0  <  ifc  <  A«  -  ^A,.  Equation  (2),  written  for  C'^(*).  o.ow  contains  a  new 
(subgrid)  term  accounting  for  the  unresolved  scales;  its  Fourier-transform  represents  correction  to  the  Green 
function  defined  by  Eq.  (3)  and  is  the  same  as  given  in  [20]: 

,  f  (1 . G,i - « ic«,|. (5) 


where  denotes  an  integration  over  the  band  of  wave  numbers  being  removed.  Frequency  integration  is 
straightforward;  in  the  limit  ft  -*  0  the  subgridscale  correction  to  the  Green  function  becomes 


6G(k)-‘  =  fc- 


,  /•>  /j_ _ \\  P(g)[ifcV-(k  -q)»]  d*q 

J  V?*  ”  lq-k|V  2M9)iA‘(9)  +  Mk-9)l(2»)^’ 


(6) 


where  n(q)  =  vq^  +  Considering  the  limit  ifc  -►  0  and  retaining  only  the  terms  up  to  O(k^),  one 

calculates  corrections  to  5  and  i/  given  by  £?(*"* )  and  O(k^)  terms,  respectively.  It  can  be  easily  seen  that  in 


the  process  of  infra-red  renormaUzation  Eq.  (6)  produces  only  C?(Jfc"),  n  >  0  terms,  which  essentially  means 
that  the  5-term  does  not  renormalize.  Although  this  result  has  been  implied  in  all  large-scale  geophysical 
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modeling,  it  is  non-trivial  and  its  mathematical  justification  has  not  been  widely  discussed.  Still,  the  J-tenn 
renormalization  is  possible  if  an  ultra-violet  (it  — »  oo)  renormalization  is  considered. 


3.  Renormalized  Viscosity  and  Energy  Spectra 

The  0{k^}  terms  generate  an  integro-differential  equation  for  R\G  viscosity  i/(k).  This  equation  can 

be  re-ceisted  in  terms  of  the  non-dimensional  parameter  M  =  t/k^/3: 

dM{x,0)  3  M  1  1  1  dd  F(M.6.o) 

dx  “  9  - «  ‘  X  2  ■  9  -  <  ■  2ff  /,  2)r  ^  ‘  * 


where  <  =  4-f-y  —  d,  x  =  Dak*~'/3^  and 

dxt  a  j.\  (1  -  cos*  -  6co8*  -f  cos{tf -I- ^)costf[cos0  -  2cos(tf -I- ^)cosd]} 

- - .Vf»-^cos*(d  +  d) - ■ 


The  renormalized  viscosity  i/(k)  given  by  Eq.  (7)  is  depicted  in  Fig.  1  in  cylindrical  surface  coordinates. 


Figure  1.  Renormalized  viscosity  i/(k). 


One  can  see  that  for  relatively  large  wave  vectors,  x  »  1,  i/(k)  is  isotropic  and  is  growing  monotonically  as 
it"'/*  with  decreasing  k,  consistently  with  the  results  for  purely  2-D  turbulence  [20).  The  anisotropy  induced 
by  the  3-eSect  develops  as  ir  -*  0;  while  »'(k)  grows  sharply  for  ^  6  [T/4,3ir/4)  and  ^  6  |5t/4,7t/4],  it 
abruptly  decreases  to  zero  along  ^  =  0,  z.  Such  a  behavior  of  (/(k)  causes  singularity  in  Eq.  (7)  at  z  »  0.04 
thus  making  its  ntimerical  solution  impossible  at  smaller  wave  numbers. 

The  relative  importance  of  processes  associated  with  turbulence  and  Rossby  waves  cim  be  measured 
by  the  ratio  of  the  respective  time  scales,  the  turnover  time,  Ti,  =  (i/fc*)”*,  and  the  Rossby  wave  period, 
rn  =  (^cos^/k)-‘: 

lii  _  _  cosd 

tr  ./Ifc* 
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For  .  •orDuience  dominates,  while  in  the  ran^e  f(,,  fR  >  1.  Rossby  waves  prevail.  Figure  2a  shows 

rhe  behavior  .)i‘  'i,,  'R  =  cos  a/Mik.  a  !■  One  I'an  see  that  at  large  k.  this  ratio  is  smaller  than  I  and  the  tiow 
IS  turbulence-dominated.  .\t  j  <  1.  the  ratio  becomes  substantially  anisotropic:  it  remains  much  smaller 
than  1  for  the  directions  close  to  d  =  ±)r/2  but  rapidly  increases  in  the  vicinity  of  <>  =  0  and  t  Figure 
2b  shows  only  the  region  where  c,^/tr  >  1.  which  is  dominated  by  Rossby  waves.  One  can  see  that  this 
region  excludes  the  vicinities  of  o  =  2:t/2  where  Rossby  waves  cannot  propagate:  the  effect  of  Rossby  waves 
dramatically  increases  as  t  — •  0.  particularly  along  o  =  0.  t. 


Figure  2a.  Turbulence  to  Rossby  waves  pigure  2b.  Region  of  Rossby  waves 

time  scales  ratio.  cos<i>/A/(fc.d).  domination.  cos0/M(k,ip)  >  1. 

These  results  indicate  that  as  fc  ->  0,  the  d-term  significantly  affects  the  nature  of  the  flow  field  making 


it  anisotropic  and  either  turbulence-  or  waves-dominated.  One  would  expect  that  the  energy  spectrum  would 
also  become  o-dependent  and  thus  an  anisotropic  spectrum  E(k.c)  must  be  considered. 

The  energy  spectrum.  E{k,ip),  can  be  related  to  the  vorticity  correlator  U(k,0)  which  in  turn  can  be 
expressed  in  terms  of  the  stirring  force  correlator: 

=  (10) 
U(k.0)  =  C^fk)  =<  CdOCi-k)  >=  ^ 

Figures  3a.b  show  compensated  energy  spectra  and  respectively.  One  can  see  that 

for  large  k.  E(k,<p)  is  isotropic  and  proportional  to  which  is  characteristic  of  the  energy  subrange  of 

purely  2-D  turbulence.  .\s  k  —  0.  the  spectral  anisotropy  develops:  Fig.  3b  indicates  that  Effc.  ®)  ot  is  a 
good  approximation  for  o  =  0,  ir.  One  could  speculate  that  this  spectrum  is  generated  by  strongly  interacting 
non-linear  Rossby  waves.  One  should  note,  however,  that  the  spectrum  is  rather  qualitative  since  it 
occupies  a  very  small  range  of  k  and  therefore  should  be  taken  cautiously. 
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Figure  3a.  Compensated  energy  spectrum,  Figure  3b.  Compensated  energy  spectrum. 

4.  Two-Parametric  Viscosity  and  Spectral  Energy  IVansfer 

The  R.N'G  viscosity  given  by  Eq,  (7)  characterizes  the  flow  field  in  the  limit  fc  — »  0;  it  allows  to  calculate 
spectra  of  energy  and  enstrophy  but  does  not  directly  relate  to  their  transfer.  To  gain  a  deeper  insight  into 
energy  and  enstrophy  transfer  processes,  a  two- parametric  viscosity,  i/(fc|l:c).  should  be  introduced  following 
Kraichnan  [21].  This  quantity  is  a  measure  of  enstrophy  and  energy  transfer  from  ail  subgrid  wave  numbers 
outside  of  the  circle  limited  by  the  cut-off  wave  number  kf  to  the  given  wave  number  k,  k  <  k^.  The 
two-parametric  viscosity  correctly  accounts  for  the  direct  enstrophy  and  inverse  energy  cascades,  it  implies 
energj  and  enstrophy  conservation  and  it  was  shown  in  [21]  to  be  a  powerful  tool  for  description  of  isotropic 
2-D  turbulence. 

The  R-NG-based,  3-D.  spectral  energy  transfer  der^-^tion  was  given  in  [22].  Similar  procedure  can  be 
performed  for  the  vorticity  equation  describing  2-D  turbulence  (20|;  it  is  based  on  a  fixed  point  solution  for 
the  resolved  scales,  i,’^(k)  =  Gr(,  Gr  being  the  renormalized  Green  function,  and  leads  to  the  enstrophy 
equation  in  the  second  order  of  <-expansion: 


T(k,t)  =y^T{k,p,q.t)dpdq, 


r(k.p.q)  =  9_k,p,,(p’  -^^)sina  -  ^l^i;(q)t;(k) 


-p’ 


+  similax  tenna. 
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Here,  a  is  an  angle  between  the  vectors  p  and  q;  k,  p,  q  form  a  triangle,  k  +  p  +  q  =  0,  and  the  integration 
domain,  D.  is  defined  by  Ik  —  p|  <  9  <  ib  +  Note  that  Eq.  (12)  depends  not  only  on  k,  but  also  on  its 
direction,  in  anticipation  of  the  anisotropy  introduced  by  the  5-term.  Not  shown  in  (14)  are  the  terms  that 
correspond  to  the  mirror  image  of  the  triangle  with  respect  to  k. 

In  the  limit  t  -♦  00,  an  anisotropic  two-parametric  viscosity,  i/(k|kc),  is  defined  by 


v(k|kc)  = 


T(k|k,) 

2k»i;(k)’ 


(15) 


where 


r(k|kc)  =  y‘j^T(k.p,q)dpdq, 


(16) 


and  where  A  denotes  integration  over  all  such  triangles  that  p  and/or  q  are  greater  than  kc-  For  the  5'Plane 
turbulence,  the  triad  relaxation  time,  0-k,p.q<  In  (14)  is  ^ven  by 


Q _ »4c  •H'p  -H^q _ 

(iq, -bl/p l/q)* +  (w-k +Ulp -f  ulq)*’ 


(17) 


where 

tq,  =  «/(k)k*  and  ivk  =  (18) 

Expressions  similar  to  (12-14,  17,  18)  were  derived  in  [15)  based  on  a  Test  Field  Model. 

It  is  useful  to  mention  that  if  M(k)k/k,  +  ilf(p)p/pc  +  M(q)qlqt  0,  then 


Q-k,p,q  -♦  »tf(w-k  +Wp  d-Wq), 

which  corresponds  to  the  results  obtained  from  weak  turbulence  theory  [12,  23,  24];  expression  (13)  is  then 
converted  into  Boltzmann  integral  of  the  kinetic  theory. 

Figure  4  presents  t/(k|ke)  for  isotropic  2-D  turbulence  (5  =  0)  calculated  using  the  RNG  viscosity  (here, 
the  angular  integration  has  been  performed).  Similarly  to  [21],  v(k\kt)  in  this  case  has  a  sharp  positive  cusp 
near  k^  and  becomes  negative  as  k  -»  0.  Ntimerical  values  of  the  RNG-based  »'(k|kc)  are  close  to  those 
derived  in  [21], 


Figure  4.  Two-parametric  viscosity  for  isotropic  (5  =  0)  2-D  turbulence,  i/(k|kc). 
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Figure  5»  shows  an  angle-dependent,  RNG-baaed  i^lklic)  for  isotropic  2-D  turbulence  =  0).  Obvi¬ 
ously.  it  is  the  body  of  revolution  formed  by  the  curve  shown  in  Fig.  4.  The  isotropy  of  Fig.  5a  is  broken  in 
Fig.  5b.  where  u(k]k^)  is  shown  for  Xc  =  =  10*.  For  approximately  0.5  <  k/k^  <  1.  the  d-effect 

is  weak  and  i/(k|i:c)  behaves  quite  similarly  to  the  purely  2-D  turbulence;  there  is  a  sharp  positive  cusp 
and  then  i/(k\k^)  becomes  negative.  As  i  -•  0,  the  effect  of  the  d-term  becomes  stronger;  t/(kikc)  remains 
negative  in  the  vicinity  of  9  =  ±ir/2  but  increases  in  other  directions.  The  negativeness  of  i/(k|fcc)  along 
0  =  ±ir/2  is  indicative  of  the  strong  inverse  energy  transfer  to  these  directions  which,  in  physical  space, 
corresponds  to  a  zonal  flow  u  =  u(y).  This  is  an  important  result  demonstrating  that  zonal  flows,  typical  of 
the  Earth's  and  planetary  circulations  (25,  26]  can  be  generated  and  maintained  by  the  quasi-2-D  turbulence 
on  the  d-plane,  forced  at  relatively  small  scales. 


Figure  5a.  Two-parametric  viscosity  for  isotropic  (d  =  0)  2-D  turbulence,  (/(k|ke). 


To  single  out  the  mechanism  causing  i/(k|kc)  to  remain  negative  along  ^  =  ±ir/2  for  small  k,  which  is 
the  mechanism  of  zonalization  in  the  physical  space.  i/(k|*c)  was  calculated  with  the  RNG-based  vorticity 
correlator  (11)  for  isotropic  turbulence,  such  that  the  ff-Urm  was  retained  only  in  the  relaxation  time, 
e-k.p.,.  Figure  5c  shows  that  ./(k|*c)  in  this  case  has  the  same  general  features  as  the  two-parametnc 
viscosity  calculated  with  the  fuU  model.  Fig.  5b.  Particularly,  strong  negative  values  along  ^  =  ±ir/2  are 
also  present  in  Fig.  5c.  This  result  indicates  that  the  zonalization  is  rather  the  result  of  the  0-eSect  on 

©-k.p.q  than  on  the  correlator  lf(k). 
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Figure  5c.  Two-parametric  viscosity  »'(k(tc)  with  isotropic  6'^(k),  Xc=8.0. 


Finally,  let  us  consider  the  spectral  energy  transfer,  7i(k|ifce)  =  21t*i/(k|ifce)E(k).  By  definition,  this 
fimction  accounts  for  the  total  energy  transfer,  which  may  be  due  to  turbulence  or  non-linear  waves.  Figure 
6  shows  7^(k|kc)  calculated  for  Xc  =  10^.  For  relatively  large  k,  the  spectral  transfer  function  behaves 
similarly  to  ^(klkc).  Fig.  5b.  However,  as  k  — *  0,  'Ii(k!fce)  develops  two  negative  dips,  along  ^  =  ±ir/2 
and,  much  stronger,  along  ^  =  0,ir.  The  former  has  been  identified  earlier  with  the  fiow  zonalization.  The 


•luerpretation  ot  the  latter  is  more  subtle.  As  was  shown  on  Fiij.  2b.  the  region  m  the  vicinity  of  the 
dips  aior.ii  ;  =  0.  t  is  strongly  dominated  by  Rossby  waves.  Thus.  T,ik;ir,  i  is  consistent  with  this  result 
showing  that  along  with  the  energy  flux  into  a  zonal  flow  there  is  also  a  significant  energy  flux  into  zonaily 
propagating  Rossby  waves.  The  arising  structure  of  the  large-scale  flow  consisting  of  zonal  jets  and  zoniuly 
propagating  Rossby  waves  is  consistent  with  results  of  numerical  simulations  fl4.  ISj 


Figure  6.  Spectral  energy  transfer,  7;(k(lfec),  *c  =  10*. 


5.  Conclusions  and  Discussion 

Renormalization  Group  theory  of  tiubulence  was  applied  to  barotropic  vorticity  equation  on  the  i^-plane. 
In  this  framework,  the  complex  interaction  between  2-0  turbulence  and  Rossby  waves  was  studied  from  first 
principles.  It  was  shown  that  at  relatively  small  scales,  the  /^-effect  is  weak  and  the  flow  structure  resembles 
that  of  purely  2-D  turbulence.  At  large  scales,  the  d-effect  dominates  and  results  in  anisotropization  of  the 
renormalized  viscosity  and  energy  spectrum.  Consideration  of  the  spectral  energy  transfer  reveals  that  as 
1;  -•  0.  the  energy  is  preferably  transmitted  to  zonal  flows  and  zonally  propagating  Rossby  waves.  This  study 
provides  the  first  analytical  evidence  that  zonaJ  flows  can  be  sustained  by  2-D  turbulence  on  the  J-plane. 

Two  problems  of  the  method  should  be  mentioned.  First,  the  forcing  introduced  in  (2)  is  assumed 
isotropic.  It  is  not  clear  a  pnon  if  it  indeed  is  isotropic  at  large  scales  where  d-eflect  is  significant.  Second,  it 
was  shown  that  the  d-teim  does  not  renormalize  in  infra-red  renormalization.  It  is  possible  that  the  situation 
will  change  in  the  process  of  ultra-violet  renormalization.  Then,  the  renormalized  $  will  characterize  the 
Rossby  frequency  shift.  Such  a  shift  was  disctissed  in  [12.  23,  27]  but  whether  or  not  it  indeed  exists  is  not 
clear  at  the  present  time.  Both  problems  are  difficult  and  require  further  investigation. 


A6-10 


Acknowledgment* 

This  research  has  been  partially  supported  by  ONR  Grant  N00014-92-J-1363  and  NSF  Grant  OCE 
9010851. 


REFERENCES 

[1]  J.  C.  McWilliams.  J.  Fluid  Mech.  146,  21  (1984). 

[2]  V.  D.  Larichev  and  J.  C.  McWilliams,  Phys.  Fluids  A3,  938  (1991). 

[3]  M.  Briscolini  and  P.  Santangelo,  IBM  J.  Res.  Devel.  35,  119  (1991). 

[4]  R.  C.  Kloosterziel  and  G.  J.  F.  van  Heijst,  J.  Fluid  Mech.  223,  1  (1991). 

[5]  P.  Tabeling,  S.  Burkhart,  O.  Cardoso  and  H.  Willaime,  Phys.  Rev.  Lett.  67,  3772  (1991). 

[6]  M.  E.  Maltrud  and  G.  K.  Vallis,  J.  Fluid  Mech.  228,  321  (1991). 

[7]  H.  D.  I.  Abarbanel  and  W.  R.  Young,  eds.  General  Circulation  of  ike  Ocean.  Springer- Verlag  (1987). 

[8]  P.  B.  Rhines,  Ann.  Rev.  Fluid  Mech.  11,  401  (1979). 

[9]  G.  HoUoway,  J.  Fluid  Mech.  184,  463  (1987). 

[10]  J.  C.  McWilliams,  J.  Fluid  Mech.  168,  199  (1989). 

[11]  R.  Kraichnan  and  D.  Montgomery,  Rep.  Prog.  Phys.  43,  547  (1980). 

[12]  G.  Holloway,  Ann.  Rev.  Fluid  Mech.  18,  91  (1986). 

[13]  A.  Mirabel  and  A.  S.  Monin,  Adv.  Mech.  Poland  2,  47  (1979). 

[14]  P.  B.  Rhines,  J.  Fluid  Mech.  69,  417  (1975). 

[15]  G.  Holloway  and  M.  C.  Hendershott,  J.  Fluid  Mech.  82,  747  (1977), 

[16]  R.  H.  Kraichnan,  J.  Fluid  Mech.  47,  513  (1971). 

[17]  C.  Basdevant,  B.  Legras,  R.  Sadotimy  and  B.  B^and,  J.  Atmos.  Sci.  38,  2305  (1981). 

[18]  G.  P.  Williams,  J.  Atmo*.  Set.  35,  1399  (1978). 

[19]  V.  Yakhot  and  S.  A.  Orszag,  J.  Sci.  Comput.  1,  3  (1986). 

[20]  S.  Sukoriansky  and  I.  Staroeelsky,  43rd  Aimual  Meeting  of  APS,  Div.  Fluid  Dynamics  (1990). 

I.  Staroeelsky  and  S.  Sukoriansky,  Renormalization  Group  Approach  to  Two-Dimensional  Turbulence. 
In:  Advance  in  Turbulence  Reteareh,  Progress  Series  of  the  AIAA,  in  press. 

[21]  R.  H.  Kraichnan,  J.  Atmos.  Sd.  33, 1521  (1976). 

[22]  W.  P.  Dannevik,  V.  Yakhot,  and  S.  A.  Orszag,  Phys.  Fluids,  30,  2021,  1987. 

[23]  G.  K.  Camevale  and  P.  C.  Martin,  Geophys.  Astrophys.  Fluid  Dyn.,  20, 131  (1982). 

[24]  R.  Salmon,  Geostrophic  Turbulence.  In;  Topics  in  Ocean  Phyeies,  Proc.  Int.  Sck.  Phys.  Enrico  Fermi, 
Vorenna,  Italy,  30  (1982). 

[25]  J.  Pedloeky,  Geophysical  Fluid  Dynamics,  Second  Edition.  Springer- Verlag  (1987). 

[26]  A.  P.  IngersoU,  Science,  248,  308  (1990). 

[27]  B.  Legras,  Geophys.  Astrophys.  Fluid  Dyn.,  15,  253  (1980). 


A6-11 


DIFFERENTIAL  DIFFUSION  OF  PASSIVE  SCALARS 
IN  STATIONARY  ISOTROPIC  TURBULENCE 


P.K.  Yeung  t  »n<l  S.B.  Pope  t 

t  School  of  Aerospece  Engineenng 
Georgia  Institute  of  Technology 
Atlanta,  GA  30332.  U  S  A. 

I  Sibley  School  of  Mechanical  and  Aerospace  Engineering 
Cornell  University 
Ithaca,  NY  14853,  U.S.A. 


ABSTRACT 

The  differential  diffusion  of  passive  scalars  of  different  diffusivities  is  studied  by  direct  numerical  sim¬ 
ulations  of  statistically  stationary  isotropic  turbulence  at  low  Reynolds  number.  The  statistical  correlation 
between  different  scalars  is  closely  linked  to  that  between  the  gradients  of  different  scalars.  At  small  times  the 
scalars  de-correlate  fairly  rapidly,  at  a  rate  proportional  to  the  square  of  the  diffusivity  difference.  At  large 
times  the  variance  of  each  scalar  decays  exponentially  in  time  at  a  slightly  different  rate,  and  the  correlation 
coefficients  continue  to  decrease,  but  only  slowly.  The  question  of  whether  the  scalars  ultimately  become 
mpletely  de-correlated  (and  remain  so)  requires  further  investigation. 

INTRODUCTION 

If  two  passive  scalars  of  different  molecular  diffusivities  are  introduced  into  a  turbulent  flow  and  made 
identical-valued  at  some  initial  time  instant,  differing  rates  of  diffusion  cause  them  to  subsequently  become 
displaced  and  statistically  de-correlated  from  each  other.  This  phenomenon  of  differential  diffusion  has  impor¬ 
tant  effects  on  the  structure  of  turbulent  flames  in  which  multiple  diffusing  species,  including  heat,  of  different 
diffusivities  are  almost  always  involved. 

Most  theoretical  models  of  turbulent  diffusion  flames  effectively  ignore  differential  diffusion  by  assuming 
(a)  the  molecular  diffusivities  of  all  species,  and  of  heat,  to  be  equal,  and  (b)  the  effects  of  molecular  diffusion 
to  be  negligible  compared  to  turbulent  diffusion.  Assumption  (a)  is  equivalent  to  taking  the  Lewis  numbers  of 
all  species  to  be  unity.  These  assumptions  lead  to  great  simplifications.  However,  Bilger  and  Dibble  '  pointed 
out  that  they  are  questionable  at  the  low  and  moderate  Reynolds  numbers  often  encountered  in  turbulent 
flames.  More  recently,  based  on  results  reported  by  Chen  e(  of.  *,  Pope  *  noted  that  methods  based  on  the 
equal-diffusivities  assumption  could  not  match  experimental  data. 

As  a  basic  fluid  mechanics  problem,  the  mixing  of  muUtple  scalars  is  not  well  understood,  perhaps 
considerably  less  so  than  the  mixing  of  a  single  scalar.  For  instance,  there  is  little  definite  knowledge  of 
the  time  scale  on  which  two  initially  identical  scalars  de-correlate,  and  of  whether  the  correlation  coefficient 
between  the  two  scalars  attains  a  non-sero  asymptotic  value  at  large  times.  These  are  questions  we  address 
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in  ihe  present  «ork 

We  -.de:  the  diiTerentiai  diffusion  between  three  passive  scaiars  (taken  in  pairs)  in  numerically 
simulated  >  •  r  .pit  turbulence.  To  provide  a  simplified  setting  in  which  to  study  the  scalars,  the  hydrodynamic 
field  is  kept  statistically  stationary  in  time  using  the  forcing  scheme  of  Eswaran  and  Pope  *■  Direct  numerical 
simulations  are  .-arried  out  using  the  pseudo-spectral  algorithm  of  Rogallo  ‘  on  a  64^  gnd.  The  time-averaged 
Taylor  scale  Reynolds  number  is  38.  corresponding  to  one  of  the  (hydrodynamic)  simulations  of  Yeung  and 
Pope  Three  initially  Gaussian-distributed  passive  scalars  <Pi,  ^  and  9],  at  Schmidt  numbers  (5c)  0.25. 
0.5  and  1.0  respectively  are  introduced  into  the  flow  and  allowed  to  evolve.  High  wavenumber  spectra  of  the 
scalars  are  well  resolved  at  these  Schmidt  numbers.  After  a  transient  period  the  decay  of  scalar  variances 
becomes  approximately  exponential  in  time,  consistent  with  the  results  of  Eswaran  and  Pope  '.  Subsequently 
01  and  Oi  are  made  identical  to  Oj  (the  scalar  with  unity  Schmidt  number).  Differential  diffusion  effects 
become  important  in  the  ensuing  evolution. 

Our  results  show  that  the  correlation  coefficient  decays  rapidly  at  early  times,  but  more  slowly  at  later 
times.  The  small-time  behavior  is  compared  to  an  approximate  analysis  of  the  pure  diffusion  equation  (with 
velocity  field  removed).  The  difference  in  diffusivities,  rather  than  the  ratios  between  them,  is  an  important 
parameter.  At  large  times  the  ensemble- averaged  correlation  coefficients  appear  to  change  slowly  with  no  clear 
indication  of  approaching  asymptotic  values. 

In  the  following  sections,  we  give  the  basic  equations  governing  differential  diffusion,  and  an  overview 
of  the  numerical  simulations.  Results  are  then  presented  for  discussion.  The  path  of  further  investigations  is 
addressed. 


BASIC  EQUATIONS 


Consider  a  set  of  <t  passive  scalars  evolving  in  a  field  of  homogeneous  isotropic  turbulence. 

In  the  absence  of  mean  scalar  gradients,  the  mean  value  of  each  scalar  may  be  taken  to  be  sero  without  loss 
of  generality.  Then  the  fluctuation  of  each  scalar  da  (a  =  with  no  sum  over  Greek  indices)  evolves  by 

the  equation 


X  -  n 

dt  **  dz,  “  dx,dx,  ' 


(1) 


where  u,  =  u,(£)  is  the  fluctuating  velocity  field,  and  Da  is  the  diffusivity  of  the  scalar  da-  The  diffusivity 
is  constant  but  (in  general)  different  for  each  scalar.  As  mixing  proceeds,  the  scalar  variance  (di)  decays 
according  to 


(2) 


where  Xa  the  dissipation  rate  of  the  scalar  da- 

In  studies  of  differential  diffusion  the  covariance  of  two  scalars,  (dads)<  important.  It  evolves  by 


a(dada) 

dt 


—  {Da  +  Dg) 


(3) 


where  Xai  denotes  the  “joint"  dissipation.  (Unlike  Xa>  when  a  ^  0,  Xma  >*  not  necessarily  positive.)  From 
Eqs.  2  and  3  it  may  be  shown  that  the  cross-correlation  coefficient  between  the  scalars  da  and  ds.  i-e.. 
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evolvtfs  bv 


3  1 

=  >1;  a>j).''^'V'-''<l>l,''<»a,  taj  -  -  'Oj.  Xa)'  ■ 


(4) 


-^a'  ■^a«  '«*'  -> ' 

Equation  4  may  be  viewed  as  a  "budget”  equation  for  the  two-scalar  cross-correlation  coefficient.  This 
equation  directly  confirms  two  qualitative  expectations.  First,  consider  that  the  two  scalars  be  made  identical 
valued  at  some  initial  instant  (q.  Since  the  scalar  fluctuations  are  differentiable  in  time,  a  simple  Taylor 
expansion  shows  that  the  correlation  coefficient  must  depart  from  unity  quadratically  in  time.  Consistent 
with  this  (act,  Eq.  4  indicates  that  dpaj/dt  =  0  at  t  =  to-  The  second  expectation  is  that  if  the  variances  of 
both  scalars  as  well  as  the  their  covariance  decay  exponentially  with  time  at  the  same  rate,  then  their  cross¬ 
correlation  coefficient  does  not  change.  In  this  case  {<^1),  (0^)  and  {^a<P9)  ue  all  proportional  to  exp(-ct), 
where  c  is  some  positive  constant.  Substituting  the  corresponding  forms  for  the  dissipations  (via  Eqs.  2  and 
3)  in  Eq.  4  again  leads  to  a  vanishing  time  derivative  for  the  two-scalar  correlation  coefficient. 

Clearly,  the  correlation  between  the  gradients  of  two  scalars,  through  the  joint  dissipation,  plays  an 
important  role.  In  the  results  section,  we  study  the  dynamics  of  the  correlation  between  pairs  of  scalars  and 
between  their  gradients  with  reference  to  the  equations  presented  above. 


OVERVIEW  OF  SIMULATIONS 


The  exact  Navier-Stokes  equations  are  solved  together  with  the  scalar  transport  equation  (1)  numeri¬ 
cally  to  obtain  velocity  and  scalar  fluctuations.  This  is  accomplished  by  carrying  out  direct  numerical  simu¬ 
lations  (DNS)  of  homogeneous  isotropic  turbulence  using  the  Fourier  pseudo-spectral  algorithm  of  Rogallo  * 
in  the  form  implemented  by  Yeung  and  Pope  *.  The  solution  domain  is  a  64*  uniform  grid  with  periodic 
boundary  conditions  imposed  in  three  dimensions.  The  hydrodynamic  field  is  made  statistically  stationary  in 
time  using  the  forcing  scheme  of  Eswaran  and  Pope  *.  The  time-averaged  Taylor-scale  Reynolds  number  is 
38,  with  all  hydrodynamic  statistics  corresponding  closely  to  those  of  the  first-listed  simulation  in  Yeung  and 
Pope  *.  (In  effect,  numerical  parameters  are  chosen  to  obtain  different  realizations  of  statistically  the  same 
flow.) 

The  scalars  are  introduced  first  using  Gaussian  distributed  random  numbers  in  conjunction  with  a 
specified  wavenumber  spectrum.  This  Gaussian  state  is  unphysical  because  it  implies  Gaussian  distributed 
scalar  gradients  as  well.  However,  when  the  scalar  is  allowed  to  evolve,  after  a  transient  period  it  attains  a 
self-similar  state,  independent  of  the  details  of  the  initial  spectrum.  Self-similarity  of  the  scalar  is  characterized 
by  approximate  exponential  decay  of  variance  with  time,  a  Gaussian  probability  density  function  (p-d.f.)  for 
the  scalar  but  not  for  the  gradients,  and  a  collapse  of  the  high- wavenumber  scalar  spectrum  under  Kolmogorov 
scaling.  The  case  of  5c  =  I  is  taken  as  reference,  and  after  it  has  remained  self-similar  for  a  few  eddy-turnover 
times,  two  other  scalars  at  Sc  —  0.25  and  Sc  =  0.5  are  introduced  and  made  identical- valued  to  the  Sc  =  I 
scalar.  We  choose  Schmidt  number  values  not  exceeding  unity  so  that,  like  the  hydrodynamic  field,  the  scalar 
fields  remain  well-resolved  at  the  small  scales.  The  drawback  is  that  for  small  Schmidt  numbers  (say  0.25) 
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the  sc»i«r  qoickiy  becomes  dominated  by  the  large  scales.  This  contributes  to  statistical  variability 

since  reiati-.'-  ■  >•'*■  amples  of  the  large-scale  modes  exist  in  the  solution  domain. 

I.'nus"  n'  '  ed  hydrodynamic  held,  the  scalar  helds  are  not  statistically  stationary  and  thus  time 
averages  are  not  taken.  Consequently,  each  run  represents  only  one  realization,  and  considerable  difTerences 
between  realizations  can  be  expected.  Indeed,  the  numencal  results  presented  in  this  paper  exhibit  sigruhcant 
statistical  variability,  especially  at  long  diffusion  times.  This  necessitates  performing  ensemble  averaging  over 
multiple  independent  realizations  that  are  statistically  identical  but  different  in  detail.  Different  realizations 
ate  created  by  introducing  randomness  via  the  initial  conditions,  and  via  the  forcing  scheme  which  is  based  on 
a  stochastic  process.  Since  each  simulation  covered  as  long  as  16  eddy-turnover  times,  the  velocity  and  scalar 
fields  at  the  beginning  and  end  may  be  considered  statistically  independent.  Thus,  the  final  conditions  for 
each  run  are  conveniently  taken  to  be  the  initial  conditions  for  the  next  run,  with  each  run  then  representing  a 
different  realization.  We  have  obtained  and  processed  11  realizations  in  this  manner.  For  the  forcing  scheme, 
since  only  a  small  number  of  large  scale  modes  are  forced,  insufficient  sampling  of  the  forced  modes  leads  to 
large  temporal  fluctuations  in  volume- averaged  flow  statistics,  as  previously  discussed  by  Yeung  and  Pope  *. 

Differential  diffusion  occurs  when  the  three  scalars  of  different  diffusivities  are  subsequently  allowed 
to  evolve  together.  Results  are  presented  in  the  next  few  sections.  For  convenience,  time  it  measured  from 
the  instant  at  which  the  scalars  are  made  identical,  and  the  scalar  variances  at  this  time  (called  iniftoi  time 
hereafter  in  this  article)  are  normalized  to  unity. 

RESULTS  AND  DISCUSSION 

In  this  section,  we  describe  and  discuss  the  temporal  evolution  of  scalar  variances,  covariances  and 
cross-correlation  coefficients.  The  behavior  at  small  and  large  times  are  separately  discussed  further.  In  view 
of  the  statistical  variability  at  (especially)  large  diffusion  times,  ensemble  averaging  is  performed  over  multiple 
realizations  created  in  the  manner  described  in  the  previous  section. 

Figure  1  shows  the  evolution  of  scalar  variances  and  covariances,  which  are  equal  at  the  initial  time  at 
which  the  scalar  fluctuations  are  made  identical  valued.  The  dissipation  of  scalar  fluctuations  by  mixing  occurs 
faster  for  more  strongly  diffusing  scalars  with  lower  Schmidt  numbers.  A  transient  period  necessarily  occurs 
during  which  the  scalars  adjust  to  the  different  rates  of  mixing.  At  large  times  the  data  suggest  exponential 
decay  of  the  variances  in  time,  represented  by  approximately  straight  lines  of  constant  slopes  on  the  linear-log 
plot.  Exponential  decay  at  large  times  was  also  observed  in  forced  stationary  turbulence  by  Eswaran  and 
Pope  ^  who  used  very  different  initial  conditions  for  the  scalars. 

True  exponential  decay  of  the  variance  implies  a  constant  decay  time  scale,  defined  at  the  ratio  of 
variance  to  dissipation.  Eswaram  and  Pope  ^  used  only  one  Schmidt  number  of  0.7.  To  compare  the  decay 
time  scales  of  different  scalars  of  different  Schmidt  numbers  among  themselves  and  to  that  of  the  velocity  field, 
we  show  in  Fig.  2  the  evolution  of  the  mechanical-to-scalar  time  scale  ratios 

»■»  =  («’/(«>)  (xJ{*i))  ■ 

(Here  q*/2  and  le)  are  the  mean  turbulence  kinetic  energy  and  dissipation  rate  respectively.)  Except  during 
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an  initial  trar,ii<-ni  period,  the  time  scale  ratio  ’•a  oaciliates  around  a  value  slightly  greater  than  5,  which  i( 
tjualitati’-''  •  ".-ij’fn;  with  the  results  of  Eswaran  and  Pope  ‘  tin  which  the  defiiutioa  of  scalar  dissipation 

was  half  ..it  i.-ed  ,n  this  paper).  However,  a  slight  but  systematic  dependence  of  the  decay  time  scale  on 
Schmidt  number  can  be  discerned.  Lower  Schmidt  number  is  seen  to  be  associated  with  a  larger  mechanical- 
to  scalar  time  scale  ratio,  and  hence  a  smaller  decay  time  scale  and  larger  decay  rate  for  the  scalar  variance. 

The  transient  period  observed  in  Fig.  2  appears  to  be  less  than  one  eddy-turnover  time.  Concurrent, 
the  spectra  of  the  two  imtially- perturbed  scalars  (5c  =  0.25  and  0.5)  are  found  to  adjust  rapidly  to  a  statis¬ 
tically  steady  shape  under  Kolmogorov  scaling.  Figure  3  shows  the  scaled  strady-state  spectra  for  all  three 
scalars,  using  the  the  same  scaling  as  Kerr  The  spectra  are  well  resolved,  with  small  or  no  turn-up  at 
the  high  wavenumber  end.  The  spectral  collapse  at  later  times  is  consistent  with  self-similar  decay  of  each 
scalar.  The  p.d.f.  of  each  scalar  remains  near-Gaussian  throughout  the  simulations.  We  also  observe  that,  as 
expected,  the  spectra  of  scalars  of  lower  Schmidt  numbers  have  more  low  wavenumber  content. 

Figure  4  shows  the  correlation  coefRcient  between  the  Sc  =  0.25  and  5c  =  1  scalars  for  11  different 
realizations,  up  to  16  eddy-turnover  times.  This  pair  of  scalars  has  the  largest  diifusivity  difference  among 
the  three  scalars  used.  The  sample  mean  and  standard  deviation  are  also  indicated.  It  may  be  seen  that  at 
early  times  (less  than  one  eddy-turnover  time)  the  correlation  coefficient  decreases  fairly  rapidly  with  little 
statistical  uncertainty.  In  contrast,  the  different  realizations  differ  widely  at  later  times.  The  possibility  of 
asymptotic  values  at  large  times  is  explored  further  at  the  end  of  this  section. 

The  correlation  coefficients  of  all  three  ptits  of  scalars  are  compared  in  Fig.  5.  Besides  the  sample 
means.  90?%  confidence  intervals  for  the  ensemble  averages  are  also  indicated.  (That  is,  at  each  given  time  the 
ensemble-averaged  correlation  coefficient  falls  inside  the  marked  intervals  with  90%  probability.)  Differential 
diffusion  between  the  5c  =  0.25  and  5c  =  1  scalars  is  clearly  much  more  pronounced  them  for  the  other  two 
pairs.  The  pairs  5c  =  0.25,0.5  and  5c  =  0.5,  l.O  share  the  same  diffusivity  ratio.  However,  the  correlation 
coefficient  is  consistently  lower  for  the  former — i.e.,  the  pair  with  higher  diffusivities  and  larger  diffusivity 
differences. 

.According  to  Eq.  3,  the  rate  of  de-correlation  of  scalar  fluctuations  is  tied  to  the  de-correlation  of 
the  gradients  of  different  scalars.  Figure  6  shows  the  evolution  of  the  scalar-gradient  correlation  coefficients 
gaa  (defined  similarly  to  p^a)  averaged  over  different  realizations  and  (in  view  of  isotropy)  over  different 
coordinate  components.  Clearly,  the  scalar  gradients  are  persistently  more  strongly  de-correlated  than  the 
scalars  themselves.  Statistical  variability,  as  measured  by  the  size  of  the  confidence  intervals,  is  substantially 
less  than  that  for  ‘he  scalars.  Since  the  gradients  are  more  closely  related  to  the  small  scales,  this  comparison 
is  consistent  with  the  expectation  that  the  statistical  uncertainty  arises  mainly  at  the  large  scales.  At  large 
times  the  correlation  coefficient  between  the  scalar  gradients  appears  to  approach  a  quasi-steady  value,  or  at 
least  changes  very  slowly. 

Small-time  behavior 

At  sufficiently  small  times  it  is  natural  to  expect  differential  diffusion  to  be  largely  determined  by 
the  small  scales  (which  have  the  shortest  time  scales)  at  which  molecular  effects  are  most  important.  Thus 
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&n  ipproxinsA'.'  in&iysis  c&a  be  inkde  bMed  on  the  pute  diffuiion  equntion,  (£<)•  I  with  the  ndvective  term 
removed  i 

^  .  (5) 

Let  Oaifc.M  be  the  Fourier  transform  of  the  scalar  field  t).  where  k  is  the  wave-vector  with  magnitude 
k.  The  Fourier  space  equivalent  of  Eq.  5  is 


doa 

W 


=  -Dak^0a  , 


(6) 


which  upon  integration  gives 

®a(*,f)  = '^(4)exp(-£)a**t)  .  (7) 

where  the  subscript  ‘O'  denotes  initial  conditions  which  are  identical  for  all  scalars.  The  scalar  spectrum  is 
given  by 

£«a(fc,t)  =  («»«;)  =  £o(fc)exp(-2£».Jfe*t)  .  (8) 

and  so  the  variance  can  be  expressed  as 


=  f  £a(k)exp{-2Dak*t)dk  , 


(9) 


where  the  integral  is  taken  over  all  Fourier  modes.  Similarly,  the  covariance  is  given  by 

{<t>a<»0)  =  J  Eo{k)«xp[-(D,  T  Di)k*t\dk  . 


(10) 


The  correlation  coefficient  is  hence 

{/£o(4)e-*®**''dk/£o(4)e-»®-*’'d4}>/»  • 

By  expanding  the  exponentials,  {^a9a)  can  be  written  in  terms  of  even  moments  of  the  initial  scalar  spectrum: 

^  =  J  Eo(k)krdk  ,  (12) 


where  p  =  0,2.4, ...,  and  Iq  is  just  the  initial  variance. 

Consider  now  times  so  small  that  Eq.  11  can  be  expanded  as  a  binomial  series,  with  higher  order  terms 
neglected.  After  straightforward  algebra,  the  final  result  is: 

=  I  -  \{D^  -  DaflU/lo  -  ^  0{t*)  .  (13) 

The  factor  U,  lo  -  (/]//o)’  depends  on  the  shape  of  the  initial  scalar  spectrum.  In  general,  /4//0  >  (h/h)*, 
so  that  pad(t)  initially  decreases  quadratically  with  time.  This  analysis  also  shows  that,  at  least  initially,  the 
rate  of  de-correlation  is  proportional  to  the  square  of  the  diffusivity  difference.  The  result  (13)  is  compared 
to  numerical  data  in  Fig.  7.  To  accentuate  the  quadratic  behavior,  we  have  plotted  1  -  Pan(f)  versus  time  on 
log-log-scales.  Since  the  early  time  evolution  is  a  small  scale  process,  time  is  normalised  by  the  Kolmogorov 
time  scale  (which  is  0.136  Te  in  this  flow).  The  agreement  is  evidently  close  at  sufficiently  small  diffusion 
times.  Also,  the  range  of  validity  of  ( 13)  is  longer  for  lower  Schmidt  numbers  at  which  the  diffusive  effects  are 
stronger  compared  to  the  convective  effects. 

I 
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Th?:*-  -  r.aturai  interest  in  whether  the  scalar  and  scalar- gradient  correlation  coefficients  approach  zero, 
representing  complete  de-correlation,  or  other  asymptotic  value  at  tong  enough  diffusion  times.  Figures  5  and  6 
indicate  that  asymptotic  values,  if  they  do  occur,  are  not  yet  reached  after  16  eddy-turnover  times.  Within  the 
limits  of  statistical  uncertainty,  the  correlation  coefficients  show  a  continuing  but  slow  trend  of  approximately 
linear  decrease  with  time.  If  the  ensemble-averaged  joint-scalar  correlation  coefficients  are  extrapolated  linearly 
in  time,  they  would  reach  zero  at  nearly  45  eddy-turnover  times  for  the  Sc  =  0.25  and  1.0  pair,  and  as  long 
as  160  eddy-turnover  times  for  the  Sc  =  0.5  and  1.0  pair. 

The  question  of  long-time  asymptotic  behavior  can  be  addressed  further  using  Eq.  4.  The  rate  of 
change  of  the  joint-scalar  correlation  coefficient  is  determined  by  two  competing  effects.  A  positive  joint- 
scalar  correlation  coefficient  tends  to  reinforce  itself,  while  a  positive  correlation  of  the  scalar  gradients  tends 
to  de-correlate  the  scalars.  The  relative  magnitudes  of  these  effects  are  compared  in  Pig.  8,  where  they  are 
seen  to  nearly  balance.  The  overall  rate  of  change  is  indeed  small — on  average,  for  the  Sc  =  0.25  and  1.0 
scalars,  it  takes  some  5  eddy-turnover  times  for  the  correlation  coefficient  to  decrease  by  O.I.  (For  comparison, 
according  to  Fig.  1,  in  the  same  time  interval  the  scalar  variances  decay  by  a  factor  of  of  order  at  least  10*.) 

We  earlier  remarked  that  if  the  scalar  variances  and  covariances  all  decay  at  the  same  rate,  the  corre¬ 
lation  coefficients  would  become  constant.  However,  the  decay  time  scales  are  seen  in  Fig.  2  to  be  different 
for  each  scalar.  Considering  also  the  trends  observed  in  Fig.  5  and  6,  it  seems  more  likely  that,  on  average, 
the  correlation  coefficients  would  continue  to  decrease.  Nevertheless,  this  statement  needs  to  be  tested  by 
further  numerical  simulations  over  extended  periods  of  time.  We  may  note  that  if  the  scalars  and  their  gradi¬ 
ents  become  perfectly  uncorrelated  at  some  time,  then  Eq.  4  indicates  that  the  correlation  coefficients  would 
pass  through  another  inflection  point  at  which  the  iirst-order  time  derivative  dpasjdt  vanishes.  Additional 
interesting  deductions  may  be  drawn  from  Eq.  4,  but  will  be  reported  elsewhere. 

CONCLUSIONS  AND  FURTHER  WORK 

We  have  studied  the  differential  diffnsion  of  passive  scalars  with  different  diffnsivities,  a  problem  es¬ 
pecially  important  in  tnrbnleat  combustion,  in  the  case  of  statistically  stationary  isotropic  turbulence.  The 
dimensionless  parameters  are  a  Taylor-scale  Reynolds  number  of  38,  and  Schmidt  numbers  of  0.25,  0.5  and 
l.O. 

It  is  shown  that  each  scalar  attains  a  self-similar  state  and  decays  exponentially  in  time  with  a  slightly 
different  decay  time  scale.  The  scalars  are  initially  identical  but  subsequently  de-correlate  due  to  differential 
diffusion.  At  small  diffusion  times  the  joint-scalar  correlation  coefficient  departs  from  unity  quadratically  in 
time,  proportionally  to  the  square  of  the  diffusivity  difference,  and  to  a  parameter  describing  the  shape  of  the 
scalar  spectrum. 

At  large  diffusion  times  the  data  show  considerable  statistical  variability  among  different  realizations. 
The  ensemble- averaged  correlation  coefficients  between  different  scalars  and  between  the  gradients  of  different 
scalars  appear  to  decrease  slowly  up  to  16  eddy-tumover  times  and  beyond.  A  definitive  answer  to  the  question 
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of  long-timr  ^ymptotic  behavior  awaiti  futker  mveatigations. 

Thi?  A  :k  w.Ll  b?  extended  in  several  directions.  The  numerical  simulations  will  be  extended  to  cover 
longer  n  Whereas  this  paper  is  largely  based  on  statistical  analysis  in  physical  space,  useful 

insights  may  also  be  gained  using  Fourier-space  descriptions  and  three-dimensional  visualization.  The  effects 
of  Reynolds  number,  and  of  different  types  of  initial  conditions  are  also  to  be  studied. 
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Fig.  1.  The  decay  of  variances  and  covariances  with 
time  normalized  by  the  eddy-turnover  time  (Tg,  the 
ratio  of  longitudinal  integral  length  scale  to  the  root- 
mean-square  velocity).  Schmidt  numbers  for  vari¬ 
ances  are;  0.25  (0i,  A),  0.5  (^,  O)  1-0 
C).  Covariances  are  shown  as  dashed  lines,  with 
\^Ot)  >  (^I0s)  >  at  all  times. 


Fig.  3.  Three-dimensional  scalar  spectra  (£a(ik)) 
in  the  self-similar  period  of  decay,  shown  in  Kol¬ 
mogorov  scaling  ( u  is  the  kinematic  viscosity,  and  it 
is  the  Kolmogorov  length  scale).  Schmidt  nombers 
are;  0.25  (A),  0.5  (Q)  and  1.0  (□). 


Fig.  2.  Evolution  of  the  mechanical-to-scalar  time 
scale  ratio  r.  for  the  three  scalars,  shown  in  normal¬ 
ized  time.  Schmidt  numbers  are;  0.25  (A),  0.5  (O) 
and  1.0  (□). 


Fig.  4.  EvolnUon  of  the  correlation  coefficients  be¬ 
tween  the  Sc  s  0.25  (di)  and  5c  —  1  (^)  scalars 
shown  in  normalized  time.  Each  scdid  line  repre¬ 
sents  a  different  realization.  The  dashed  line  repre¬ 
sents  the  average  over  all  (11)  realizations,  and  the 
vertical  bars  indicate  one  standard  deviation  above 
and  below  the  mean. 
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Fig.  5.  Evolution  of  the  coneUtion  coefficient*  be¬ 
tween  <lifferent  scnlnn  tnken  in  pnits:  Sc  =  (0.25,0.5) 
(A),  Sc  =  (0.25.1.0)  (O).  Md  Sc  =  (0.5, l.O)  (Q). 
shown  in  notmnlized  time.  The  Lines  shown  ue  Aver¬ 
ages  over  multiple  realizations.  Vertical  bars  denote 
bound*  of  90%  confidence  interval*  (calculated  using 
Student'*  t  distribution  because  sample  siae  is  small) 
for  the  respective  ensemble  average*. 


Fig.  6.  Same  a*  Fig.  5,  but  for  correlation  coefficient* 
between  the  gradients  of  the  diilerent  scalars. 


Fig.  7.  Comparison  of  the  evolution  of  two-scalar 
correlation  coefficients  at  very  small  diffusion  tune* 
(normalized  by  the  Kolmogorov  time  scale  r„)  srith 
prediction  from  analysis  of  the  diffusion  e<}uation 
(E<i.  13).  The  scalar  pairs  are:  Sc  =  (0.25,0.5)  (A), 
Sc  =  (0.25, 1.0)  (O),  “d  Sc  =  (0.5,  l.O)  (□). 


Fig.  8.  Breakdown  of  the  rate  of  change  of  the  corre- 
laUon  coefficient  (nn-marked  solid  line)  between  the 
Sc  =  0.25  (^)  and  1.0  (^)  scalars  into  three  terms 
according  to  Eq.  4:  -(4{){4i)Xi*(^)^ 

(O),  Mid  j(^d*)(^)Xt  (°).  “U  normaliaed  by 
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ABSTRACT 

The  linear  eddy  mixing  model  i(  used  to  predict  the 
evolution  of  a  decaying  scalar  field  in  statistically  steady 
homogeneous  turbulent  flow  over  a  wide  range  of  Reynolds 
and  Schmidt  numbers.  Model  results  at  low  ^ynolds  num¬ 
ber  and  order  unity  Schmidt  number  are  shown  to  be  in 
good  overall  agreement  with  direct  numerical  simulations. 
Results  at  higher  Schmidt  and  Reynolds  numbers  repro¬ 
duce  conventional  scaling  properties  of  the  scalar  statistics. 
Predictions  of  Schmidt  number  and  Reynolds  number  sensi¬ 
tivity  of  the  evolution  of  the  scalar  concentration  probability 
density  function  are  presented  and  interpreted. 

1.  INTRODUCTION 

The  decay  of  a  scalar  field  in  a  homogeneous  turbulent 
flow  has  emerged  as  a  standard  test  problem  for  models  of 
mixing  in  turbulent  flow  fields.  Two  broad  classes  of  models 
are  commonly  considered.  The  classical  treatment  of  tur¬ 
bulent  flows  is  based  on  a  decomposition  of  the  dependent 
variables  into  mean  and  fluctuating  components  (Reynolds 
decomposition).  Solutions  for  the  mean  values  are  sought, 
with  scalar  transport  modeled  by  assuming  gradient  dif¬ 
fusion.  Turbulent  transport  is  handled  by  introducing  an 
effective  diffusivity  that  is  determined  by  flow  field  con¬ 
ditions.  Other  approaches  are  bated  on  solving  for  the 
probability  density  function  (pdf)  of  the  scalar  field.  If 
the  one-point  pdf  is  knosm,  moments  and  other  one-point 
statistical  informatioa  on  the  scalar  field  can  be  obtained. 
However,  evolution  equatioos  for  the  single  point  pdf  re¬ 
quire  information  on  the  joint  statistics  of  the  scalar  and  its 
dissipation  rate.  Several  models  have  been  developed  in  an 
attempt  to  describe  the  mixing  process.*'’  These  models  do 
not  fully  capture  the  und«lying  physical  mechanisms,  and 
none  of  them  satisfactorily  predict  the  scalar  variance  decay 
in  a  homogeneous  turbulent  flow  field.* 

The  problems  associated  with  modeling  molecular  mix¬ 
ing  and  chemical  reaction  can,  in  part,  be  traced  to  the  dif¬ 
ficulty  of  realistically  describing  and  resolving  the  physical 
processes  of  turbulent  convection  (stirring)  and  molecular 
diffusion  at  the  smallest  scales  of  the  flow  -  two  distinctly 
different  physical  processes.  Tirbuleat  stirring  is  effective 
at  redistributing  the  Kalar  field  at  all  length  scales  above 
the  Kolmogorov  scale,  while  molecular  diffusion  acts  most 
effectively  at  the  smallest  scalar  length  scales  of  the  flow. 
An  accurate  description  of  mixing  thus  requires  a  realis¬ 
tic  treatment  of  the  flow  at  the  smallest  hyd^ynamic  and 
scalar  length  Kales.  Most  mixing  modds  involve  an  ad-hoc 
treatment  of  the  small-Kale  processes  that  include  no  dis¬ 
tinction  between  turbulent  stirring  and  molKular  diffusion. 


Investigations  of  mixing  in  homogeneous  turbulence  us¬ 
ing  direct  numerical  simulation  have  provided  an  extensive 
data  set  on  the  evolution  of  the  scalar  field  statistics.*  * 
These  studies  have  involved  the  use  of  a  pseudo-spectral 
scheme  to  simulate  the  evolution  of  the  Kalar  field  on  a 
64*  grid  with  periodic  boundary  conditions.  Owing  to  the 
extreme  range  of  length  scales  in  turbulent  reKting  flows, 
resolution  of  all  relevant  length  scales  is  computationally 
demanding.  Complete  resolution  of  the  dynamic  range  of 
length  and  time  Kales  was  achieved  by  restricting  the  sim¬ 
ulations  to  low-Reynolds  number  (Acj  as  50,  or  Rei  as  100) 
and  order  unity  Schmidt  number,  Se.  Since  all  relevant 
length  scales  were  resolved  and  highly  KCurate  numerical 
methods  were  employed,  the  statistics  computed  can  be 
confidently  treated  as  predictions  of  the  scalar  fidd  behav¬ 
ior  under  the  condition  of  low  Re,  homogeneous  flow  in  a 
periodic  domain. 

Eswaran  and  Pope*  investigated  the  evolution  of  the 
scalar  field  pdf  and  the  effects  of  various  initial  scalar 
length  scales  on  the  scalar  field  statistics.  Their  initial 
Kalar  field  consisted  of  blobs  of  scalar  concentration  of  -1 
and  -f  1,  with  tome  smoothing  to  ensure  that  the  Kalar  field 
was  resolved  numerically.  The  computational  domain  was 
a  three-dimensional  box.  and  the  velocity  field  was  numeri¬ 
cally  ‘Torced'*  to  maintain  a  statistically  steady  state.  The 
initial  velocity  to  scalar  length  scale  ratio  was  shown  to  have 
a  large  effect  on  the  initial  rate  of  scalar  variance  decay,  but 
the  dKay  rate  eventually  became  independent  of  the  ini¬ 
tial  scalar  length  scale  ratio.  This  observation  differed  from 
the  experimental  results  of  Warhaft  and  Lumley,*  which 
showed  a  lasting  dependence  of  the  scalar  variance  dKay  on 
the  initial  scalar  length  scale.  It  was  suggested  by  Eswaran 
and  Pope  that  the  difference  between  the  experiments  and 
simulation  was  a  physical  consequence  of  the  adoption  of 
a  statistically  steady  velocity  field  in  the  simulation,  in 
contrast  to  a  dKaying  turbulence  field  in  the  experiments. 
This  mterpretation  is  supported  by  a  tKent  DNS  study  of  a 
similar  configuration  involving  a  dKaying  turbulence  field.* 

McMurtry  and  Givi*  studied  a  configuration  similar  to 
Eswaran  and  Pope  using  direct  simulation.  The  velocity 
field  was  forced  at  the  lowest  wave  numbers,  and  the  initial 
Kalar  field  dt  consisted  of  two  slabs,  one  with  d  =  1, 
the  other  with  d  =  -1.  In  addition  to  pure  mixing, 
they  also  investigated  the  evolution  of  the  statistics  of  a 
reacting  scalar.  The  primary  objKtive  of  this  work  was  to 
assess  a  number  of  mixing  mod^*-*'*  and  study  the  eflKt 
of  reaction  on  the  scalar  statistics.  None  of  the  models 
investigated  predicted  the  corrKt  behavior  for  the  scalar 
pdf.  It  was  shown  that  the  reacting  Kalar  did  not  tend 
toward  a  Gaussian  distribution. 
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For  »  icklu.  tbe  quettion  of  the  wymptotic 

form  of  tae  pdf  io  steady,  homogeaeous  turbulence 

has  been  ajar'sseo  .n  a  number  of  recent  modeling  studies, 
as  well  as  a  ON’S  studies  Using  D.NS.  Eswaran  and 
Pope  fouaJ  t.aac  tbe  shape  of  the  scalar  pdf  as  it  evolved 
in  time  «as  not  sensitive  to  the  initial  length  scale  ratio, 
and  It  evolved  from  the  initial  bimodal  form  towards  a 
Gaussian  Valido  and  Oopazo*  obtained  a  family  of  pdfs 
in  good  agreement  with  the  DNS  results  using  a  model 
that,  by  construction,  yielded  a  Gaussian  pdf  in  the  limit  of 
vanishing  variance.  Mapping  closure’  generates  a  family  of 
pdf's  that  is  also  in  good  agreement  with  DNS.”  "  yet  the 
scalar  statistics  display  persisting  non-Gaussian  behavior  as 
the  scalar  variance  vanishes."  ”  Another  model  indicating 
non-Gaussian  behavior  has  also  been  developed.” 

Interpretation  of  these  results  is  hindered  by  the  narrow 
range  of  Re  and  Se  accessible  by  DNS  and  by  the  insen¬ 
sitivity  of  predicted  families  of  pdfs  to  these  parameters. 
(In  the  aforementioned  models,  these  parameters  influence 
the  rate  of  evolution  but  not  the  family  of  pdfs  that  is  ob¬ 
tained.)  A  complete  mechanistic  description  of  turbulent 
mixing,  with  regard  to  pdf  shape  evolution  or  any  other 
measurable  property,  should  reflect  the  sensitivity  of  the 
mixing  process  to  all  the  governing  parameters.  On  this 
basis,  it  is  evident  that  the  analytical  and  computational 
methods  employed  to  date  have  not  provided  a  complete 
characterisation  of  the  mixing  process. 

In  this  paper  Kersteins”-”  linear  eddy  model  is  used 
to  atndy  the  evolution  of  a  scalar  field  in  a  steady,  homoge¬ 
neous  turbulent  flow  field  over  a  wide  range  of  Reynolds  and 
Schmidt  numbers.  One  of  the  features  that  distinguishes  the 
linear  eddy  model  from  other  more  commonly-used  mixing 
models  (e.g.,  eddy  diffusivity,  coalescence-disspersion  mod¬ 
els,  mapping  closure)  is  that  all  relevant  length  scales,  even 
for  relatively  high-Ae  flows,  are  resolved.  This  is  achieved 
by  reducing  the  description  of  the  scalar  field  to  one  spatial 
dimension.  By  resolving  all  length  scales,  the  mechanisms  of 
turbulent  convection  and  moiecnlar  diffusion  can  be  treated 
distinctly,  even  at  the  smallest  diffusion  scales.  Parametric 
sensitivities  can  therefore  be  addressed  on  the  basis  of  the 
underlying  physical  mechanisms. 

In  previous  work,  the  linear  eddy  model  has  been  ap¬ 
plied  to  mixing  in  spatially  developing  Bows  and  to  a  homo¬ 
geneous,  statistically  steady  "«ivi«g  configuration.  These 
applications  served  both  to  vaRdate  aspects  of  the  modd 
and  to  provide  mechanistic  interpretations  of  measured 
properties  in  a  unifying  framework. 

A  statisticsdly  steady  configuration  can  be  obtained  by 
imposing  a  unifatm  scalar  gradient  on  a  homogeneous  tur¬ 
bulent  flow  field,  resulting  in  relaxation  of  the  mean  scalar 
variance  to  a  constant  nonzero  value  after  a  transient  in¬ 
terval.  Compntatioas  for  this  configuration  reproduced 
key  features  of  the  scalar  power  spectrum,  including  de¬ 
pendences  of  Reynolds  and  Schmidt  numbers,  and  scaling 
properties  of  higher-order  scalar  statistics,  thus  validating 
the  model  representation  of  micromixiag  kinematics.” 

The  applications  to  spatially  developing  flows  collec¬ 
tively  demonstrate  that  the  diverse  phenomenology  ob¬ 
served  in  such  flows  may  be  viewed  as  varions  manifesta¬ 
tions  of  a  simple  underlying  kinematic  picture.  In  such 
applications,  configuration-specific  aspects  are  reflected  in 
the  initial  and  boundary  conditions  of  the  computations 
and  in  the  model  analop  of  quantities  such  as  Re,  Se, 


and  Da  i  Damkohier  number),  but  tbe  underlying  kine¬ 
matic  picture  IS  the  same  in  all  cases  On  this  basis,  the 
model  reproduces  tbe  following  measured  properties:  i  1 ' 
three  distinct  scaling  regimes  governing  turbulent  plume 
growth,  and  spatially  resolved  scalar  fluctuation  statistics 
within  such  plumes.””  i2)  the  spatially  resolved  cross 
correlation  of  diffusive  scalars  in  a  three-stream  mixing 
configuration.”  <3)  Da  dependences  of  reactant  concentra¬ 
tions  in  a  two-stream  configuration.”  (4)  spatially  resolved 
scalar  fluctuation  statistics  in  free  shear  flows,  and  the  de¬ 
pendence  of  local  and  overall  shear- flow  mixing  on  Re  and 
5c.”~'*  and  (5)  scalar  fluctuation  statistics  reflecting  dif¬ 
ferential  molecular  diffusion  effects.”  The  unification  of  this 
diverse  phenomenoio^  achieved  by  linear  eddy  modeling  is 
unprecedented. 

A  category  of  mixing  configurations  to  which  the  model 
has  not  previously  been  applied  is  spatially  homogeneous, 
transient  mixing.  Spatial  homogeneity  facilitates  the  inter¬ 
pretation  of  results  in  terms  of  simple  scaling  ideas,  while 
transient  effects  introduce  some  of  the  phenomenological 
richness  of  spatially  developing  flows.  It  is  largely  for  these 
reasons  that  the  DNS  study  of  such  a  configuration  by 
Eswaran  and  Pope’  has  come  to  be  regarded  as  a  paradigm 
of  the  turbulent  mixing  problem  and  has  motivated  many 
subsequent  numerical  and  analytical  studies. 

The  objectives  of  the  present  study  are  twofold.  First, 
linear  eddy  computations,  based  on  a  formulation  that 
'incorporates  high-Ae  inertial-range  scalings,  arc  compared 
to  the  results  of  Eswaran  and  Pope  in  order  to  demonstrate 
the  applicability  of  such  a  picture  to  their  moderate- Ac 
results.  Second,  computations  are  performed  beyond  tbe 
limited  range  of  Re  and  Se  accessible  by  DNS  in  order  to 
extrapolate  the  DNS  results  to  other  regimes  of  physical 
interest.  Re  and  Se  dependences  of  computed  quantities 
are  found  to  be  consistent  with  simple  scalings  based  on 
dimensional  considerations,  where  such  considerations  are 
applicable.  Novel  qualitative  features  of  the  evolution 
of  tbe  concentration  probability  density  function  (pdf)  for 
high  5c  are  identified.  Higher  moments  of  the  concentration 
field  are  found  to  relax  to  values  that  exhibit  5c-  and  Ac- 
dependent  deviations  from  Gaussian  values.  These  features, 
which  are  shown  to  be  intuitively  reasonable,  constitute 
.experimentally  testable  predictions. 

2.  LINEAR  EDDY  MODEL 

The  development  of  the  linear  eddy  model  has  been 
described  in  detail  elsewhere,”-”  and  is  only  briefly  out¬ 
lined  here.  This  approach  has  a  number  of  unique  features 
that  distinguish  it  from  other  more  commonly  used  mix¬ 
ing  models  (e.g.,  eddy  diffusivity  and  coalescence-dispersion 
models).  In  particular,  the  distinction  between  molecular 
diffusion  and  turbulent  convectkm  is  retained  at  oil  scales 
of  the  flow  in  a  computationally  affordable  simulation  by 
redndng  the  description  of  the  scalar  field  to  one  spatial 
dimension.  Diffusion  and  convection  have  very  different 
effects  on  scalar  field  evolution;  accounting  for  these  dif¬ 
ferences  is  crucial  to  accurately  describe  the  species  field, 
especially  when  chemical  reactions  are  involved.  This  dis- 
tinction  has  not  been  achieved  by  any  previously  proposed 
mixiag  model. 

Velocity  fidd  statistics  are  'mputs  'into  the  modd.  al¬ 
though  no  explicit  vdodty  fidd  appears.  The  required 
modd  parameters  that  describe  the  flow  fidd  include  the 
turbulent  diffusivity  [Dr),  the  integral  length  scale  (Ll, 


A9-2 


uid  the  Reynolds  nuinber.  Re  (which  determines  the  Kol¬ 
mogorov  scale.  Thus,  the  Sow  held  properties  are  inputs 
to  the  linear  eddv  model,  not  predictions  of  the  model.  The 
formulation  of  che  model  presented  here  Is  repararaeter- 
ized  in  terms  of  L.  Re.  and  r^,  where  is  the  large  eddy 
turnover  time  in  the  model  and  is  defined  as  s  L^j Dr 

The  first  mechanism  acting  on  the  scalar  field,  molec¬ 
ular  diffusion,  is  simply  implemented  by  the  numerical 
solution  of  the  diffusion  equation,  =  Du^jt-  over  the 
linear  domain. 

The  key  feature  of  the  model  is  the  manner  In  which 
turbulent  convection  is  treated.  This  is  implemented  by 
random  rearrangements  of  the  scalar  field  along  a  line. 
The  frequency  of  these  rearrangements  is  determined  by 
requiring  that  the  stochastic  rearrangement  events  result  in 
a  turbulent  diffusivity  consistent  with  accepted  scalings  for 
high- Ae  turbulent  flows.  Each  rearrangement  event  involves 
spatial  redistribution  of  the  species  field  within  a  randomly 
selected  spatial  domain.  The  size  of  the  selected  domain, 
representing  the  eddy  size,  is  sampled  from  a  distribution  of 
eddy  sizes  that  is  obtained  by  applying  Kolmogorov  scaling 
laws.  In  this  model,  the  spatial  redistribution  of  a  segment 
of  length  /  represents  the  action  of  an  eddy  of  size  /.  A 
rearrangement  event  is  illustrated  and  described  in  Fig.  1. 


Figure  1:  Tkc  scalar  rcartaagemcat  (tarbokst  stiitiag)  proesw  is 
cairisd  oat  by  tbs  ass  of  tkc  'tiipisi*  map.  The  tciplat  map  iavolvas 
sdcctiag  a  scgmsai  of  tkc  fUcar  domain  (or  rcaitaagcmcat,  — 

Ikcce  compressed  copms  of  tkc  scalar  field  ia  that  scgmeat,  ccpladag 
the  orifual  field  by  the  three  copies,  aad  iavcttiaf  tkc  ceater  copy, 
a)  laitiai  scalar  field,  chosca  ia  this  illastratiaa  to  be  a  liacar  faactioa 
of  spatial  locatioa.  b)  Scalar  field  after  rcarraagsmcat. 

The  rearrangement  proceu  is  governed  by  two  parame¬ 
ters;  A,  which  ia  a  rate  parameter  with  dimensions 
and  /(/},  a  pdf  describing  the  segment  length  distribution. 
These  parameters  are  determined  by  recognizing  that  the 
rearrangement  events  induce  a  random  walk  of  a  marker 
particle  on  the  linear  domain.  Equating  the  diffusivity  of 
the  random  procnm  with  scalings  for  the  turbulent  diffu- 
sivity  provides  the  neceesary  relationships  to  determine  A 
and  /(I).  For  a  high-JZe  turbulent  flow  described  by  a  Kol¬ 
mogorov  cascade,  the  result  of  Kerstein^*  can  be  expressed 
as 
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where  the  model  turnover  time  ti  is  related  to  a  particular 
empirically  defined  turnover  time  n,  by  a  constant  factor, 
H  -  cTi,  (see  $3.3).  Equation  (1)  defines  model  Kolmogorov 
and  integral  scales  tj  and  I,  respectively,  that  bound  the 
range  of  segment  lengths. 


X 

Figure  S:  Typical  nahiatieaa  of  the  laitiai  malar  field  oa  tkc  liaear 
domaia  [0,  Ze).  ( - k,/kt  »  1. - ka/ko  *  «)■ 

Given  an  initial  scalar  distribution,  the  evolution  of  the 
scalar  field  is  governed  by  the  molecular  diffusion  process, 
punctuated  by  the  random  rearrangement  events  param¬ 
eterized  by  /(I)  and  A.  This  formulation  provides  an 
approximate,  yet  physically  sound  description  of  turbulent 
mixing.  Mamely,  molecular  diffusion  ia  accounted  for  explic¬ 
itly  by  numerical  solution  of  the  diffusion  equation,  while 
turbulent  stirring  (convection)  is  modeled  by  the  stochas¬ 
tic  scalar  rearrangement  events.  By  limiting  application  to 
one  dimension,  all  relevant  length  and  time  sc^es  can  be 
resolved. 

The  scalw  information  within  the  linear  eddy  domain 
provides  a  statistical  description  of  the  scalar  fieid.  The  one- 
dimensional  representation  of  the  three-dimensional  scalar 
field  can  be  interpreted  as  a  space  curve  aligned  with  the 
local  scalar  gradient.**  This  interpretation  is  not  unique, 
aad  it  can  be  instructive  in  other  cases  to  view  the  linear 
eddy  domain  as  a  particular  spatial  coordinate  in  the  flow 
field.** 

3-  APPLICATION  TO  SCALAR  MIXING 
IN  A  HOMOGENEOUS  TURBULENT 
FLOW 

*■*  ot . 

scalar  field,  in  a  homogeneous  turbulent  flow  field.  (The 
analogous  physical  configuration  is  a  three  dimensional  flow 
field  with  periodic  boundary  conditions  in  a  box  of  size 
B  in  each  spatial  dimension.)  Within  this  domain  the 
scalar  field  is  initially  distributed  in  blobs  of  concentration 
-1  aad  1,  with  smooth  transition  layers  at  the  interfaces. 
The  transition  layers  are  necessary  to  satisfy  numerical 
reatfiution  requirements  in  direct  numerical  simulations. 
The  numerical  specification  of  this  scalar  field  for  a  three- 
dimensional  DNS  study  is  described  by  Eswaran  and  Pope.* 
In  particular,  the  initial  length  scale  of  the  scalar  field  is 
generated  in  a  manner  such  that  the  initial  scalar-energy 
spectrum  is  equal  to  a  specified  function,  fe{k),  where 
ft{k)  is  a  top-hat  function  width  ko,  centered  on  a 
selected  integer  wavenumber  k,;  (ko  is  the  smallest  nonzero 
wavenumber  resolved  in  the  simulation).  The  ratio  k,/ko 
thus  determines  the  integral  length  scale  of  the  scalar  field. 

In  the  linear  eddy  model  results  presented  here,  the 
one-dimensional  analog  of  this  initialization  is  applied  to  a 
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Flfur*  3:  Tim*  •raialiM  of  tk«  K»Ut  rmi  *'  for  WDolalieu  *t 
Rts  a  90  4ad  Scf  m  0.7.  camp«t«d  with  DNS  of  Cowotoa  tad 

Pope  ( - Etwtita  tad  Pop*  (1911),  —  linctt  eddy  timalttioB). 

(x.  *•/*«  ■  1),  («.  t«/ha  «  J).  (o,  **/*a  ■  <),  (o,  *./*a  *  0). 
(■f.  hi/ho  w  9).  Tim*  it  aormtliitd  by  r),  w  fo/o' 

linear  domain  of  B  =  2r.  For  compariion  with  the  retolu  of 
Etwaran  and  Pope,  varioui  initial  tcalar  field*  with  different 
scalar  length  Kale*  were  constructed  by  varying  the  ratio 
kjkt.  All  additional  parameters  of  the  initialization  are 
a*  specified  by  Eswaran  and  Pope.  The  one-dimensional 
implementation  of  their  initialization  procedure  generates 
son-random  Kalar  fields,  but  they  are  toon  randomized  by 
the  spatial  rearrangement  events  (eddy  action).  Figure  7 
iilustrates  two  of  the  different  initial  one-dimensional  scalar 
field*  that  were  used  in  this  modeling  study. 

3.2  Algorithm  and  Implementation 

The  total  number  of  computational  elements  along  the 
domain  must  be  chosen  to  resolve  the  largest  and  smallest 
scales  in  the  flow.  The  computational  domain  was  selected 
to  include  one  integral  scale,  i.e.  B  -  L.  FVom  Kolmogorov 
scalings,  the  ratio  of  the  largest  to  smallest  length  scales 
in  the  flow  is  approximately  For  R«  =  10*, 

this  ratio  is  1000.  By  taking  six  computational  elements  to 
resolve  the  eddies  at  the  Kolmogorav  scale  (i.e.,  n,  s  6), 
6000  elements  are  needed  to  resolve  the  complete  flow 
field  for  Re  =  10*.  Scalar  Held  resolution  requirement* 
can  be  more  stringent.  The  Batchelor  scale,  1*,  which 
must  be  resolved,  it  smaller  than  the  Kolmogorov  scale  in 
high-5c  flows.  Scaling  argnmentt  yield  q/l*  5c‘^*.  A 
numerical  sensitivity  analysts  indicMed  that  approximately 
twice  this  number  of  grid  points  (25e'f*  x  n,)  is  needed  per 
Kolmogorov  scale  before  multi-point  statistics  (e.g.,  scalar 
dissipation)  become  iasensitive  to  rasolntion. 

The  molecular  diffusion  process  is  implemented  by  reg¬ 
ularly  advancing  the  one-dimensional  diffusion  equation 
using  a  space-centered  finite  diflerenca  technique.  To  im¬ 
plement  each  rearrangement  event,  a  location  is  randomly 
selected  within  the  domain.  The  segment  size  is  also  ran¬ 
domly  chosen,  but  in  such  a  way  as  to  satisfy  the  probability 
distribution  given  by  /(I).  One  rearrangement  takes  place 
per  time  interval  The  process  is  repeated  until  a  desired 
time  has  elapsed. 

The  complete  model  it  implemented  a*  a  Monte  Carlo 
simulation  of  many  individual  flow  field  realizations.  The 
statistics  are  then  computed  by  averaging  the  ensemble  of 
realizationt.  For  each  of  the  sirnulations  presented  below. 


Figure  41  Erelstioe  of  SMsa  •ctlst  di«ipotioB  isU  for  tame  caata 
aa  Fig.  1. 

the  scalar  field  statistics  were  averaged  over  1000  sepa¬ 
rata  realizations  (except  the  Res  s  10.000  case  in  which 
300  realizations  were  taken),  yielding  sufficient  statistical 
precision  for  quantitative  comparison  to  DNS  results. 

3.3  Model  Pnrnmotnra 

The  early  application*  of  the  linear  eddy  model  involved 
no  parameter  adjustment*.  The  model  is  built  upon  scaling 
laws  for  high  Re  flows,  and  order  unity  coefficients  implicit 
in  the  scale  relationships  were  set  equal  to  one.  However, 
some  parameter  adjustments  mutt  be  done  to  achieve  direct 
quantitative  comparisons.  In  particular,  the  model  analogs 
of  Se,  Re,  and  L  mutt  be  related  to  their  physical  (DNS) 
counterparts. 

The  large-scale  Reynolds  number  inthe  DNS  of  Eswaren 
and  Pope  was  calculated  to  be  Rei,  s  u'lg/i/  =  107.  The 
linear  eddy  analog  of  Ret,  is  Res  x  ( Lh)*'^.  where  L  is  the 
integral  scale  of  the  model.  Baaed  on  this  definition,  the 
model  Reynolds  number  Res  was  selected  to  give  approxi¬ 
mately  the  same  range  of  eddy  size*  as  in  the  DNS.  This  was 
achieved  a*  follows;  The  DNS  used  here  to  compare  model 
result*  contained  a  wave  number  ratio  of  !;«(«/ ko  =  30. 
where  sod  ko  are  the  largest  and  smallest  nonzero 
wavenumber*  in  tbs  simulation.  Applying  an  eddy  size  ■ 
wavenumber  analo»”  yields  an  equivalent  length  scale  ra¬ 
tio,  Lh  -  (ij)  l\^)  =  *>naa/ko  =  30.  resulting  in  a 
model  Reynolds  number  Res  w  90.  NOTE:  The  nominal 
Kolmogorov  Kale  quoted  by  Eswaran  and  Pope  it  not  nec¬ 
essarily  the  smallest  resolvable  eddy  in  their  flow,  but  is 
the  tesJe  that  satisfies  q  «  (i/*/c)‘^*,  which  in  their  simu¬ 
lation  corresponds  to  roughly  1/3  of  the  grid  spacing.  The 
Schmidt  number  of  the  model  Scs  is  taken  to  be  Scs  =  0.7. 
eqnal  to  the  physical  Schmidt  number. 

The  final  consideration  it  the  relationship  between  the 
integral  Kale  defined  in  the  model,  L  and  the  measured 
integral  Kale  in  the  DNS,  Ig.  The  two  are  not  equivalent 
since  L  it  defined  as  the  largest  allowable  eddy  for  a  given 
flow,  while  1«  represents  a  “typical”  eddy  size.  As  pointed 
out  by  Kersteia,'*  the  relationship  between  L  and  <o  >s  not 
universal  since  the  definition  of  Ig  for  different  flows  is  not 
always  consistent.  The  value  of  L  in  the  model  it  taken  as 
the  domain  size,  L  a  2*.  The  data  of  Eswaran  and  Pope 
yield  lo  -  1.01,  giving  L  a  6.221o.  This  it  cIom  to  the  value 
of  X  a  5.61s  found  by  Kerstein^'  in  simulating  the 
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Fi(ur«  Sb:  Compaicd  ■rilii  pdf  bom  DNS  of  Eowoiia  tad  Pop* 
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(akott  daak.  p'/d*  »  O  SS),  (loaf  daak,  P7d«  «  0.40),  (do(.daak, 
P'/Pi  >  0.37). 
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Figora  Sci  Compated  tcaUr  pdf  bom  Liacai  addp  modol  foi  aam* 
cam  aa  (a)  aacept  k,/ko  «  4.  (aolid  kat,  4'/4t  *  0.93),  (dote, 
p'/p'.  >  0.78),  (daak.  4'/4',  *  0.70).  (loaf  daak.  p'/d'.  -  0.83), 
(dot.daak,  p'/P«  .■  0.40) 


coocentratioa  Reid  downstream  of  a  tine  source  in  decaying 
homogeneous  turbulence.  With  these  model  parameters 
determined,  all  computed  statistical  properties  of  the  scalar 
Reid  are  predictions  that  can  be  compared  directly  with  the 
simulation  results. 

To  perform  direct  quantitative  comparisons,  the  large 
eddy  turnover  time  of  the  linear  eddy  model  s  PIDt. 
must  be  related  to  the  large  eddy  turnover  time  in  the 
DNS.  fi,  =  fo/u'.  This  was  done  by  inferring  the  relation¬ 
ship  between  r,.  and  Dr  from  the  data  reported  in  Eswaran 
and  Pope.  The  chosen  linear  eddy  model  parameters  im¬ 
ply  a  turbulent  diffusivity  based  on  the  model  deRnition 
Dr/Das  ~  RtsScs  =  63.  The  given  molecular  diffusivity 
used  in  the  DNS  (Dm  =  0.035)  then  implies  a  turbulent 
diffusivity  Dt  =  2.205.  From  the  reported  values  of  u'  and 
fo  by  Eswaran  and  Pope,  a  relationship  for  the  turbulent 
diffusivity  of  the  DNS  can  be  expressed  as  £>7-  =  O.S2u'fo. 
The  time  scale  ratio  between  the  linear  eddy  model  and 
the  DNS  for  the  runs  reported  in  the  following  is  thus 
r^/r,,  =  I’/(0.821o’)  w  47.  In  all  modei/DNS  compari¬ 
son  reported  in  $4.1  the  time  axis  is  scaled  by  r,..  For  the 
Schmidt  and  Reynolds  number  effects  reported  in  $4.2,  time 
is  scaled  by  the  linear  eddy  turnover  time.  r^. 

In  addition  to  the  comparisons  presented  in  $4  on  the 
basis  of  the  foregoing  parameter  assignments,  additional 
comparisons  have  been  performed  in  which  different  com¬ 
binations  of  input  parameters  were  varied  by  a  factor  of 
two  or  more.  The  quality  of  the  agreement  with  simula¬ 
tion  results  was  found  to  be  only  mildly  sensitive  to  input 
parameter  values,  so  the  inferences  drawn  in  $4  are  not 
strongly  dependent  on  the  mechanistic  basis  of  the  param¬ 
eter  assignments. 

With  regard  to  direct  quantitative  comparisons,  it  is 
noted  that  the  parameters  defining  the  linear  eddy  model 
(see  Elqs.  1  and  2)  are  developed  based  on  Kolmogorov  in¬ 
ertial  range  scalings,  while  the  direct  simulations  that  have 
been  performed  of  scalar  mixing  to  date  display  only  a 
barely  perceptible  inertial  range.  As  a  result,  the  distribu¬ 
tion  of  eddy  sizes  and  frequencies  in  the  linear  eddy  model 
and  in  the  direct  simulations  cannot  be  made  to  match  ex¬ 
actly.  This  can  contribute  to  differences  between  model 
results  and  DNS  data.  Furthermore,  it  is  expected  that 
there  will  be  some  inherent  limitations  when  describing  the 
full  three-dimensional  turbulent  mixing  process  in  one  di¬ 
mension.  However,  previous  results  and  the  comparisons 
that  follow  demonstrate  the  ability  of  the  linear  eddy  model 
to  realistically  represent  the  turbulent  mixing  process. 

4.  MODEL  RESULTS 

Validation  of  the  linear  eddy  model  in  the  configuration 
studied  here  stas  achieved  by  direct  comparison  to  low- Re 
DNS.  The  model  was  then  applied  to  study  the  mixing 
characteristics  over  a  wide  range  of  Reynolds  and  Schmidt 
numbers. 

4.1  Comparison  with  Direct  Numerical  Simulation 

The  decay  of  the  scalar  rms  ^  for  various  initial  scalar 
length  scales  it  compared  to  DNS  results  in  Fig.  3.  The 
overall  agreement  is  good,  with  better  agreement  seen  in 
the  cases  sdth  the  larger  initial  scalar  length  scale.  Both 
linear  eddy  and  DNS  indicate  that  in  the  final  state  of  scalar 
variance  decay,  the  decay  rate  becomes  independent  of  the 
initial  scalar  length  scale.  It  was  suggested  by  Eswaran 
and  Pope,  and  shown  numerically  by  Mell  et  al.*  that  this 
independence  of  the  initial  scalar  length  scale 
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Figure  fb:  Competed  fcaUc  pdf  with  iailui  «c«iw  field  gi*ci  bjr 
doable  delta  diatnbatiaa  (lo  traamtioa  tegioa)  fat  Rts  w  ^ 

Scs  w  o.T.  Liacat  eddy  model  reralU  loei  period*,  (aolid  fiec, 
p'/d'.  w  O.U),  (dot*,  p'/d*  w  O'fil).  (nBall  da*h,  d'/d.  w  0.41).  (loeg 
dt(k.  p'/d'.  w  0.14). 

is  h  chwacteiistic  of  schUi  dechy  in  »  sUtistichUy  sleady 
turbulent  flow.  In  deenying  turbulence  tUi  is  not  observed. 

Baaed  on  the  interpretation  of  the  linear  eddy  compu¬ 
tational  domain  ae  a  space  curve  aligned  with  the  scalar 
gradient,  the  modal  analog  of  the  mean  Kalar  dissipation, 
defined  by  Eswaran  and  Pope  as  (cp)  s  ■  Vd). 

is  Dw{(dd/dz)’).  This  quantity  is  computed  by  first- 
differencing  the  discretized  one-dimensional  scalar  field. 
The  evolution  of  the  mean  scalar  dissipation  is  shown  in 
Fig.  4.  The  agreement  with  the  DNS  data  is  again  good. 
The  largest  discrepancy  is  seen  to  occur  at  early  times, 
where  the  dissipation  computed  by  the  linear  eddy  model 
consistently  grow*  at  a  faster  rate  than  in  the  DNS.  At 
later  time*  the  dissipation  decays  at  a  rate  which  it  approx¬ 
imately  independent  of  the  initial  scalar  length  scale. 

The  evolution  of  the  concentration  pdf  for  fc./fcg  =  I  is 
shown  in  Fig.  5a.  At  t  s  0  the  initial  fidd  is  approximately 
represented  by  a  double  delta  distribution,  indenting  the 
initially  unmixed  scalar  field.  At  time  proceeds,  turbulent 


mixing  and  molecular  diffusion  yield  a  mixed  fluid  concen¬ 
tration  peaking  at  o  =  0.  Figure  Sb  shows  the  development 
of  the  pdf  as  predicted  by  the  DNS  of  Eswaran  and  Pope 
for  the  same  value  of  k./kg.  The  family  of  pdfs  evolving 
from  the  double  delta  function  distribution  to  the  final  peak 
at  the  mixed  fluid  concentration  is  well  represented  by  the 
linear  eddy  model.  In  particular,  the  transition  from  a  bi- 
modal  to  unimodal  form  is  found  to  involve  an  intermediate 
form  (at  o'/o'q  «  0.6)  with  a  broad  plateau,  as  in  the  DNS 
results. 

The  evolution  of  the  concentration  pdf  for  kjk^  =  4 
is  shown  in  Fig.  5c.  For  this  initialization  the  pdf  displays 
some  qualitative  differences  during  its  evolution  from  the 
cate  of  kjki,  =  1.  .Namely,  there  is  an  indication  of 
trimodality  during  intermediate  stages  of  the  evolution. 
Some  differences  in  the  pdf  evolution  for  different  values 
of  k,/ko  are  also  apparent  in  the  higher  order  moments 
(Fig*.  7  and  8),  as  will  be  discussed  shortly.  This  behavior 
was  not  observed  by  Eswaran  and  Pope,  who  found  little 
dependence  of  the  pdf  evolution  on  k,/ke- 

To  further  investigate  the  dependence  of  the  pdf  on  the 
scalar  field  initialization,  two  additional  simulations  were 
run  with  an  initial  scalar  field  consisting  of  discrete  regions 
of  -f  1  and  -1,  with  a  sharp  transition  between  these  values. 
(The  initial  scalar  field  pdf  in  this  case  is  a  pure  double  delta 
distribution.)  Results  of  this  are  shown  in  Fig.  6  for  initial 
scalar  fields  consisting  of  one  period  and  four  periods  of 
the  -l.-l-l  regions,  respectively  (corresponding  to  the  scalar 
length  scales  of  the  cases  k,/kt  -  1  and  4).  Under  this 
initialization  the  two  families  of  pdfs  that  are  obtained  are 
essentially  the  same. 

The  linear-eddy  results  indicate  the  joint  influence  of 
two  scalar  length  scales:  the  scalar  integral  scale  governed 
by  k,,  and  the  transition  layer  width  governed  by  a  cutoff 
wavenumber  k,  in  the  initialization  algorithm.  At  in  the 
DNS  study,  the  ratio  k,/k,  has  been  set  equal  to  2,  except 
for  the  double-delta  cate  (Fig.  6),  which  corresponds,  in 
effect,  to  infinite  k^  The  linear-eddy  results  indicate  that 
the  occurrence  of  a  trimodal  intermediate  stage  of  pdf 
evolution  exhibits  a  dependence  on  the  magnitude  of  k, 
such  that  large  k,  favor  trimodality. 

Trimodal  pdf’s  indicate  intermittency  in  the  scalar  field 
in  the  following  sense.  Sharp  scalar  interfaces  are  subject 
to  rapid  stirring  by  small  eddies  acting  on  relatively  short 
time  scales.  This  results  in  completion  of  local  mixing 
near  interfaces  (and  hence,  development  of  the  central  peak 
of  the  pdf)  before  large-Kale  mixing  depletes  the  initial 
unmixed  peaks.  It  is  evident  that  the  degree  of  sensitivity 
indicated  by  the  linear-eddy  results  it  not  supported  by 
DNS.  Nevertheless,  the  mechanistic  plausibility  of  the  trend 
suggest*  that  a  wider-ranging  DNS  parameter  study  to 
check  the  qualitative  prediction  would  be  worthwhile. 

Related  considerations  bearing  on  the  5c  sensitivity  of 
pdf  evolution  are  discussed  in  §4. 

To  analyze  the  structure  of  the  pdf  in  more  detail,  it  is 
instructive  to  examine  some  of  the  higher-order  moments  of 
the  concentration  fidd.  In  Figs.  7  and  8  the  standardized 
fourth  and  sixth  moments  are  presented.  Two  significant 
feature*  can  be  pointed  out.  First,  the  asymptotic  values  of 
these  moments  relax  to  a  constant  value  that  is  independent 
of  the  initial  scalar  length  scale.  However,  the  manner  in 
which  the  curve*  approach  the  final  value  it  teen  to  depend 
on  the  initial  state  of  the  scalar  field.  At  early  times,  the 
simulations  initialized  with  the  smaller  scalar  length  scale* 


A9-6 


Figur*  T:  Evotatioa  of  kartom  (aormftlucd  4tk  moaaat)  ffon  Uaear 

eddy  model  for  Aey  :■  90,  5e5  a  0.7  (x,  ka/kQ  a  i),  («,  fcj/ko  3  2). 
(0.  *./ko  »  4).  (o.  *i/*o  *  «).  *</ko  *  a) 


0  12  3  4 


Figun  •:  Cvolalwa  of  npcnkcwaoa  (■armaliaod  6tk  momcal)  bon 
lioeu  eddjr  nodd  foe  fame  caaet  ao  Fig.  7. 

show  g  rapid  incrcMe  in  thdr  lugiier  order  momenti  before 
relaxing  to  their  ftnal  state.  In  the  case  presented  here,  the 
final  values  of  the  fourth  and  sixth  moment  are  somewhat 
less  than  the  corresponding  Gaussian  values  of  3  and  IS.  It 
was  indicated  both  by  Eswaran  and  Pope*  and  McMurtry 
and  Givi^  in  their  DNS  studies  that  the  pdf  apparently 
tended  towards  Gaussian  in  the  limit  as  the  scalar  variance 
became  small.  However,  more  recent  analytical  work** 
and  simulations**  suggest  that  non-Ganssian  behavior  may 
persist  throughout  the  mixing  process.  Farther  discussion 
of  this  matter  is  deferred  to  §4.2a. 

The  dependence  of  c«  on  0  can  be  examined  by  com¬ 
puting  the  correlation  function  ft  s  (^’cs)/((0*)((s))  ~  I- 
Comparison  of  this  quantity  with  the  DNS  results  is  shown 
in  Fig.  9.  Quantitative  and  qualitative  differences  are  appar¬ 
ent.  For  the  conditions  considered  (Scs  s  0.7,  Rts  —  90), 
the  model  predicts  that  ft  converges  to  a  nonzero  value, 
while  DNS  indicates  eventual  convergence  to  a  different 
value.  The  linear  eddy  result  indicates  a  lasting  dependence 
of  it  on  4,  consistent  with  the  persistence  of  non-Gaussian 
behavior**  evident  in  Figs.  7  and  8.  This  quantity  also 
displays  a  Scg  dependence  as  shown  in  ^4.2a. 

As  mentioned  in  §3.3,  the  quantitative  discrepancy 
between  the  linear  eddy  results  and  the  DNS  results  shown 
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in  Figs.  7-9  may  reflect  the  use  of  high-ffe  scalings  in  a 
moderate-Ae  application.  High-Ae  scaling  may  result  in  a 
larger  contribution  of  the  small  scales  to  the  mixing  process 
than  occurs  in  a  low-Ae  DNS.  This  is  consistent  with  the 
differences  observed  in  the  decay  of  the  scalar  rms  at  smaller 
initial  scalar  length  scales  and  in  the  initial  development 
of  the  scalar  dissipation  for  all  cases.  On  the  other  hand, 
the  differences  between  the  linear  eddy  results  and  the 
DNS  may  reflect  a  fundamental  limitation  of  the  linear 
eddy  model  with  respect  to  its  representation  of  nuxing 
kinematics.  This  issue  can  be  resolved  on  the  basis  of  DNS 
and/or  laboratory  experiments  at  higher  Re. 

In  general,  the  linear  eddy  model  is  found  to  accurately 
represent  important  features  of  the  turbulent  mixing  pro¬ 
cess.  The  agreement  is  particularly  remarkable  considering 
that  the  scaling  laws  upon  which  the  model  is  built  are 
based  on  high-Ae  turbulent  flows,  and  the  DNS  results  have 
been  obtained  for  relatively  low-Ae  flows. 

4.3  Rcynolda  and  Schmidt  Number  Sensitivities 

Owing  to  the  severe  computational  requirements  of 
DNS,  previous  DNS  of  turbulent  mixing  has  necessarily 
been  limited  in  the  range  of  Ae  and  5c  that  could  be 
treated.  The  effects  of  Ae  and  5c  on  the  overall  mixing 
process  have  not  as  yet  been  quantified.  However,  with  the 
computationally  economical  one-dimensional  formulation  of 
the  linear  eddy  model,  a  much  wider  range  of  length  scales 
can  be  treated,  allowing  parametric  Ae  and  5c  studies.  In 
the  simulation  results  that  follow,  results  are  parameterized 
by  Aey  and  Scg,  whose  relation  to  the  physical  quantities 
Ae  and  5c  is  discussed  in  §3.  The  initial  scalar  fields  for 
all  simulations  that  follow  were  initialized  with  a  value  of 
k.fkt  =  1  unleu  othenviu  noted. 

4.2n  Schmidt  Number  Dependence 

The  linear  eddy  model  wm  used  to  perform  simulations 
spanning  a  range  of  5eg  s  0.1  -  1000  for  Aey  =  90.  The 
low-Ae  case  wm  sdected  for  Se$  comparisons  u  resolution 
requirements  become  severe  when  resolving  the  Batchelor 
scale  for  high  Schmidt  number  flows  even  in  one  spatial 
dimension.  5cx  sensitivities  are  shown  in  Figs.  10-13. 

Figure  10  indicates  that  the  computed  early  growth  rate 
of  scalar  dissipation  increasu  with  increMing  Fcy.  This  is 
reasonable  since  the  effects  of  moleculai  diffusion  decrease 
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Fifur*  10:  Cvolvtiea  of  tk«  tcoUt  diMipoitoa  (oc  Rus  a  90. 
kt/k^  a  1  «i  4iffcr«ot  of  Scs  M  compatod  item  Umaai 

eddy  model.  (x,  Scs  a  0  1),  («,  Scs  •  10).  (o,  Scs  a  |0), 
(o.  Scs  *  1®®),  (+,  Scs  a  1000). 


Figtm  11:  SralKioa  <rf  (kc  acalu  Md  rau  for  nac  ewi  a  Fi(.  10. 

at  Scs  i*  increaicd,  rconlting  in  leu  motcenUr  omootliing 
of  scainr  graiiienM.  Sabocqucntly,  the  mngnitndo  of  the 
dissipation,  when  scaled  by  the  large  eddy  turnover  time, 
Ti,  is  independent  of  5c  for  Scs  >  1.  This  is  consistent 
with  where  ^  is  an  order  unity  quantity. 

The  time  at  which  the  scalar  dissipation  peaks  is  also 
consistent  with  conventional  scaling  aulytis.  The  maxi¬ 
mum  dissipation  wiU  occur  when  the  scalar  length  scale  is 
reduced  to  the  Batchelor  scale,  For  5c>  1,  this  time,  t 
can  be  estimated  in  two  steps,  t  s  (,  4- 1,,  where  t,  is  the 
time  to  reach  the  Kolmogorov  scale,  and  tj  is  the  additional 
time  to  reach  the  Batchelor  scale.  To  estimate  t|,  con¬ 
sider  the  size  evolution  l{t)  of  a  Kalar  blob  initially  of  size 
/(O)  =  L.  Based  on  dimensional  considerations  applicable 
to  the  inertial- range  cascade,  that  evolution  is  governed  by 
dljH  =  where  the  characteristic  eddy  time  t,  scales 
according  toti  Integrating  from  the  integral 

scale  i  to  7  gives  fi/r^  =  (1  -  -  1  -  Be"*/*.  (Nu¬ 

merical  coefficients  are  suppresMd  here,  but  are  restored 
shortly.)  This  demonstrates  the  Re  sensitivity  (vanishing 
at  high  Re)  of  the  time  (in  units  of  r^)  for  a  scalar  blob  to 
traverse  the  inertial  range.  Farther  length  scale  reduction 
to  the  Batchelor  scale  Ig  occurs  at  an  exponential  rate. 


Figure  tZ:  Evelatios  of  kutoao  of  the  KoUt  Md  far  ua*  casa  h 
Fig  10 


Figure  13;  Ereiatioe  of  tko  (calot  Tori—co-diwipoune  coiidMioa 
fuctaoe  (sc  hbo  c«mo  ••  Fig.  9. 

For  5c  >  1,  fg  =  »7exp(-fj/r*|,  where  Vg  is  the  Kol¬ 
mogorov  time  and  ti/lg  s  A  5c'^*,  where  A  is  a  coefficient. 
Since  s  B  Re~'l'*ri,  where  B  is  another  coefficient,  t,.is 
gives  f,/rt  =  B[ln A  +  (I/2)ln5e|Be'*/*.  Combining  fi 
and  t),  t  can  be  expressed  in  the  general  form 

f/vt  =  e,  +  Be"*''*  (c*  +  cj  In  5c) ,  (3) 

where  the  coefficients  C|  and  Cs  are  positive,  but  c,  can  be  of 
either  sign.  This  relationship  can  be  interpreted  in  terms  of 
the  modd  quantities  Res  and  5cj.  The  In  Scs  dependence 
on  the  time  of  peak  dissipation  is  borne  out  in  Fig.  10. 

The  decay  of  the  scalar  rms  (Fig.  11)  shows  linte 
5cg  dependence  for  5cs  >  1.  The  behavior  of  the  Kalar 
variance  is  consistent  with  the  scalings  presented  above  and 
the  behavior  of  the  Ct'alar  dissipation  shown  in  Fig.  10. 

The  higher-order  moments  display  an  interesting  Scs 
dependence  (Fig.  12)  which  is  also  reflected  in  the  scalar 
variance-scalar  dissipation  correlation  function  (Fig.  13).  In 
general,  the  low-5c  simulations  give  values  of  the  kuttosis 
and  superskewncss  wdl  below  Gaussian  values.  As  Scs  is 
increased,  the  values  of  both  the  kurtosis  and  superskewnen 
increases.  This  trend  is  apparent  over  the  5cs  range  studied. 
For  5c«  of  order  one,  the  moments  are  below  their  Gaussian 
values,  while  for  high  5cs,  the  flnal  values  of  the  higher 
order  moments  are  near  the  Gaussian  values. 
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Fi(ur*  14:  Evolutws  of  the  acalki  rnu  4‘  fot  Scj  a  0  T  et  diifeteat 
<kl«ai  of  Rts-  (X  Htf  K  10).  («.  Rts  a  100).  («.  Rts  ^  1000). 
Rts  ^  10000). 


Figure  IS:  Evolutioa  of  the  acalu  dianpetwa  (or  5ej  a  O.T,  k,/k^  s 
1  (oi  umc  cim  a*  Fig.  14. 

The  occurrence  of  noD-Ganwiu  pdf's  cu  be  under¬ 
stood  as  follows.  If  fine-scale  mixing  is  fast  relative  to 
large-scale  stirring,  small  regions  will  become  well  mixed 
whUe  large-scale  variations  of  4  are  still  present.  Each 
small,  mixed  region  converges  to  a  Gaussian  distribution 
whose  mean  corresponds  to  the  local  mean  value  of 
which  generally  differs  from  the  global  mean  value  $  =  0. 
Therefore  the  core  of  the  spatially  averaged  pdf  consists 
of  a  superposition  of  Ganssians  with  different  mean  values, 
yielding  a  distribution  that  may  be  longer-tailed  or  shorter- 
tailed  than  Gaussian.  Since  this  mechanism  is  predicated 
on  the  relative  efficacy  of  the  fine-scale  mixing,  it  implies 
that  the  linear-eddy  results  reflect  a  larger  contribution  of 
the  small  scales  to  the  mixing  procen  than  occurs  in  the 
DNS.  In  this  regard,  the  results  for  the  higher  moments  are 
consistent  with  the  results  for  pdf  evolution,  discussed  in 
Sec.  4.1. 

4.2b  Reynolds  Number  Effects 

The  decay  rate  of  the  scalar  variance  is  shown  in  Fig.  14 
for  Rts  s  10  -  10, 000  and  Ses  —  0.7.  With  time  nondi- 
mensionalized  for  each  case  by  its  large  eddy  turnover  time, 
Ti,  all  curves  at  or  above  Res  =  100  collapse.  This  indi¬ 
cates  that,  in  terms  of  the  model  parameters,  high  Reynolds 
number  similarity  is  obtained  at  Res  =  100.  For  the  case  of 


Fif;ur«  Id:  laitiW  devck>paeat  of  the  ecklar  diwipatioa  for  Scs  » 
10.  hs/ho  «  1  4t  dilTereit  vaiacs  of  Res  R^i  *  tOj.  (•,  Res  ^ 
100),  (o,  Res  m  1000) 


0.00  0.04  0.08  0.12 


Figure  IT:  Evolatios  oi  kattoois  oi  scslu  field  (or  luie  c*ms  m 
Fig.  14. 

Scs  ts  0.7  considered  here,  the  scalar  dissipation  decreases 
rapidly  at  the  Kt^ogorov  scale.  The  time  to  reach  this 
scale,  as  discussed  in  $4.2a.  is  ti  =  (1  -  ffe*‘^’).  This  is 

consistent  with  the  small  Res  effect,  which  vanishes  at  high 
Res,  seen  in  the  model  results. 

The  effects  of  Res  on  the  scalar  dissipation  evolution 
are  shown  in  Fig.  15.  The  maximum  value  of  the  scalar 
dissipation  is  independent  of  Res  when  scaled  with  r^.. 
This  agrees  with  the  scaling  analysis  outlined  in  $4. 2a. 
Furthermore,  the  time  at  which  the  scalar  dissipation  peaks 
can  also  be  interpreted  by  the  scaling  analysis  summarized 
by  Eq.  3.  First,  Eq.  3  indicates  there  will  be  a  unique  value 
of  Ses  at  which  the  Res  dependence  will  vanish.  The  lack 
of  Res  sensitivity  in  Fig.  15  indicates  that  Scs  =  0.7  is  near 
this  value.  Second,  as  Ses  is  increased  above  this  value, 
the  Res  sensitivity  should  increase.  Computed  results  for 
Ses  s  10  exhibit  this  trend  (Fig.  16). 

The  evolution  of  the  scalar  pdf  as  described  by  the 
higher-order  moments  does  not  show  a  strong  Re  depen¬ 
dence  beyond  Res  =  100  (Fig.  17).  This  and  the  foregoing 
results  indicate  that  Re  effects  may  be  sufficiently  well 
characterized  by  studying  a  limited  range  of  Re.  How. 
ever,  a  complete  understanding  of  5c  effects  may  require 
wider-ranging  study  and  improved  analytical  methods. 
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5.  CONCLl- SIGNS 

Various  aspects  of  the  time  evolution  of  a  passive  scalar 
field  in  steads  homogeneous  turbulence  have  been  addressed 
here  using  the  dnear  eddy  modeling  approach.  The  model 
formulation  in  one  spatial  dimension  incorporates  the  mech¬ 
anisms  needed  to  represent  the  dependences  of  mixing  prop¬ 
erties  on  Re  and  Sc. 

Detailed  comparisons  with  low-Ae  DNS  for  Sc  of  order 
unity  indicate  that  the  model  captures  the  dependence  of 
scalar  variance  and  scalar  dissipation  evolution  on  the  initial 
scalar  length  scale.  Principal  features  of  scalar  pdf  evolution 
are  reproduced.  Quantitative  discrepancies  with  respect  to 
structural  properties  of  the  mixing  field  may  reflect  inherent 
limitations  of  the  model,  or  may  reflect  the  fact  that  low-Ae 
DNS  does  not  fully  conform  to  the  inertial- range  scaling 
laws  built  into  the  model.  DNS  or  laboratory  experiments 
at  higher  Re  could  resolve  this  ambiguity. 

Parametric  sensitivities  were  investigated  based  on  Sc 
and  Re  variations  over  several  orders  of  magnitude.  The 
parametric  study  demonstrates  that  the  computed  tran¬ 
sient  evolution  of  the  scalar  field  obeys  the  appropriate 
high-Ae  scaling  properties  and  exhibits  finite- Ae  depar¬ 
tures  from  scaling  that  are  consistent  with  the  classical 
picture  of  mixing  kinematics  in  the  inertial  and  viscous  sub¬ 
ranges.  These  observations  complement  a  previous  study‘‘ 
which  demonstrated  conformance  of  the  model  to  that  pic¬ 
ture  in  the  context  of  steady-state  homogeneous  mixing. 
Collectively,  these  results  highlight  the  common  origin  of 
the  steady-state  spectral  scalings  and  the  scalings  governing 
a  transient  mixing  field  in  steady  homogeneous  turbulence. 
Moreover,  these  results  demonstrate  that  a  comprehensive 
picture  of  turbulent  mixing  kinematics  can  be  embodied 
in  a  mathematical  formulation  of  reduced  spatial  dimen¬ 
sionality  provided  that  the  underlying  physical  processes 
and  their  associated  length  and  time  scales  are  explicitly 
represented. 

The  parametric  study  provided  new  insights  into  the 
mechanisms  underlying  the  evolution  of  the  scalar  pdf. 
Qualitative  as  well  as  quantitative  features  of  this  evolution 
were  found  to  be  sensitive  to  Se  and  to  the  initial  sridth  of 
the  Kalar  interfaces,  consistent  with  a  simple  mechanistic 
picture.  This  picture  indicates  that  the  shape  of  the  pdf 
in  (he  final  stages  of  mixing  depends  on  mechanistic  details 
not  represented  in  other  models  that  have  been  applied 
to  the  question  of  pdf  evolution.  Improved  analytical 
methods  are  needed  in  order  to  qnanti^  the  impact  of  these 
mechanisms,  and  to  determine  why  models  lacking  the 
mechanisms  governing  5c  sensitivity  agree  well  with  DNS 
results  for  a  particular  value  of  Se.  Tests  of  the  predicted 
sensitivities,  by  means  of  high-5c  laboratory  experiments 
or  DNS,  would  serve  both  to  check  the  predictions  and  to 
stimulate  further  analytical  study. 
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This  paper  describes  an  experimental  study  which  is  currently  being  conducted  to  investigate  the  mixing  in  turbulent 
jets  and  plumes.  The  objective  is  the  description  of  the  structure  of  turbulent  flows  from  a  coherent  picture  of  the 
entrainment  and  mixing  process.  An  essential  component  of  this  research  is  the  application  of  pH  sensitive  dyes  to 
view  the  three-dimensional  structure  of  the  flow  by  identifying  all  fluid  exceeding  a  predetermined  concentratioo  of 
source  fluid.  This  is  best  described  as  a  threshold  technique  on  the  concentration:  the  specified  concentration  is  located 
on  the  surface  of  the  coloured  fluid.  The  technique  fiKilitates  the  examination  of  the  interrelations  of  large  and  small 
nirbulent  structures  through  the  observation  of  the  instantaneous  threshok'  -ontaininant  distribution.  Photographs  have 
indicated  that  the  source  fluid  of  the  jet  is  contained  in  thin  sheets  whose  thickness  is  of  the  order  of  the  Batchelor 
microscale:  the  distribution  of  which  is  filted  by  a  Ganuna  disttibutioo.  The  spacing  between  the  sheets  are  of  the 
order  of  the  Kolmogorov  microscale.  Observatioos  of  the  colour  distribution  using  a  permanent  inen  dye  in  a  jet 
showed  that  the  Gaussian  distribution  cannot  be  a  valid  description  of  the  concentration  at  the  edges  of  the  jet.  These 
show  that  all  of  the  contaminant  is  contained  within  an  envelope  of  width  kb,  where  b  is  the  characteristic  velocity 
radius  and  k  has  a  value  of  1 .86.  This  has  led  to  a  simple  equatioo  based  on  the  conservation  of  mass  for  predkting 
the  time  averaged  mean  front  location  within  the  jet.  This  equation  compares  well  to  the  experiniemal  results.  The 
normalized  r.m.s.  values  of  the  conoentration  locatioos  are  also  presented. 


1  Introdnction 

Central  to  many  problems  encountered  in  engineering  practice  is  the  phenomenon  of  tuibulent  mixing  and  this 
is  often  produced  by  jets  and  plumes.  The  structure  of  these  flows  drtermiir  the  rate  of  «^nw«wmieiit  from  the 
surroundings  and  the  rate  of  stretching  and  deformation  of  the  fluid  particles.  Consequently  this  stnicture  regulmes 
the  mechanism  of  mixing  and  thus  controls  the  rate  of  chemical  reactions  such  as  flanunability  or  instantaneous 
concentration  of  contaminants. 
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In  low.,  it  is  the  sinall  eddies  convection  which  intensify  the  concentration  gradients  over  short 

distances  T'''.e  'esuit  s  a  mixing  rate  orders  of  magnitude  larger  than  that  in  laminar  flow.  The  concentianon  at  a 
point  IS  a  function  ot  the  Reynolds  and  Schmidt  numbers  but  the  precise  relatioaship  caruiot  be  ascertained  by  analysis. 
The  flow  IS  always  unsteady  so  stanstical  properties  must  be  used  to  describe  the  concentration  such  as  the  time  mean 
concentraDon.  This  time  mean  is  the  value  quoted  for  toxic  limits  and  used  in  chemical  processes.  However,  the 
fluctuation  of  concentrabon.  although  usually  of  an  order  smaller  in  magnitude,  produces  instantaneous  large  values 
and  these  should  be  the  concentrations  considered.  For  example,  the  presence  of  a  concentrated,  highly  toxic  pollutant 
can  be  damaging  to  health.  The  time  mean  value  at  any  point  would  be  small  if  these  parcels  were  widely  spaced  and 
so  passed  over  a  measuring  point  rarely.  In  this  case  it  is  the  maximum  dosage,  not  the  time  averaged  dosage,  that 
is  of  importance. 

For  a  complete  description  of  the  fluctuations  of  concentrabon  the  probability  distribubon  must  be  determined. 
From  the  probability  disoibubon  the  second  momem  gives  the  r.m.s.  value  and  the  third  and  fourth  moments  define 
the  skewness  and  flatness  factor.  In  most  cases  the  measurements  fit  a  Gaussian  distribution  so  the  mean  and  r.m.s. 
values  are  the  only  measurements  of  pracbcal  interest. 

The  next  secbon  is  a  descripbon  of  a  simple,  versatile  technique  for  invesbgabng  the  diffusive  mixing  in 
turbulent  flows  of  water.  In  secbon  3.  some  observabons  made  using  this  technique  with  forced  plumes  are  presented 
to  illustrate  the  potential  for  idenbfying  turbulent  structures  and  examining  the  interactions  of  these  structures.  Secbon 
4  outlines  the  derivabon  of  a  conservabon  equation  for  the  bme  avenged  mean  from  location.  A  comparison  of  this 
calculated  mean  is  made  with  the  experimental  results  obmined  using  the  pH  sensitive  dyes.  Finally  an  estimate  for 
the  concentrabon  r.m.s  value  is  made. 

2  pH  Sensitive  Dye  Teehaiqne 

The  introduction  of  a  pH  sensibve  dye  makes  possible  the  idenbficatioo  of  all  fluid  with  a  concentration  above 
a  preset  value.  The  technique  involves  observing  the  progress  of  the  aciiHiase  btnbon  occurrii^  within  the 
experimental  omk.  The  tank  fluid  is  made  acidic  with  the  additioo  of  an  acid,  and  a  base  is  added  to  the  source  fluid. 
During  the  experiment,  the  entrained  environmem  fluid  mixes  with  the  alkaline  source  fluid.  Mixing  and  diffusive 
mixing  are  used  interchangeably.  Both  refer  to  the  diffusion  ot  a  poUulam  across  an  intermaterial  surface  resulting  in 
the  fluid  being  molecularty  mixed.  If  the  source  fluid  neutralized  the  entrained  fluid,  the  pH  indicator  in  the  entrained 
fluid  becomes  the  base  colour.  When  the  source  fluid  is  finally  neutralized  by  the  entrained  acidic  fluid,  the  pH 
indicator  in  the  source  fluid  changes  to  the  acidic  colour.  The  specified  concentration  is  located  on  the  surbce  of  the 
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fluid  with  the  ‘'ase  ;olour  The  dilution  of 
the  '.ourci  '■jid  it  which  the  colour 
changes,  s  -ontrolled  by  the  relaQve 
strengths  of  the  acid  and  base.  Hence,  the 
photographs  of  the  flow  field  show  clearly 
all  fluid  for  which  the  concentration  is 
above  the  predetermined  value. 

The  main  assumption,  in  the 
conceptualization  of  this  technique,  is  that 
the  neutralizanon  of  the  base  (the  source 
fluid!  by  the  acid  (the  entrained  fluid)  will 
produce  a  distinct  and  abrupt  change  in 
colour  at  a  specific  concentration.  This  can 


d 


Figure  1 .  Apparent  structures  have  been  identified:  (a)  hollow  core,  (b) 
only  be  achieved  if  (l)the  neutralization  "bubble"  structures,  (c)  shadowgraph  effect,  (d)  spterical  vortex.  Scale; 

3.7; l.O.  Re  =  235  and  dilution  =  5. 

curves  for  the  acid  and  base  have  a  sharp 

transition  through  the  equivalence  point.  (2)  the  reaction  is  diffusion  limited,  and  (3)  the  indicator  responds  within  the 
transition  zone.  The  first  requirement  is  satisfied  by  using  a  strong  acid  with  a  strong  base  (Laitinen  1960). 
Hydrochloric  Acid  and  Sodium  Hydroxide  were  chosen  which  satisfies  the  second  criteria  (Cussler  1984).  Phenol-Red 
was  chosen  as  the  indicator  because  it  responded  within  the  shup  pH  transition. 

The  dilution  for  an  experiment  was  defined  as  the  number  of  unit  volumes  of  the  environmem.  one  unit  from 
the  source  would  neutralize.  The  concentration  at  which  the  colour  change  occurred  can  be  calculated  by. 


where  c,  is  the  initiai  concentration  and  OIL  is  the  dilution  set  for  the  experiment. 


3  Turbulent  Structures 

The  two  photographs  of  Figures  1  and  2.  which  are  salt  water  plumes,  are  typical  examples  of  the  strucmres 
which  are  revealed  if  the  dilution  for  colour  change  is  S  and  12.3  respectively.  There  are  several  points  of  interest  in 
the  first  photograph.  There  appears  to  be  very  little  source  fluid  at  the  core  of  the  flow  near  the  start:  in  other  words 
it  appears  hollow.  This  was  observed  for  all  jets  which  emerge  laminar  from  the  orifice.  Perhaps  more  important  is 
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■he  iosenc-‘  ?  't  tluid  which  appear  as  the  bie  eodtes  tn  Figure  '  Ml  ot  the  iource  fluid  has  been  stretched 

nto  sneets  '  -  ■  o  nr  “  dimensional  sheets,  on  close  inspection,  are  interconnected  and  continuous  as  thev  stretch  and 
'Oil  up  witn  .".iuired  ensironmentaJ  fluid.  Within  the  flow,  there  are  three  addiQonai  features.  Bubble-iike  structures 
ire  visible  in  several  locauons  These  structures  look  similar  to  the  photographs  of  a  stamne  vortex  ■  \uerback  l'i87i 
Further  mvesugauon  with  a  high  speed  movie  camera  ts  planned  to  faciliute  frame  by  frame  measurement  of  individual 
strucnires  for  correct  classification.  The  second  structure  is  the  shadowgraph  effect  which  is  evident  throughout  the 
upper  half  of  the  photograph.  This  indicates  that  the  concennaon  of  source  fluid  in  these  areas  is  below  the  preset 
value  and  the  remaining  salt  is  diffusing  out  of  the  sheets.  The  third  structure  visible  m  the  photograph  appears  to  be 
a  sphencal  vonex  above  the  mid-plane  and  to  the  nght.  Apin  further  invesoganon  capable  of  following  an  individual 
structure  is  planned  to  ascertain  if  these  are  truly  sphencal  vortexes  or  merely  fluid  elements  in  solid  body  roaaon. 


The  second  picture  clearly  shows  that  all  the  source  fluid  has  been  stretched  into  sheets.  Bubble  structures  are 
evident  here  too.  Note  the  open  ended  vortex  midway  m  the  photograph.  One  concludes  that  the  vomcity  extends 
into  the  environmental  fluid  or  the  other  side  of  the  nng  is  diluted.  This  structure  is  often  observed  in  the  plumes. 


The  detail  m  Figure  2 


provides  the  opportunity  to 
obtain  charactensuc  length 
scales  of  the  structures  found 
in  the  flow.  The  diameter  of 
Che  bubbie-like  structures 
vaned  between  5. 6mm  to 
2. 1mm.  The  interpretaucc  of 
the  tines  m  (he  ptaotograph  are 
sheets  of  onginal  fluid  with 
concentrations  above  the 
threshold  value,  perpendicular 
to  the  camera.  Typical  line 


spacing  averaged  0.l3nun. 


The  line  or  sheet  spacing 

Figure  2.  Close-up  photograph  clearly  shows  all  the  source  fluid  has  been  stretebed 
should  be  related  to  the  sheets.  Identified  structures;  la)  'bubble*  strucnires.  (b)  the  end  of  a  vortex 

nng.  Scale;  4.8; 1. 0.  Re  =  440.  dilution  =  12.5. 
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'■mallest  viiocir-  ''ucmations  found  in  the  flow  These  can  be  esnmated  using  Kolmogorov  microscale  which  is  defined 
by  the  dissicai  ■  n  rate  per  unit  mass  e  (m  sec  t  and  the  viscosity  v  im-sec  )  iTennekes  and  Lumiey  1972).  For  the 
plume  It  was  assumed  that  the  cate  of  energy  dissipation  was  proportional  to  the  buoyancy  flux  per  unit  area.  Based 
on  this  assumption  the  esumated  Kolmogorov's  microscale  for  Figure  2  is  0.26mm.  Tlus  is  the  same  order  of 
magnitude  as  the  measurements  for  the  sheet  spacing.  The  width  of  the  lines  were  measured  m  increments  of 
O.OOSmm.  Line  widths  ranged  from  0.010mm  to  0. 16mm.  The  line  widths  were  found  to  have  a  Gamma  distnbuuon. 
The  most  frequent  width  was  0.020mm.  The  sheet  thickness  should  be  on  the  order  of  the  concentration  fluctuations 
expected  in  the  flow.  'The  concentration  fluctuations  can  be  estimated  usmg  the  Batchelor  microscale  which  is 
O.OUmm.  Again  the  measurements  are  of  the  same  order  of  magnitude  as  those  predicted. 

4  Measurements  and  Analysis 

A  turbulent  jet  is  one  of  the  simplest  flows  with  vigorous 
mixmg.  Fluid  is  injected  from  a  circular  opening  into  an  environment 
at  rest.  The  intense  shear  on  the  edge  of  the  jet  generates  large 
turbulent  eddies  which  entrain  fluid  from  the  environment.  Thus  the 
width  of  the  jet  expands  and  the  mean  velocity  decreases  at  sections 
downstream .  Dimensional  consistency  requires  that  the  width  expand 
linearly  with  x.  the  coordinate  along  the  centerline.  The  conservation 
of  momentum  and  mass  of  a  pollutant  dictate  that  mean  velocity  and 
concentration  on  the  centerline  vary  with  l/x.  These  trends  have 
been  verified  in  many  experimental  studies  and  these  have  also 
described  the  properties  of  the  turbulent  flow.  Recem  publications 

Pigwe  3.  All  source  fluid  is  contained  widiin 
by  Papanicolaou  and  List(1988)  and  Oahm  and  Dimotakis<1990)  >  >>alf  angle  of  12”.  The  experiment  used 

Potassium  Permanganate.  Re  »  3.22S. 

present  the  properties  obtained  by  the  technique  of  laser-induced 

fluorescence  of  a  dye.  The  lateral  profiles  of  both  mean  velocity  and  mean  concentration  follow  fiaiixqan  distributions. 
A  characteristic  width  of  the  velocity  profile  is  defined  by  the  radius  b  at  which  the  value  is  l/e  of  the  centerline  value 
and  the  conservation  of  momentum  sets  b  »  2  a  x.  Experiments  give  a  value  of  0.057  for  the  entrainment  coefficient 
a.  The  concentration  profile  is  wider  and  the  wkhh  is  quoted  as  the  ratio  ;i  of  this  width  to  b.  Experiments  give  X 
the  value  1.16.  Distributions  of  the  r.ffl.s.  of  both  velocity  and  concentration  across  the  jet  show  a  drop-off  from  the 
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center  to  the  cjee  On  ihe  centerline  the  r  m  s  longitudinal  velocity  component  is  about  0.25  of  the  mean  velocity 
while  the  r  m  .oncentraaon  is  0.2  of  the  mean. 

4. 1  ConaiBiium  Envelope  and  Plnaw  Frona 

Observation  of  the  colour  distribunon  using  a  permanent,  inert  dye  in  a  jet  shows  that  the  Gaussian  distribution 
cannot  be  a  valid  descnpdon  of  the  concentration  at  the  edges  of  the  jet.  This  is  demonstrated  by  the  photograph  of 
Figure  J  which  is  a  jet  containing  potassium  permanganate.  There  is  a  distinct  edge  of  the  jet  which  is  contorted  and 
lumpy  from  the  large  eddies.  All  of  the  coloured  water  is  cotitained  within  an  envelope  of  width  kb.  This  and  other 
photographs  define  a  half  angle  of  12* which  corresponds  to  k  =  1 .86.  Measurements  of  both  the  mean  and  r.m.s. 
concentration  reported  in  recent  papers  give  finite  values  beyond  this  edge.  There  must  be  a  slow  oscilladon  of  the 
jet  not  evident  in  the  instantaneous  picture  which  leads  to  finite  values  when  a  dnie  mean  is  taken. 

Another  view  of  the  mixing  is  obtained  by  taking  instantaneous  photographs  of  the  jet  with  a  pH  sensitive  dye 
for  comparison  with  the  inen  dye  photograph  of  Figure  3.  The  coloured  region  has  the  shape  of  a  brush  or  a  flame 
front  and  the  length  increases  with  dilution  as  expected.  Tbete  were  two  distinct  zones,  an  inner  dark  region  and  a 
surrounding  lighter  region.  These  are  sketched  on  Figures  4  and  5  for  different  concentrations.  The  lighter  zone 
mitialiy  coincides  with  visible  edge  from  Figure  3.  This  confirms  the  conjecture  that  the  visible  edge  is  an  envelope 
for  all  of  the  source  material.  In  the  downstream  part  diere  are  large  lumps  of  colour  visible  which  show  the  effect 
of  turbulence.  A  sequence  of  photographs  taken  at  0.2  s  intervals  showed  that  these  tumps  changed  shape  but  a  mean 
position  of  the  edge  of  the  region  could  be  defined.  The  wMgntwvt^  of  the  excursion  of  the  downstream  end  was  about 
the  total  width  of  the  jet,  which  mirron  the  passage  of  one  of  the  largest  eddies.  Figure  4  is  a  plot  of  several 
photographs  which  illustrate  the  variatioos  in  shape  of  the  coloured  regioo.  There  is  only  a  small  variation  of  the  edge 
near  the  source. 


4.2  Mean  Front  Location 

A  simple  conservation  equation  for  the  time  averaged  mean 


can  be  derived  by  atoiming  the 


velocity  and  conceotratioo  profiles  are  Gaussian.  In  the  case  of  the  concentration,  the  Gaussian  profile  is  only  valid 
from  r  =  0  to  r  s  kb:  all  of  the  source  material  is  comained  within  the  visdile  edge.  Thus, 


«  - 


e  »  c.expi- 


where  u  is  the  velocity,  c  is  the  time  mean  coocentratioo  and  the  subscript  m  is  the  centerline  value.  Cooservadoo  of 
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momentum  r^ouires  'Jut  the  momentum  at  the  source,  which  is  assumed  to 


have  a  top  nai  rr^tiie  is  equal  to  that  found  at  some  axial  distance  from  the 
source.  This  eivss. 

^ulDo  =  ^uib-  (3) 

where  U,  is  the  top  hat  velocity  of  the  source  and  0,  is  the  diameter  of  the 
source.  Similarly  conservation  of  the  scalar  contaminant  gives. 

^  UgC^Do  =  0  j  uclTtrdr  W 

0 

Subsntuting  into  the  expression  for  u  and  c.  using  Eq.(3)  and  evaluating 
with  the  values  for  a.  k  and  it  leads  to 


c  ,  "o _ -57r^ 


-X  =  5.415 -^exR- 


(5) 


This  is  essentially  the  same  scaling  constant  of  5.4  found  experimentally  by 


Figure  4.  Tracing  of  the  outline  for 
Re  =  3.225  using  Phenol-Red. 
Everything  above  6.25%  original  source 
fluid  is  visible. 


Dahm  and  Diniotakis(t490). 


The  edge  of  the  deep  colour  zone  is  plotted  in  Figure  5.  For  comparison.  X's  indicate  where  E<;.(5)  estimates 
the  mean  concentratioo  to  be  the  value  set  in  the  experiment.  The  deviation  of  the  locus  of  points  found  using  Eq.(5) 
is  due  to  the  small  set  of  experiments  from  which  the  mean  was  derived.  However,  the  agreement  is  quite  good. 
4.3  Diffusion  from  the  Sheets 

Outside  this  deep  colour  zone  the  time  averaged  mean  concenoatioa  is  less  than  the  one  set  for  the  experiment. 
Here  the  colour  is  contained  in  the  thin  sheets  described  above.  These  are  thickaess  ko,  the  Batchelor  nucroscale 

which  is.  following  the  measurements  of  Dahm  and  Dimotaki$(1990) 

.1  .1  (6) 

ko  -  TOOaRe  *  Se 


Eq.(6)  shows  that  iis  increases  linearly  with  x.  This  rate  of  thkkening  is  much  larger  than  the  rate  of  diffusion  of 
Na'OH  ions  out  of  the  sheet.  Thus  most  of  the  Na*OH'  in  the  sheet  when  it  was  established  remains  in  it.  The 
concenttation  decreases  as  the  Na'OH'  diffuses  into  the  fluid  being  added  oou  the  surface  of  the  sheets.  If  the 
concentration  profile  is  similar  as  this  progresses,  then  the  concentratioo  in  the  center  times  A.o  is  consiam.  Thus  it 
would  be  expected  that  the  poim  x,  on  the  centerline  where  colour  disappears  would  be  inversely  proportional  to  the 
defined  concentration.  This  is  indeed  satisfied  by  the  mean  positions  of  the  three  dilntiaiis  ptooed  on  Figure  6.  The 
mean  concenttation  also  decreases  with  l/x  as  seen  in  Eq.(5),  so  there  is  a  constant  ratio  of  the  lengths  where  the 
colour  changes  and  where  the  concetnratioo  is  the  mean.  The  measured  value  of  this  coosiattt  from  these  experiments 


AlO-7 


IS  t  63.  The  linear  ^anauon  in  Eq.(6t  can  be  xid  to  show  that  the 
maximum  ..oncemiaDon  in  the  thin  sheets  relaove  to  the  mean  at  the 
same  pomt  is  :^ual  to  the  length  ratio.  List  and  Papanacolaout  1988) 
measured  the  maximum  concentration  at  the  centerline  using 
Rhodamine  G  dye  and  found  that  it  was  1 .63  times  the  mean.  Thus, 
the  same  value  was  obtained  for  species  of  different  diffusivity. 

This  supports  the  conjecture  that  the  rate  of  thickening  of  the  sheets 
is  larger  than  the  rate  of  diffusion. 

4.4  Turbulence  Properties 

A  senes  of  4  experiments  were  performed  to  give  a 
comparison  to  turbulent  measurements  found  in  the  Iherature.  The 

Pignre  S.  Tracing  for  Re  >  3.223. 
experiments  were  performed  at  a  Reynolds  Number  of  3000  to  Everything  above  4.26%  is  visible.  The  dark 

zone  is  cnotained  within  the  lighter  zone.  X's 

match  those  published  by  Papanicolaou  and  List  (They  measured  the  mark  the  zone  given  by  E<j.(5). 
longitudinal  and  radial  velocities  and  Rhodamine  6G  dye  concentrations  simultaneously  at  the  same  point  by  a  Laser- 
Doppler  Velocimeter  {LDV}  combined  with  a  Laser-Induced-FluoRscence  {UF}  system).  Each  experiment  consisted 
of  40  photographs  which  were  taken  at  a  rate  of  3  per  second.  This  time  interval  is  large  enough  so  that  each 
photograph  is  satistically  independent:  meaning  each  photograph  was  of  a  different  large  scale  structure.  This 


independence  was  laner  confirmed  when  the  correlatioa  between 


sequential  photographs  was  found  to  be  near  zero.  The  film  and 
lens  were  selected  to  closely  match  the  measurement  resolutiao 
of  the  published  data  of  0.2mm.  The  maximum  tocatkm  of  the 
contaminant  was  recorded  for  each  photograph  along  the  center 
line  of  the  jet  as  well  as  for  incremetRs  of  three  dq^rees  off  the 
cemer  line  from  minus  twelve  to  phis  twelve  degrees. 

The  normalized  r.m.s.  concentraiioB  posidoiis  for  the  jet 
are  plotted  in  Figure  7.  The  measuremeaB  are  flat  between 
|r/z|  <  0.13  and  are  consistem  with  the  shape  of 
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Papanicolaau's  r.m.s.  measurements  in  a  jet  for  this  range  of  0.00  0.07  0.14  ^  o.2l  0.28  0.35 

r/z.  The  measured  r.m.s.  value  of  0.1  is  less  than  the  value  of  • 

Pigve  6.  Plot  of  the  maximum  axial  distance 

0.2  foundbyPapanicolaouandListforther.m.s.  concentrations  observed  using  Phenol-Red.  The  line  corresponds  to 

Eq.(S)  with  a  coefficient  «  1.6S  and  r  «  0. 
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ot  Rhodamine  ''<j  J'.e  However,  these  two  sets  ot 
measurements  ria\  not  be  the  same  property.  In 
Figure  ■  me  r  m  s.  ot  the  locations  of  a 
concentration  are  shown  whereas.  Papanicolaou  and 
List  measured  the  r.m.s.  of  the  concentraaon  at  a 
pomt. 

In  Figure  8  the  maximum  recorded  position 
normalized  by  the  mean  centerline  value  (  given  by 
Eq.(5)  )  are  ploned  versus  r/z.  The  profiles  have  a 
maximum  value  around  1 .6  and  are  quite  self-similar. 
This  is  in  excellent  agreement  with  Papanicolaou  and 
List  who  measured  the  maximum  coocentiations  at  a 
given  location  (normalized  by  their  mean  centerline 
values).  Provided  both  experiments  have  the  same 
resoludon.  the  measurements  are  equivalent. 

5  Saminary 

The  picture  which  emerges  from  these 
photographs  is  a  field  of  turhuleu  eddies  which  are 
diffusing  tlK  pollutant  down  the  giidiem  as  in  a 
conventional  diffusion.  All  of  Che  pollutant  is 
contained  within  an  envelope  of  widdi  kb.  Buried  in 
this  field  and  widely  distributed  through  it  are  thin 
sheets  which  conliin  high  concentrations  of  original 
source  fluid.  The  thickness  and  spacing  of  these 
sheets  are  of  the  order  of  the  Batchelor  and 
Kolmogorov  microscales  respectively.  The 
coocemration  within  these  sheets  is  slowly  decreasing 
as  new  fluid  is  added  to  the  sheets  and  the 
contaminate  within  diffuses  into  the  new  fluid.  Thus. 
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Pigwe  7.  Normalized  r.m.s.  profile  of  maximum 
concentration  location  across  a  mitiulent  jet:  Re  3000. 
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Figure  8.  Maximum  recorded  position  normalized  by  the 
mean  centerline  value  for  a  tmbulent  jet.  Re  »  3000. 
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increases  The  lUded  fluid  had  previouslv  been  emnined  from  the  environinem  by  the  biggest  eddies  and  much 
of  It  IS  or  er^  concentration  when  it  comes  in  contact  with  the  sheets. 

The  pH  sensiDve  dyes  facilitate  the  observaooo  of  turtMilent  stnictures  through  the  examiaatioa  of  the 
instantaneous  contaminant  distribution.  The  conservuion  e<)uabon  presented  above  for  the  time  averaged  mean  front 
agrees  with  the  pH  sensitive  dye  experiments  as  well  as  with  other  investigators.  This  has  lead  to  an  esamaoon  of  the 
r.ra.s.  of  the  concentraiioa  and  provided  an  intuitive  picture  of  the  physical  mixing  process  in  turbulent  flows. 

Future  work  will  investigate  (he  chancterisdcs  of  the  lines  and  the  idendfkatioa  of  turbulent  flow  structures. 
The  pH  technique  is  uniquely  suited  for  this  type  of  investigation. 
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1  Introduction 

Tutbiileot  tcactiag  flows  kave  b«co  atadisd  foi  many  dccadct  aad  ate  sridely  tecogaiscd  foe  tke  cbaltcagsa  ikey  poae  lo 
botk  tks  tuibnisacc  eommaaity  aad  tkoac  wkot*  primaty  iatorsat  it  in  tke  ckemittty.  Neilket  tke  ttaatpott  aspect  aor  tke 
ckemieal  kinetic  detail  acecaaaiy  to  ptediet  tack  flows  can  be  coatideted  to  be  well  aadetatood  even  wkea  tke  role  of  density 
flaetuatioBs  is  aaimpottaat,  as  may  kappea  in  aqueous  solutions. 

Oae  of  tke  ptoblcms  is  tke  neecasity  to  deaehbe  tutbalent  tiaaapott  ia  a  flow  consistiai  of  enoagh  species  to  reptcaeal 
tke  ckemieal  kiaetica  adequately.  Two  elements  of  piogteta  kave  been  established  ia  the  last  two  decades  with  respect  to 
this  problem;  the  iattodnetioa  of  tke  joint  probability  density  (pdf)  of  eoaceattalioat(T)  aad  tke  exploration  of  Monte-Carlo 
techaiques  to  miaimiie  computational  eflbrt(lfl|  as  the  anmber  of  species  iacreaaea. 

A  pdf  Ramework  is  saseatial  for  any  realistic  study  of  reactive  flows,  but  it  is  especially  importaat  for  flows  with  complicated 
chemistry  because  the  reaction  terms  caaaot  be  treated  accurately  by  moment  methods.  The  Moato-Carlo  process  is  also 
importaat  when  tke  aamber  of  spedes  is  laips;  it  has  only  been  developed  for  tke  oae-poiat  pdf  which  has  the  disadvaatage 
of  not  represeatiag  directly  the  relative  motion  of  particle  pairs.  This  aurtioa  is  a  faadaaMatal  property  of  turbulence  and  is 
particularly  domiaaat  when  the  turbulcuee  has  a  high  degree  of  symmetry  as  ia  homogeaeons  eases. 

Recent  studies  have  seea  the  development  of  a  fully  two-poiat  pdf  model  of  homogeneous  turbulent  reactive  flow  which 
successfully  mimics  the  results  of  direet  auasetical  simulatiou  (DNS)(1S].  It  is,  however,  limited  to  the  tsro  species  kinetic 
scheme  A  +  B  —  Product,  with  the  conclusian  that  it  would  be  aaecoaoaaical  to  extend  the  model  to  mote  reacting  species. 

Ia  this  paper  we  develop  a  less  computationally  iataasive  alteraative  to  Jiang’s  fully  two-poiat  pdf  model.  This  is  achieved 
by  Botiag  that  scalar  corrslatioa  Auctioas  carry  all  the  two-poiat  iaibrmatioa  seeded  for  the  representation  of  tke  eieeta 
of  advectioa  aad  moleealar  diflasioa  while  the  oae-poiat  pdf  fully  represents  the  role  of  chemical  kinetics.  The  model,  m 
developed  in  the  body  of  the  paper,  features  a  parallel  evolutioB  of  the  one-poiat  pdf  and  the  scalar  corrslatioa  fanctiom, 
the  latter  providiag  a  time  scale  for  the  flormet. 

As  a  conseqaeace  of  the  rcductioa  in  dimeasioas  that  follosrs  drr^piag  Rom  a  twopoint  to  a  oae-poiat  pdf  it  is  possible 
to  treat  kinetic  schemes  with  up  to  flve  reactants.  This  progress  is  obtained  at  the  expease  of  a  similarity  assumption,  which 
coaaccts  the  moments  of  the  oae-poiat  pdf  at  any  instant  to  the  correlatioa  functions  at  the  same  instant. 

The  aradd  is  flist  evaluated  for  the  two  specias  reaction  A  4-  B  —  Brodaets  against  Jiang's  OKidel  aad  DNS  data  obtained 
for  the  tame  rcaetioa(llj.  It  is  then  extended  to  a  four-species  consecutive  reaction  of  the  type 


A  +  B^D 

(1) 

A +  D^P. 

(2) 
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vhei«  A  3  '  ud  P  »te  fout  diff*t«al  ch«aucal  ipcciet.  0  i(  the  dcaiicd  pioducl.  P  it  the  by-pcodurt  ud  k,  tad  kj  an 
tcKtioo  'nsiuii  ri>«  temptialufc  elfKt  on  reaction  rate*  it  igaottd.  nutbeimoie.  we  aito  auume  the  chemical  teactioa 
rates  arc  -iiin'ar  which  means  the  chemical  teactioa  rate  it  a  Ant  order  faactioa  of  the  reactaats  A  aad  B  or  A  aad  0 
The  model  allows  prediction  of  the  elfecu  of  Schmidt.  Reyaolrls  aad  Damhohler  aumben  on  the  evolution  of  means, 
variances,  cross- variances  and  microscales  A  full  tanfe  of  predictions  caa  be  fouad  ia  the  Ph  0  disaertatioa  of  the  first 
author  30'  In  this  manuscript  we  present  a  few  samples  of  the  results  to  indicate  the  model's  performaace 


2  Problem  formulation 


The  goveriung  equations  for  an  isotropic  Kalar  field  dig.  I)  advected  aad  dilTased  by  a  stationary  isotropic  velocity  field 
g(£,  0  can  be  written  os: 

fiu 

— -g  r]|= -Vp  +  i/r’i-e^  (31 

<7  »  =  0  (4) 

*■  h  ^4,  =  Da.V*d.  +  ».  I  =  4.  fl.  O  aad  P  (5| 


where  the  constant  densily  of  Auid  is  taken  to  be  unity,  t/  is  the  kinematic  eiseosily,  p  is  pressore.  Dt  is  the  malecnlar  dilfasiTity 
of  d  aad  d  is  the  ehcnucal  prodaetion  term.  Following  Eswataa  aad  O'Biiea[10|,  We  adopt  a  time-splitting  scheme  which 
separates  eqaatioa  (5)  into  three  parts  aad  each  port  is  treated  separately  at  each  time  step.  With  timc-splittiag,  three 
equations  ate  obtained 

a  A  ■ev—sswMwii.M.ia 

jjdi.ndt.p  =  -i^d..ad».*(.a,)p  (6) 


3:d,,sdt.d  =  Os.  37-;-di.nd».»  Os,  T7^d,.n*».d 


^di.Ads.*  =  2d..aws.d 


IT) 


(») 


Of  these,  equations  (6)  aad  (8)  ace  not  cloasd;  more  unknowns  will  be  generated  by  the  averagiag  process  thoa  there  ate 
equations.  For  equation  (8),  many  models  ots  aeaiiabls.  An  EDQNM  closure  is  adapted  for  the  adveetien  process,  aad  this 
is  discussed  in  the  next  section.  Eqaatioa  (8)  is  usually  very  troabiesomc.  Because  the  soa-liacar  chcoucal  production  term 
di.stvs.a  varies  with  dilFcreat  chemical  reaction  schemes,  this  mokes  the  moddiag  extremely  dilBcalt.  In  the  present  study, 
we  take  advantage  of  the  one-poiat  pdf  fotmulatioa  aad  the  DNS  data  of  Gao[ll)  to  use  a  siaulacity  aaeumptioa  to  close 
this  eqaatioa.  The  details  of  this  assumptioa  ace  given  in  the  next  sectioa.  Because  we  arc  oaly  iatcrested  ia  the  bilinear 
teactioa  rate  (w  ^  kdidj),  the  sseoad-ordcr  equatioas  listed  above  for  two-point  corrclatioa  Inactions  arc  enough  to  serve 
the  parposc. 

The  oae-posat  pdf  evoiutioa  eqaatioa,  which  is  to  be  used  in  conjaactioa  with  equations  (6),  (7)  aad  (8),  is  as  follow. 


tL. 

at 


^(P..)  =  0. 


where 

s(d,l)  =  f3s  Urn  1^1 +w(^)-  (10) 

£l-!l 

I  dt)  is  the  expectation  of  ^xg,  <)  at  point  xg  coaditioaal  on  its  value  at  xg.  In  this  formulatioa,  the  traiuport 
urms  disappear  because  of  homogeneity.  Instead,  this  informatioa  is  implicitly  included  ia  the  first  term  on  the  RHS  of 
equation  ( 10).  The  steps  for  calculating  the  evolution  of  the  one-poiat  pdf  ate  straightforward. 


1.  Calcnlau  (8)  for  the  advection  process  usiag  a  tacbulent  transport  closure. 

2.  Calculate  (T)  for  the  diRhsion  ptocem. 
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3  l'$e  ih*  .ui*  v-Aie  infotm«iioa  d«riv«4  Crom  lUp  2  4Ad  *  molctulM  diiTutioo  cloture  lo  culcuitie  the  one-poiut  pdf 

equtu  ^  ^ 

4  '  iia;*  ne* point  secoad-ordet  momeau  Crom  the  oao-poiat  pdf.  tkea  uic  ihif  laformaiioa  uad  a  umilaxity  UMumpiioa 
to  caicvuate  *.«o>poiBt  cotrelaiioa  (uactioat  after  chemical  teactioa. 

5  Repeal  for  the  next  time  step 

By  this  method,  a  simulation  for  any  chemical  reaction  scheme  which  involves  only  four  or  hve  teactiig  scalars  is  possible 
There  are  two  closure  approzimatioas  and  a  similarity  aMumpttoa  in  the  model:  these  are  oatUaed  ir^  the  next  section 

3  Modeling  assumptions 

FoUoving  the  melhixl  of  Eewa/ui  sad  O'Bheat'lOl  uiiBg  time-eplitliag  to  aepante  advectioa.  diSiuioa  aad  reactioa.  ve  aie 
aMe  to  treat  each  proceae  tepaiately  aad  with  mote  tembilily.  The  eloaaice  a«cd  ia  thia  (lady  ate  aol  the  meet  eophieticated 
oaee.  bat  rather  they  ate  the  moet  soilable.  The  derivatioaa  ihowa  here  are  baaed  na  the  nagle-ipeciei  caac[20| 

Modeling  turbulent  advection 

la  homogeaeoiu  turbideat  adeectioa.  the  oae-poiat  pdf  of  Kalat*  temaiaa  aachaaged.  Thia  poiat  caa  be  obaeteed  by  lookiag 
at  (9)  (tom  which  the  advectioa  tetau  ate  atiaaiag  becaoic  of  homogcacity.  Howceet.  the  adeectioa  ietaat  ttill  eutt  ia  the 
eqaalioas  for  two-poiat  cottclaiioa  fuaetioaa.  By  detetmiaiag  the  oaicto-acale  Ihtac  iaactioaa  aSccl  the  evolalioa  tale  of  the 
oae-poiat  Kalat  pdf  due  to  moteealai  diSaaioa.  K  modiSad  EOQNM  audel  it  adopted  to  teptiaeat  adeectioa.  It  ii  a  phyeical 
•pace  ventoa(tO{  fot  aa  iaottopic  which  iatetpteta  the  tubaicat  adeectioa  eSect  aa  aa  eddy  eiKoaily  if,  which  u  deUtmiaed 
by  the  tutbaleacc  tpeettam. 

The  EDQNM  model  la  aol  the  moat  adeaaeed  apKttal  cloawc.  Othen.  aaeh  aa  DIA  aad  l.HDtA[l2|.  haee  beea  ptovea 
lo  be  mote  dyaamicaily  aatialacloty.  Bit  the  compatsbility  of  Ike  EOQNM  doaatc  ataket  it  mote  acceuible.  Some  tKeat 
tewaieh(!0|  hai  ahowa  the  ability  of  this  modal  to  predict  the  eoncct  Kalat  diaaipalioa  rate  whea  compared  with  ezpcrimeaial 
data.  The  aumetical  compariioa  with  ONS  data  by  liaag(13|.  who  oacd  the  EOQNM  adeeetioa  cloauie  ia  a  fully  two-poiat 
pdf  model,  hai  alio  beea  fouad  to  be  astiabetory. 

Modeling  molecular  diffusion 

Cloture  moddiag  of  the  traaapoit  of  the  pdf  due  to  molecular  difumon  baa  loag  beea  a  cballeagiBg  part  of  the  pdf  approach 
fot  tutbtileat  reactiag  Sow.  Becaoae  the  eubeeqaeat  chemical  teactioa  is  cloead  ia  the  pdf  (otmulatioa.  as  accurate  ptcdiclioa 
of  pdf  eeolutioa  ia  fflol«ulsi  diSbatou  ia  tha  key  poiat  fot  the  pdf  to  rcptcMal  the  chcoiieal  ptoceta  correctly.  There  ate  two 
maia  dilBcaltiea  ia  moddiag  the  diSbmoa  cquatioa  of  the  pdf.  The  Snt  it  the  aati-diluaiTe  bchaTiot  of  a  Kalat  pdf  ia  thia 
ptoceu.  Whea  a  acalar  it  diSuaed  ia  a  Sow  Sdd,  although  the  meaa  eulue  of  acalar  temaiaa  aachaaged.  the  Sactaatioa  it 
amoothed  out  at  tisM  goes  oa.  Thia  phcaoawaoa,  leSMtcd  ia  ih*  phase  ipacc  of  the  pdf.  i«  sack  that  the  pdf  will  become 
a  ddta  fuactioa  at  the  meaa  ealae  of  the  Kalat  ia  the  Saal  tU0  -t  'oleeulat  difaaoa.  Suck  a  pdf  eqaalioB  ia  aametkally 
aaitablc.  The  sKoad  diScalty  cornea  from  the  same  phcaomet  a.  which  ia,  ao  matter  what  the  iaitial  coaditioa  of  the 
Kalat  pdf.  it  shoold.  aejrmplotieaily,  approximate  a  Gaaaaiaa.  So  (hr,  oaly  the  mappiag  cloeore  derdoped  by  Chea  et.  d.f4j 
preMrvee  aach  a  property.  The  olhert.  sack  at  aa  iatcgral-typc  ciotart[S),  aatamed  pdfl31]  aad  Uaeat  meaa  aqaare  ettimalioat 
(LMSE)  do  Bot  poesem  sack  behavior. 

Liaeat  meaa  aqaare  eetimatioa  (LMSE)  it  a  well  eatablUhed  matkod  to  eatimatc  a  eoaditioaal  ezpcetatioa(17|.  It  it  alio 
the  aimplett  way  to  modify  the  ezpeetatioa  term  ia  eqaatioB  (10).  Which  caa  be  arrittca  at[16). 
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(11) 


fiij  ^l)  =  M  01 

^•.  l*li 

whef*  r  -  /  ^  and  p.  %nd  i  4re  the  usu*!  coftel*tioa  coeAcient.  variftace.  uid  mean  of  0  Although  thie  tt  a 

Gaussian  ciosure.  a  correct  eTolutton  equation  for  second  order  momenta  la  reprodttccd[8{.  This  property  is  especially  useful 
when  a  muiti-scaiar  case  is  of  interest.  For  a  two-species  bilinear  reaction,  if  the  time  scale  can  be  derived  correctly,  then  the 
scalar  means  and  second  order  momenta  should  also  be  correct. 

The  pdf  equation,  with  molecular  dilluaton  terms  only,  for  a  two-species  case  in  an  isotropic  field  is 

-£>„  Umt-,  I  i.,  (>»)/>(*.. •»))  ( 12) 

wheie  the  lubechpu  a  uid  6  denote  two  difTeirent  chemieal  specie*.  (')  teptesent*  the  second  physicnl  position.  Dt.  end 
me  the  diiTusivitjr  constsnt  of  scnlnt  nnd  0%.  Ei  nnd  Et  hnee  the  some  deAnition*  a*  in  ( 10).  bat  this  time  the  expectation 
Taine  is  conditioned  on  both  d.ix,  <)  and  Pt(s.  <).  By  LMSE  closaie.  Ei  and  Et  can  be  expressed  a*. 


f".  —  ®t(^«  “  “  ^t) 

Ek  =  aj(^a  -  W.)  +  -♦»)+♦»  ( M) 


where  _ _ 

r 

dj  d{  - 

a  _  *>*«  ^  ~ 

^  i 

*1*1-  *,*t 

*»*t  *S^S  *•** 

“1  =  — '  i - 

*i*i-*.*t 


(15) 

(IS) 

(IT) 

(18) 


With  this  approximation  equation  (9)  is  closed  and  from  it  the  erolation  eqnations  for  second-order  moments  dne  to  moiecnlai 
diffusion  can  be  recovered  by  mnltiplyinf  (13)  snecesaively  by  *l  and  d«d»  and  intefiate  over  and  it- 


Modeling  chemical  reaction 

As  we  mentioned  earlier,  the  chemical  reaction  term  in  equation  (5)  is  always  a  challenge  for  a  moment  closure  bat  requires  no 
approximation  in  the  pdf  formulalioa.  However,  to  match  the  pdf  model  for  reaction  with  the  two-point  model*  for  advection 
and  molecular  diffhsioa  it  is  neeematy,  in  principle,  to  use  a  two-point  pdf  fotmalation[14.13|.  To  avoid  the  computational 
intensity  of  the  two-point  pdf  we  have  ehosca  instead  to  use  a  one-point  pdf  representation  of  reaction  combined  ivith  a 
similarity  amamptioa  which  approximstes  the  effects  of  reaction  on  the  scalar  conelation  functions.  Gao's  DNS  data(ll| 
shows  an  insensitivity  of  the  dissipation  rate  with  respect  to  chemical  reaction  in  the  oae-specie*  case  with  second  order 
resetions  and  in  the  two-species  ease  with  a  bilinear  reaction.  This  snggests  that  an  assumption  that  the  shape*  of  two-point 

correlation  functions  ate  not  ngaiflcantly  altered  during  chemical  reaction  may  be  reasonable.  We  examine  this  amamptioa 
as  follows. 

The  evolution  eqnations  for  the  two-point  second  order  moments  ate. 

^=-2hAMT  (19) 
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(20) 


■liich  cotr'ioooai  -.o  •  one-*p«ci«t  SMoad  older  reaeiioa,  and 


dAA' 

at 

at 


-UiA'AB 

-2*iFX5 


(21) 


vhich  correspond  to  4  iwo-tpecies  bilinear  reaction.  A  aad  B  are  two  difTereat  chemical  species.  (')  denotes  the  second  poiat, 
and  h.  hi  and  h]  rue  chemical  reaction  tale  coastaals. 

In  equation  (19).  a  similarity  aasumplioa  meaiu  that  AA'  should  have  the  same  shape  as  A^A'.  For  the  two-species 
bilinear  reaction  of  equation  (20)  aad  equation  (21),  it  auames  AA'  has  the  same  shape  ns  A' AB  aad  BB'  has  the  same 
shape  as  B'AB.  This  assumption  is  very  likely  to  be  true  for  the  (Irst  case.  An  analytical  solution  for  this  case  derived  by 
0'Biien[lS|  shows  a  strong  resemblance  to  this  assumption.  However,  for  the  other  case  it  is  not  very  obvious.  Another 
theoretical  study  on  this  topic  is  by  Coctsin[S|,  who  studied  the  elTect,  ia  spectral  space,  of  a  (Irst-order  reaction  with  a  single 
scalar.  Fortunately,  ia  such  a  case,  the  evolution  equation  for  the  two-point  correlation  fhactioa  is  exact.  This  can  be  sees 
ia  the  follosring  equation. 

=  kA^  (22) 


Here,  we  apply  the  similarity  assumption  to  the  two-point  antocorrelation  functions.  By  doing  this,  several  properties  caa 
be  deduced  aad  these  properties  caa  further  be  used  to  close  the  evolution  equation  for  two-poiat  cross  correlatioa  fanetions. 
Returning  to  the  bilinear  reaction  ease  with  (20)  aad  (21),  we  separate 


A  =  A  -t-o 


(2S) 


aad 


B  =  I*b.  (29) 

where  a  aad  i  are  the  fluctuation  parts  of  the  variables  A  aad  B.  With  this,  the  evolntioa  equations  of  the  two-poiat 
correlation  functions  follow. 


^  =  -2*(a«'  5  +  o'h  A  -(-  o'oh) 

^  _ _ _ 

^  =  -2k{ak>  B  +  ib'  A  A  aW) 

9t 

^  =  -h(ah'  'Saw  A  +  066')  -  6(aa'  B  +  a'b  A  +  a'a6) 

9t 

Once  the  similarity  relations  ace  assumed  in  (25)  and  (25),  the  evolotioa  of  a6'  caa  be  found  by 

at  ~  2  at  ^  2  at 


(25) 

(2«) 

(27) 


(28) 


Readers  should  keep  ia  miad  thirt  the  assumption  made  here  only  aflcets  the  shape  of  two-poiat  quantities.  Because  all 
one-point  quantities  caa  be  derived  exactly  from  the  oae-poiat  pdf,  all  two-poiat  quantities  should  be  renormalised  by  the 
exact  oae-poiat  quaatities  derived  froB  the  prlf.  A  similar  aarUysis  for  the  four-species  reaction  caa  be  found  in  Tsai's 
dissettatioa[20|. 


4  Numerical  method 


Tbe  closed  evolution  equations  of  two-poiat  correlatioa  fnactioas  for  turbnleat  adveetioa  have  the  followiag  form. 


(29) 


where  i/,  is  the  eddy  viscosity.  This  cqnatioa  has  a  similar  form  to  eqnatioa  (7),  aad  both  equations  arc  solved  by  the  Craak- 
Nicolsoa  algorithm.  The  exact  form  of  is  not  listed  here,  the  iaterested  reader  caa  flad  it  ia  Eswaraa  aad  O'Btien(10|. 
In  order  to  ealcalate  v,  a  Gleashaw-Cartis  quadrature  is  employed  to  iategrute  the  tncbnleat  velocity  speettnm(9,13|.  The 
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choMn  fua<-iijii«i  form  }f  the  fpcctfam  haa  •  form  fimiiar  to  ikat  adopted  ia  Jiaag'a  •ittdyfl3|  wkicb  la  dfiaraiiaed  by 
tuibulrnr*  niramy  Tayloi  mictoacal*  and  the  integral  fcala.  Tha  detail*  can  be  found  ia  T*ai'*  dii*ettatioai20| 

Num'ri  -t.  ntegiation  of  the  pdf  equation  1 91  it  fat  mote  difficult.  Folloviag  the  method  of  Jiang,  a  iux-*ptit.  upwind 
•econd-ordei  MacCormaek  >cheme[19|  i*  combined  with  the  multi-dimeniional  FCT(1|  algorithm  proponed  by  Zale«aki2]l 
However,  we  And  this  hybrid  leheme  cannot  have  a  latitfactory  (olutioii  became  of  the  the  numerical  ripplee  that  alway* 
occur  in  a  hyperbolic  tyitem  '  ''  '•vak  haa  tuggetted  some  utefnl  trick*  in  hit  paper,  monotoaicity  of  the  tolution 

in  multi-dimenaionn  it  ttUl  noi  •«  propone  the  following  limiting  algorithm  (a  two-dimeationai  ezamplei  which 

can  really  enforce  monotonicity  on  the  tolution  in  all  direction*. 

*m*e  = 

*«.,  =  "•"(of-ij./if.j.of*,.,) 

P.‘i  =  P.,,1,) 

=  'na»(pf,.,.p',.p'^,) 

a',  =  j  expii -V  , At), p,,j I ) 

jfc,..  =  ”«"(pf,.|.pf.,.pf,,*,) 

pf,  =  'n‘"(pr,««P((-^  ■kiAI),p,,,i). 

(JO) 

then 

Pi""  =  mtitfnwM.ju^,) 

A.i  “  *t*®*(*ewe.  JAme)- 

(31) 

where  p  it  the  dependent  tahable  (probability  denaity  ia  thin  caae),  tabnciipt  L  repreneatt  the  low-order  lolntioa  and 
tnpencript  n  the  tolntioa  at  the  proTioa*  time  ttep.  lattcad  of  detaiag  the  beaads  baaed  on  ail  the  aeighboiing  poiau  of 
(i, ;),  this  procedure  deftae*  the  bound*  aecordiag  to  the  iargent  and  imalleat  ealae*  ia  each  direction.  Tkercfere,  the  above 
algorithm  actually  eaferen*  monotoaicity  on  every  direction  and  dee*  not  keep  the  pdf  value  bom  becoming  a  delta  function. 
In  teata  for  two-  and  fonr-dimeaeioaal  computation*,  thi*  procedure  i*  virtually  free  of  the  oecillation*  created  by  higher  order 
algorithm*. 

5  RetoHs  ffind  discuMion 

la  order  to  cheek  the  validity  of  the  proponed  model,  comparinoa*  have  been  made  with  DNS  data  and  the  fully  two-point 
pdf  calculation*  of  Jiaag(13|.  We  eempam  out  renaltn  with  Qao'n  DNS  data  for  oae-ncalnr  tecoad-order  reaction*,  two-ncalar 
bilinear  reaction*  and  fonr-nealar  eonneentiv*  reactiou.  The  data  of  Jiang  wa*  al*o  compared  with  our  leaalt*  ia  the  caae  of 
a  two-tcalar  bilinear  rnaction.  A  DNS  calculation  of  the  tame  caae  wa*  performed  by  Chakrabarti  and  HillfS)  for  dneayiag 
turbulence,  but  compariaon  with  theit  data  i*  not  appropriate  becaaec  of  the  ntationary  epectrum  adopted  ia  the  prenent 
atady.  Beaide*  the  eomparinon*  with  other  data,  we  alao  computed  the  four-ecalar  conaecative  reaction  caae,  for  a  raage  of 
Schmidt  number*  and  Reynold*  number*  beyond  thoee  which  are  acceembl*  to  DNS. 

There  were  live  velocity  epectru  adopted  ia  the  etudy.  Each  of  them  rcfert  to  a  diicreat  iaitial  velocity  gdd  ia  the  DNS 
data  of  the  folly  two-point  pdf  ealealatton.  Thee*  parameter*  are  liatad  ia  TnMe*  1  and  2.  The  iaitial  parameten  for  the 
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•  Arldi  jstni  la  Tkbln  2,  3  utd  5 

All  i  ''•rnifiy  ^uatioas  ftod  v«h«bi«t  in  th<  pf«s«Bt  nady  ue  in  dimennonlcM  form.  To  nvoid  confunon.  wvrtal 
dimrosioni'i'  pniamrirn  and  vnrinblea  need  to  be  defined  elenily.  The  Dnmkohler  numbeia  are  defined  w 


Da  : 


(32) 


where  h  is  the  reaction  constant,  the  initial  scalar  mean  and  l/u  the  eddy  turnover  time  of  the  turbulence  field.  The  dimen¬ 
sionless  time  is  defined  as  r  =  lu/l.  The  evoiution  of  cross-variance  is  studied  through  the  variable  ^) 

Following  CorrsinfSl.  the  scalar  micto-Kaie  is  defined  as  follow 


dr> 


133) 


there  p  =  '  Another  variable  of  interest  is  the  selectivity  betor  in  a  consecutive  chemical  reaction,  which  is  defined 


■:2i 


X.  = 


2*. 


(34) 


ds  -I-  2d^ 

where  «4  is  the  mean  concentration  of  the  desired  product  D  while  it  that  of  the  by-ptodnet  P.  X,  it  tero  for  perfect 
selectivity  and  unity  when  only  P  is  obtained. 

The  initial  pdf  in  the  single-scalar  case  it  chosen  to  be  an  iBTeited  parabola  to  simnlate  the  doable-spike  initial  condition 
similar  to  the  initial  condition  for  the  DNS  data.  For  the  two-scalar  cases,  all  the  initial  pdfs  are  chosen  to  be  multi-variate 
Gaussiaa.  In  the  consecutive  reaction  ease,  foot  tcalatt  ate  involved,  two  pre-exuting  species  A  and  S.  main  prodact  D  and 
by-product  P.  We  choose  a  joint-normal  distribution  for  A  and  B  and  a  top-hat  distribution  in  the  drst  three  grids  for  C 
and  D-  This  is  because  of  the  difficulty  in  representing  the  delta  fnactions  of  a  pdf  nnmetically. 

A  complete  set  of  numerical  results  can  be  found  in  graphical  form  in  the  dissertation  of  Tsaif20|.  For  this  paper  we  limit 
ourselves  to  a  small  sample  of  the  results,  enough  to  demonstrate  that  the  model  has  promise  and  can  effectively  treat  four 
species  reactions. 

The  upper  graph  in  Fig.  1  presents  the  model  predictions  of  concentration  variance  evolution  for  a  single  species  second 
order  reaction  in  "  range  of  Damkohler  numbets  from  0  to  3.0.  In  the  lower  graph  we  show  the  corresponding  predictions 
from  DNS.  The  agreement  is  excellent  and  is  as  good  for  the  scalar  mean  and  dissipation,  which  ate  not  reproduced  here. 

Fig.  2  show  a  similar  level  of  agrecmcat  between  the  model  and  DNS  for  the  corss-vatiance  in  a  two-spccits  reaction  for 
a  range  of  Damkohler  numbers  from  0  to  1.0.  Similar  levels  of  agreement  with  DNS  are  also  obtained  (but  not  shown)  for 
concentration  means,  vatiaaces  and  microscales. 

We  also  obtained  very  good  agreement  srith  Jiang's  modd  results  for  these  same  quantities  both  when  the  Schmidt 
numbers  of  A  aad  B  ate  equal  and  when  they  differ  by  a  Csctor  of  3.  Figure  3  shows  a  comparison  of  the  scalar  dissipatioa 
for  two  Schmidt  number  ratios  at  a  DaaUohler  number  of  2.S. 

Fig.  4  summarises  the  predictioas  of  the  modd  with  respect  to  mesas,  variaaces  aad  croas-variaaces  for  the  fonr-species 
consecutive  reaction  as  a  fnactioa  of  Reynolds  number.  Damkohler  numbers  and  Schmidt  numbers  are  kdd  constant  in  the 
calculations.  It  is  destf  that  Reynolds  number  has  a  profound  effect  on  second  order  qnnatities  as  would  be  expected  give  the 
important  cole  of  turbaleat  advectioa  ia  eahaadag  partide  pair  ssparatioa  aad  thereby  incrcadag  the  influence  of  molecular 
diflbsioo. 

Figure  5  shows  the  effects  of  greatly  iacceased  Schmidt  number  on  the  evolution  of  coneeatratioB  means,  variances  aad 
croas-variaaces.  The  Damkohler  numbers  ate  hdd  fixed  aad  are  the  same  as  in  Fig.  4.  The  Reynolds  number,  R*x.  >*  dao 
held  constant  at  21.09.  An  iacceaae  in  Schmidt  number  by  two  orders  of  magnitude  has  the  tame  effect  as  a  seven-fold  increase 
in  Rex  under  the  particular  dteumstaaeas  of  this  calculation.  It  is  no  surprise  that  aa  increase  in  moiecnlar  diflusivity.  as 
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-»  ifhtnidi  aumbct.  five*  tMiilU  qaaliutivcly  umUat  to  u  inenaM  in  Re^  The  diffeteneee  la  the  leeoad  otdei 
qaaatitiM  eaich  ue  appaieat  in  the  lowef  (tapha  of  Fig.  4  ud  S.  ladicate  that  the  fttactaie  of  the  latbaUal  «ctd  eaa  piay 
a  tole  in  3*'.^tmiiua|  ihe  evolatioa  of  a  icactioa.  beyoad  merely  eahaaciag  diffiuiTitie*. 

F igute  thow  a  typical  evolatioa  of  the  telectivtty  (actor  ( Eqa.  34)  aa  a  faacttoa  of  the  Oamkohler  aumbera  of  tpeeiea  A 
aad  B  Damkohler  aumber  ratio  ia  a  doauaoal  factor  aa  expected  bat  Ihe  iajtiaJ  anpenohiy  (lower  .V. )  of  the  caae  ( Do,  =  5  0. 
Do,  =  10)  over  (Do,  =  10,  Do,  =  0.1)  teveala  ao  loureatiag  depeadeace  oa  Damkohler  aumbera  aa  well  aa  oa  their  ratio 
The  model  agreea  well  with  ezutiag  DNS  data  and  the  fully  two-poiat  pdf  predictioaa  of  Jiang.  It  haa  beea  ahowa  to 
eaaily  handle  4  apeciea  and  may  be  able  to  treat  I  or  2  more-  It  ahould  be  a  uaeful  predictor  for  other  kinetic  achemea  with 
thia  number  of  apeciea  and  a  teatiag  ground  for  aimpler  modela  of  cheaaicaUy-reactiag.  homogencooa  Intbolent  Iowa 
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ibir  i  Sp«cific«tioM  of  ioitial  volooity  Acid*  of  ONS  (*1  Ic  v3)  end  fully  two-poiot  pdf  fSC3.4) 


Vd.  Field 

1 

A 

l/u 

He, 

vl 

0  0429 

1  21S6 

0STS4 

0  6012 

46  84 

¥3 

0.08T4 

1  3S8S 

O.SOOA 

2.00S7 

21.69 

SC3.4 

0  030 

1  009 

0  463 

0.38 

49  2 

Table  2:  SpcciAcatioos  of  initial  velocity  Aeld*  of  preient  itudy 


Vel.  Field 
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X 

1.  u 

Rtx 

¥l 

0  80S 

1.2T4 

0.58 

0  66 

44  93 

v3 

0.0863 

1.691 

0.729 

2.273 

21.69 

SC3.4 

0.0425 

1.056 

04915 

0.4217 

49  2 

v4 

0  0T396 

3  9872 

2.1584 

2.302 

180.0 

Table  ):  SpeciAcationa  of  initial  icalai  Add*  of  DNS 


PDF 

Caae* 

If/l 

vlpd 

pd*2 

0.536 

0.749 

v3pb 

pba2 

0.577 

1.367 

pb*3 

0.385 

0.977 

pbc3 

0.444 

1.068 

Table  4:  SpeciAcationa  of  initial  Kalai  Add*  for  SC3  and  SC4  in  fully  t«»potnt  pdf  calculatioa 


Caae* 

<  d.  >0 

<  KK  >0 

5c, 

5c» 

SC3 

0.266 

0.1382 

•O.OOOT56 

0  7 

SC4 

0.266 

0.1382 

-0.000756 

HI 

2.1 

Table  S:  Spadflentioaa  of  initial  acalai  Adda  in  the  preaeat  atudy 
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<  d*  > 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

<  d.  > 

• 

• 

• 

• 

0.1 

0.1 

<de> 

• 

• 

• 

• 

0.1 

0.1 

<  d'.>  >*'’ 
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0.2388 

0.2381 

0.2365 

0.2365 

• 

0.2381 

0.2388 

0.2381 

0.2365 

0.2365 

<  '>i* 

« 

• 

• 
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0.05774 

<  di’  >'>* 

• 

• 

• 

• 

0.05774 

0.05n4 

<  didl  > 

* 

0.00744 

0.0 

0.003 

0.01983 

0.01983 

(V'i). 

0.T41 

1.352 

1.352 

0.966 

1.352 

1.4961 

(A./A), 

10 

1.352 

0.966 

0.966 

1.056 

1.1477 

(A*/A). 

• 

• 

• 

• 

1.352 

1.4691 

(A«/A)a 

« 

• 

• 

• 

1.352 

1.4691 

('a/0. 

0.5228 

0.5772 

0.5772 

0.3852 

0.5772 

0.5772 

('a/0* 

• 

0.5772 

0.3852 

0.3852 

0.444 

0.444 

('a/'). 

• 

• 

• 

• 

0.5772 

0.6772 

mmUM 

« 

• 

• 

• 

0.5772 

0.5772 

0*  »i  o»  »»  IJ  It  i.«  2  I  ■  ■ .  '  I  —  ■  I  I  I 
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Figure  1:  Evolution  of  vniinnces  for  iccond  order  reaction*  andct  dilTerent  reaction  rate*  (vlpd-i2).  Pteteat  itndjr  (left); 
DNS  (right) 
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Fi|aie  4;  Evolution  of  senlnr  m«na>.  vmri«ne«  nnd  y,,,  wiili  ihv  snme  reaction  rate*  (Doi  =  1.0.  Doj  =0  1)  but  diffcteat 
Reyaoldi  number  Aej  =  21  69  |v3pb-«2c3)|line)  and  Rei  =  ISO  (v4pb-t2c3)(iymbol). 
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Fifaie  $:  Evolntion  of  Kaiai  mean*,  variaocet  and  *ith  the  same  reaction  rate*  {Dat  =  1.0,  Daj  =0.1)  bat  difetent 
Schmidt  numbei  5c,  =  1.0  (T3pb'*2c3)(Ua*)  and  Sc,  =  100.0  (v3pb'>3c3)(*ymbol). 


Fi|oce  6:  Evolntion  of  X,  nndet  dilfercnt  Damkohlet  nnmbei  ratio*  (v3pb-i2e3). 
Ptesent  itndy  (nppet);  ONS  (lower). 
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ABSTRACT 

A  new  sub-grid  mixing  model  for  use  in  lar^e  eddy  simulations  of  turbulent  com¬ 
bustion  is  presented  and  applied  to  a  hydroeen-air  diffusion  flame.  The  sub-grid  model 
is  based  on  Kerstein’s  Linear  Eddy  Model  {Comb.  Sd.  Tech.,  60,  1988).  The  model 
is  first  used  to  predict  the  mixing  of  a  conserved  scalar  in  a  turbulent  shear  flow.  The 
model  correctly  predicts  the  behavior  of  the  pdf  of  the  scalar  field  and  displays  a  non- 
marching  peak  at  the  preferred  mixture  fraction  as  the  shear  layer  is  traversed.  It  is 
then  illustrated  how  a  reduced  chemical  mechanism  can  be  implemented  within  the 
linear  eddy  subgrid  model  formulation.  The  model  is  used  to  pr^ict  NO  formation  in 
hydrogen-air  diffusion  flame  using  a  reduced  chemical  mechanism  involving  nine  reactive 
scalars. 


1.  INTRODUCTION 

Conventional  turbulent  mixing  models  based  on  gradient  diffusion  assumptions  are 
not  capable  of  accurately  predicting  mixing  and  reaction  rates  in  most  practical  com¬ 
bustion  devices.  Furthermore,  at  the  small  scales,  most  conventional  models  make  no 
distinction  between  turbulent  convection  and  molecular  diffusion.  This  distinction  is 
critical  for  the  accurate  description  of  the  mixing  and  reaction  process.  In  addition,  it 
is  known  that  turbulent  mixing  and  entrainment  processes  in  shear  flows  are  dominated 
by  unsteady  large  scale  vortical  motions.  The  spatial  and  temporal  evolution  of  these 
large  scale  structures  is  difficult  to  model  and  must  therefore  be  explicitly  computed  for 
accurate  predictions. 

Modeling  the  subgrid  scalar  mixing  in  turbulent  flows  provides  challenges  not  present 
in  subgrid  models  for  momentum  transport.  Turbulent  mixing,  and  particularly  reac¬ 
tion,  is  an  inherently  small-scale  process,  and  any  predictive  scheme  must  contain  a 
description  of  the  flow  field  down  to  the  diffusion  scales.  This  is  much  more  stringent 
than  the  resolution  requirement  for  modeling  momentum  transport,  where  the  small 
scales  basically  provide  dissipation  for  the  large  scales.  As  such,  subgrid  models  for 
momentum  transport  which  utilize  various  formulations  of  a  subgrid  eddy  viscosity  can 
be  expected  to  give  reasonable  predictions  of  the  large  scale  transport. 
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In  this  paper,  a  new  subgrid  nr>odeling  technique  is  d^cribed  for  use  in  large  eddy 
simulations  of  turbulent  mixing  and  reaction.  In  particular,  a  model  for  mixing  and 

chemical  reactions  at  the  subgrid  level  is  developed  based  on  the  Kerstein'sl^'^l  linear 
eddy  approach.  A  unique  feature  of  this  model  is  the  separate  treatment  of  turbulent 
convection  and  molecular  diffusion  at  the  smallest  scales  of  the  flow.  This  distinction 
is  critical  for  predicting  the  small  scale  mixing  process  and  capturing  Schmidt  number 
dependency  and  the  effects  of  finite  rate  reaction.  The  model  potentially  has  the 
capability  to  treat  reacting  and  non-reacting  flows  at  both  low  and  high  Mach  numbers 
Thus,  it  should  be  applicable  to  many  reacting  flow  fields  of  interest. 

The  model  is  first  applied  to  mixing  of  a  conserved  scalar  in  a  turbulent  shear 
flow.  To  test  the  subgrid  mixing  model,  the  velocity  field  is  described  by  an  analytical 
function  describing  vortex  rollup  in  a  shear  flow.  Turbulent  fluctuations  are  added  to  the 
velocity  field  at  each  time  step.  Thus,  the  velocity  field  is  taken  as  an  input,  and  is  not 
computed  directly.  This  allows  the  testing  and  validation  of  the  subgrid  model  without 
the  complication  of  simultaneously  solving  for  the  velocity  field.  The  subgrid  model  is 
then  applied  to  a  hydrogen-air  diffusion  name.  Predictions  of  combustion  radicals  as 
well  as  major  species  are  computed. 

In  the  following  section,  a  basic  description  of  the  linear  eddy  model  is  given.  Next, 
the  implementation  of  the  linear  eddy  model  as  a  subgrid  model  for  use  in  large  eddy 
simulation  is  presented.  In  section  3.1,  the  model  is  applied  to  mixing  of  a  conserved 
scalar,  while  the  hydrogen-air  combustion  problem  is  treated  in  section  3.2. 


2.  MODEL  FORMULATION 

2.1  The  Linear  Eddv  Model 

Turbulent  mixing  can  be  envisioned  as  consisting  of  two  distinct  processes:  1)  tur¬ 
bulent  stirring,  and  2)  molecular  diffusion.  The  unique  aspect  of  the  linear  eddy  model 
is  that  this  distinction  is  retained  at  ail  length  scales  of  the  flow  by  resolving  all  relevant 
length  scales.  The  model  is  formulated  in  one  spatial  dimension,  allowing  fully  re¬ 
solved  computations  even  for  relatively  high  Reynolds  number  flows  -  a  computationally 
unfeasible  task  in  two  and  three  dimensions. 

In  the  linear  eddy  model,  the  processes  of  molecular  diffusion  and  turbulent  stir¬ 
ring  are  treated  as  described  below.  Diffusion  is  simply  implemented  by  the  numerical 
solution  of  the  diffusion  equation  over  the  linear  domain  for  each  species  k, 


d<t>k  n 


(1) 


The  scalar  field  is  regularly  updated  during  a  simulation  to  account  for  molecular  diffu¬ 
sion 

The  key  feature  of  the  model  is  in  the  manner  in  which  turbulent  convection  is 
treated.  This  is  implemented  in  a  stochastic  manner  by  random,  instantaneous  rear¬ 
rangements  of  the  scalar  field  along  the  line.  Each  event  involves  spatial  redistribution 
of  the  species  field  within  a  specif^d  segment  of  the  spatial  domain.  The  size  of  the 
selected  segment  represents  the  eddy  size,  and  the  distribution  of  eddy  sizes  is  obtained 
by  applying  Kolmogorov  scaling  laws.  In  this  model,  rearrangement  of  a  segment  of  size 
I  represents  the  action  of  an  eddy  of  size  1.  A  detailed  description  of  the  rearrangement 
events  is  given  in  Ref.  3. 
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The  rearrangement  events  are  specified  by  two  parameters:  A,  which  is  a  rate  pa¬ 
rameter  with  dimensions  and  /(/),  which  is  a  pdf  describing  the  length  scale 

distribution.  The  value  of  these  parameters  is  determined  by  recognizing  that  the  re¬ 
arrangement  events  induce  a  random  walk  of  a  marker  particle  on  the  linear  domain. 
Equating  the  difFusivity  of  the  random  process  with  scalings  for  the  turbulent  diffusivity 
provides  the  necessary  relationships  to  unambiguously  determine  A  and  /(/).  For  a  high 
Reynolds  number  turbulent  flow  described  by  a  Kolmogorov  cascade,  the  result  is^ 


5 

(2) 

,  SAuRiL 

5  Uj 

(3) 

where  r;  is  the  Kolmogorov  scale  and  L  is  integral  scale. 

Given  an  initial  scalar  distribution,  scalar  redistributions  (turbulent  mixing)  are  car¬ 
ried  out  governed  by  the  parameters  described  above,  while  molecular  diffusion  is  im¬ 
plemented  at  each  time  step  according  to  the  discretized  form  of  Eq.  1. 

This  formulation  allows  one  to  resolve  a//  relevant  length  and  time  scales  for  flows 
of  practical  interest. 

The  model  was  originally  developed  to  investigate  the  qualitative  mixing  properties 
of  turbulent  flows  and  has  so  far  been  applied  as  a  stand-alone  model  in  application 
to  homogeneous  turbulent  flows, planar  mixing  layers,^  and  turbulent  jets.*  The 
important  qualities  of  this  model  stem  from  the  fact  that  the  basic  physics  of  turbulent 
mixing  are  incorporated.  Molecular  diffusion  is  treated  in  a  deterministic  manner  by 
numerical  solution  of  the  diffusion  equation,  and  turbulent  convection  is  modeled  in  a 
physically  sound  manner  by  the  stochastic  scalar  rearrangement  events.  The  distinction 
between  molecular  diffusion  and  turbulent  convection,  particularly  at  the  subgrid  scales, 
is  crucial  to  the  accurate  description  of  the  evolution  of  the  species  field,  especially 
when  chemical  reactions  are  involved.  This  distinction  is  not  made  in  most  turbulent 
mixing  models. 


2.2  Implementation  of  the  subgrid  model  in  an  LES  code 

The  classical  implementation  of  large  eddy  simulations  involves  filtering  out  the 
small  scales  of  motion,  and  explicitly  computing  the  larger  scale  motions  which  can  be 
resolved  on  a  numerical  grid.  The  modeling  process  is  then  concerned  with  modeling 
only  the  small  scale  motions,  and  their  interactions  with  the  large  scales.  'Subgrid 
models  for  momentum  transport  have  primarily  been  based  on  ideas  of  a  subgrid  eddy 
viscosity.  The  eddy  viscosity  idea  is  a  reasonable  approach  to  the  extent  that  the  small 
scale  motions  primarily  provide  a  mechanism  for  energy  dissipation  and  transfer  at  the 
larger  scales.  For  turbulent  mixing  and  reaction  processes,  however,  it  is  not  possible 
to  characterized  the  overall  statistical  state  of  the  scalar  field  in  such  a  manner.  This 
is  a  result  of  the  subtle  interactions  between  turbulent  stirring,  molecular  diffusion,  and 
chemical  reaction  at  the  smallest  scales  of  the  flow.  A  reliable  subgrid  model  should 
therefore  attempt  to  provide  a  description  of  these  different  physical  mechanisms,  even 
at  the  subgrid  level. 


AU-3 


The  linear  eddy  model  has  proven  to  be  an  efFective  tool  for  studying  scalar  field 
mixing  processes  by  retaining  this  distinction  at  all  relevant  length  scales.  In  the  previous 
applications,  the  model  has  been  implemented  as  a  stand-alone  mixing  nrtodel  m  which 
the  statistics  of  the  velocity  field  (i.e.,  turbulent  diffusivity,  Dt,  and  length  scale.  L) 
have  been  assumed  inputs.  The  previous  applications  of  the  linear  eddy  model  suggest 
its  potential  as  the  basis  for  developing  a  subgrid  model  to  be  used  in  large  eddy 
simulations. 

The  procedure  developed  here  for  implementing  the  linear  eddy  model  as  a  sub¬ 
grid  model  involves  performing  separate  linear  eddy  calculations  in  each  large  eddy  or 
computational  grid  cell.  With  the  Reynolds  number  of  the  flow  as  an  input  parameter, 
classical  scaling  arguments  lead  to  an  approximation  for  the  range  of  eddy  sizes  in  the 
flow,  and  thus,  the  range  of  eddy  sizes  in  the  subgrid  range.  Because  the  small  scales 
have  much  higher  frequencies  than  the  large  scales,  a  number  of  scalar  rearrangement 
events,  along  with  the  Fickian  diffusion  process  at  the  subgrid  level,  must  be  peKormed 
between  each  time  step  in  the  LES. 

Within  each  large  eddy  cell,  or  computational  grid  cell,  the  linear  eddy  simulation 
corresponding  to  that  cell  represents  mixing  and  diffusion  at  the  unresolved  scales.  No 
directional  dependency  is  associated  with  the  linear  eddy  simulation.  In  this  situation 
the  linear  domain  may  be  viewed  as  a  time  varying  space  curve  aligned  with  the  local 
scalar  gradient.  This  interpretation  is  consistent  with  the  action  of  the  rearrangement 
events,  which  always  result  in  an  increase  in  scalar  gradient. 

The  unresolved  length  scales  can  thus  be  accounted  for  with  a  one  dimensional  line 
of  scalar  information.  Therefore,  if  the  ratio  of  the  smallest  relevant  length  scale  to 
the  large  eddy  grid-cell  spacing  is  N,  the  scalar  information  can  be  computed  with  an 
array  of  size  N,  irrespective  of  large  eddy  grid  dimensbnality.  Full  simulations  m  two 
dimensions  would  require  array  of  N^.  and  in  three  dimensions,  N^.  The  economy  of 
this  method  compared  to  direct  simulation  of  the  multidimensional  convection-diffusion- 
reaction  equations  is  apparent. 

Besides  the  rearrangement  events  (turbulent  convection)  and  molecular  diffusion 
which  are  treated  in  the  linear  eddy  simulation  associated  with  each  grid  cell,  other 
events  must  be  carried  out  to  couple  the  subgrid  mixing  process  to  the  large  eddy 
transport  and  to  the  mixing  processes  occurring  in  neighboring  grid  ceils.  These  events 
are  associated  with  the  convective  transport  across  each  grid  cell  (large  scale  transport) 
by  means  of  the  resolvable  velocity  field.  In  the  present  model  this  is  carried  out 
by  splicing  events,  in  which  mixing  processes  associated  with  neighboring  grid  ceils 
undergo  a  transfer  of  material  bas^  on  the  scalar  flux  across  each  grid  cell  interface, 
as  computed  from  the  resolvable  grid  scale  velocity.  This  transfer  is  implemented  by 
excising  a  portion  of  the  linear  eddy  domain  associated  with  the  donor  grid  cell  and 
splicing  it  into  the  linear  eddy  domain  associated  with  the  receiver  grid  cell.  In  Fig.  1 
the  processes  involved  in  the  linear  eddy  subgrid  algorithm  are  illustrated. 

In  addition  to  the  resolved  velocity  field,  random  turbulent  fluctuations  will  result  in 
additional  scalar  transport  across  grid  cells.  The  flux  across  each  grid  cell  is  modified 
to  account  for  this  flux  adding  the  subgrid  rms  velocity  vectorially  to  the  resolvable 
velocity  field.  The  direction  of  this  perturbation  is  randomly  chosen  at  each  time  step, 
so  the  mean  flux  is  not  affected  by  this  fluctuating  component. 

In  summary,  the  subgrid  implementation  consists  of  two  processes:  1)  the  linear 
eddy  calculations  in  each  grid  of  the  computational  domain,  and  2)  the  splicing  events 
which  account  for  the  convective  flux  of  the  scalar  field  across  computational  grid  cells. 
An  explicit  species  transport  equation  is  not  solved,  since  the  large  scale  convection 


A 14-4 


r 


is  accounted  for  by  the  splicing  events  and  the  small  scale  convection  and  diffusion  is 
modeled  by  the  linear  eddy  simulations. 


It  IS  noted  here  that  the  splicing  events  associated  with  the  exchange  of  scalar 
material  among  grid  cells  can  in  principle  result  in  an  additional,  unphysical  contribution 
to  the  turbulent  diffusivity  through  the  generation  of  discontinuities  in  the  scalar  field 
However,  the  frequency  of  scalar  rearrangement  events  scales  as  while  the 

frequency  of  splicing  events  is  the  inverse  of  the  large  eddy  time  step,  on  the  order 
of  U /L..  where  U  is  the  large  scale  convective  velocity  and  A  is  the  grid  size.  For 
high  Reynolds  number  flows,  the  rearrangement  events  occur  at  a  much  higher  rate 
Therefore,  the  spurious  scalar  dissipation  caused  by  splicing  events  is  not  statistically 
significant. 


3.  RESULTS 

3.1  Scalar  Mixing 

The  linear  eddy  subgrid  model  has  been  implemented  using  a  deterministic  velocity 
field  representing  vortex  roll-up  in  a  shearing  flow.  A  deterministic,  analytically  explicit 
velocity  field  is  used  to  reduce  computational  requirements  and  to  isolate  the  charac¬ 
teristics  of  the  subgrid  mixing  model.  However,  the  subgrid  model  implementation  is 
the  same  as  it  would  be  with  a  full  Navier-Stokes  solver.  The  assumed  velocity  field  is 
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This  velocity  field  has  been  used  previously  in  studies  of  molecular  mixing  by  Cetegen 
and  Sirignano.^  The  subgrid  turbulent  fluctuations  were  specified  as  5%  of  the  mean 
velocity  difference  across  the  mixing  layer.  In  more  comprehensive  calculations,  the 
subgrid  turbulent  kinetic  energy  would,  in  general,  vary  from  location  to  location  in  the 
flow.  The  subgrid  rms  velocity  would  in  this  case  be  determined  from  the  subgrid  model 
used  to  determine  the  momentum  transport  in  the  flow. 

The  domain  is  chosen  to  extend  from  I— «■,  tt]  in  both  the  x—  and  y— directions, 
with  an  initial  scalar  field  of  0  for  y  <  0  ana  1  for  y  >  0.  The  velocity  field  is  resolved 
on  a  32  X  32  grid.  A  linear  eddy  simulation  with  a  maximum  array  size  of  iV  =  100 
elements  is  implemented  for  each  grid  ceil,  giving  an  effective  Reynolds  number  of  5000 
for  the  simulations.  (This  allows  for  6  linear  eddy  elements  to  resolve  the  Kolmogorov 
scale.) 


The  initial  scalar  field  consists  of  <A  =  0  for  all  x  and  y  >  0  and  ^  =  1  for  all  x 
and  y  <  0.  The  development  of  the  scalar  field  with  time  is  shown  in  Fig.  2.  This 
figure  is  based  on  a  representative  scalar  concentration  for  each  grid  cell  obtained  by 
averaging  over  the  linear  eddy  array  for  that  cell.  The  characteristic  roll-up  structure 
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IS  reproduced  by  the  excharjge  of  scalar  elements  across  grid  surfaces.  These  exchange 
(splicing)  events  are  seen  to  accurately  represent  the  large  scale  roll-up  of  the  shear 

laver 

The  statistical  state  of  the  scalar  microfield  writhin  each  grid  cell  is  represented  by 
the  linear  eddy  model.  The  pdf  of  the  scalar  field  across  the  mixing  layer  (Fig  3)  gives 
some  indication  of  the  effects  of  the  small  scales.  The  pdf  was  computed  at  several 
transverse  locations  across  the  mixing  layer  at  a  time  of  t  =  6.  The  pdf’s  at  each 
transverse  location  were  computed  by  sampling  the  data  in  each  grid  cell  over  all  x 
(streamwise  direction)  for  a  constant  value  of  y  (vertical  coordinate).  Beside  the  two 
peaks  in  the  pdf  at  0  and  1,  (corresponding  to  the  unmixed  free  stream  concentrations), 
a  broad,  third  peak  can  be  seen  in  the  distribution.  This  corresponds  to  a  mixed  fluid 
concentration  which  is  relatively  independent  of  the  transverse  location.  The  qualitative 
features  of  this  pdf  com|>are  favorable  with  those  computed  for  laboratory  experiments.^ 

3.2  Hydrogen-Air  Flame 

Chemical  reactions  within  the  linear  eddy  model  can  be  accounted  for  in  a  straight¬ 
forward  manner  by  including  a  reaction  term  in  the  diffusion  equation  (Eq.  1).  An 
additional  linear  eddy  array  must  be  used  to  account  for  each  of  the  separate  chemical 
constituents.  Although  this  approach  is  fundamentally  sound,  practical  complications 
arise  when  several  chemical  species  must  be  tracked  and  when  the  reaction  rates  cover 
a  wide  range  of  time  scales.  In  the  work  performed  for  this  study  some  of  the  complica¬ 
tions  associated  with  treating  full  chemical  kinetics  are  avoided  by  employing  a  reduced 
chemical  mechanism  for  the  hydrogen-air  flame  as  used  by  Chen  and  Koilmann.^-^ 
The  reduced  mechanisms  can  be  conveniently  incorporated  into  the  linear  eddy  subgrid 
model  formulation.  In  the  hydrogen-air  problem  trea’sd  here,  ten  elementary  reactions 
are  considered.  The  total  number  of  scalars  in  the  reaction  mechanism  is  10,  of  which 
seven  are  active  chemical  species  (  H2.  O2,  H2O,  0,  H,  OH,  HO2),  plus  temperature, 
density  and  pressure. 

The  advantage  of  the  reduced  mechanisms  is  that  the  number  of  scalars  that  need 
to  be  tracked  during  the  simulation  is  minimized.  In  the  simplified  scheme,  three  scalars 
are  tracked  throughout  the  simulation:  the  mixture  fraction,  <!>,  a  progress  variable  de¬ 
scribing  the  extent  of  reaction,  rj,  and  the  NO  concentration.  The  reaction  mechanisms 
used  are  solved  beforehand  to  generate  a  look-up  table  that  can  be  used  to  interpolate 
for  the  species  whenever  required.  The  mechanism  used  to  model  the  formation  of  NO 
in  the  H2-air  combustion  process  is  based  on  thermal  pathways  characterized  by  the 
well-known  Zeldovich  mechanism.  A  detailed  description  of  the  reaction  mechanisms 
and  reduced  mechanism  formulation  used  in  this  work  can  be  found  in  Ref.  9. 

The  simulation  starts  from  mixture  fraction  values  corresponding  to  air  in  the  upper 
stream  (y  >  0),  and  hydrogen  in  the  lower  stream  (y  <  0).  The  velocity  field  given  by 
equations  4  and  5  is  used.  Combustion  is  initiated  by  setting  several  elements  of  the 
linear  eddies  located  along  y  =  0  equal  to  their  stochiometric  values  (^  =  0.028)  and 
equilibrium  chemical  states. 

The  mixture  fraction  evolves  as  shown  in  Fig.  2.  At  this  stage  of  nrwdel  development, 
effects  of  combustion  heat  release  on  the  velocity  field  and  on  transport  properties  has 
not  been  addressed,  although  such  effects  can  be  accounted  for  within  the  linear  eddy 
model.^  The  temperature  field  at  t  =  6  is  shown  in  Fig.  4,  and  the  NO  concentration 
at  the  same  time  is  shown  in  Fig.  5.  The  stochiometric  temperature  of  2500K  occurs 
across  the  flame  front,  although  the  temperature  is  not  uniform  across  the  flame  front. 
The  flame  is  located  at  the  outer  regions  of  the  vortex,  extending  into  the  air  side 
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of  the  shear  layer.  The  flame  penetrates  into  the  air  side  of  the  stream  because  the 
stochiometric  mixture  fraction  is  less  than  0.5.  (The  free  stream  reactants  for  this  test 
are  hydrogen  and  ambient  air.  respectively.) 

The  concentration  of  OH  is  shown  in  Fig.  6.  Comparison  between  Figs.  4  and  6 
indicate  that  OH  production  occurs  where  the  temperature  is  a  maximum.  However, 
accumulation  of  NO  over  time  is  more  widely  distributed  over  the  mixing  region. 


4.  Discussion 

The  implementation  of  the  linear  eddy  model  as  a  subgrid  model  has  been  shown  to 
realistically  represent  important  features  of  the  turbulent  mixing  process.  This  extension 
of  the  linear  eddy  model  from  its  original  formulation  as  a  one-dimensional,  stand-alone 
model  is  significant  as  it  allows  for  a  realistic  description  of  the  scalar  field  at  the  smallest 
scales  of  the  flow  for  multi-dimensional  flow  simulations.  It  has  also  been  shown  that 
rather  complex  chemical  mechanisms  can  be  incorporated  into  the  model  formulation 
in  a  relatively  straightforward  manner. 

For  full  three-dimensional  large  eddy  simulations,  computational  requirements  will 
become  an  issue,  as  a  large  one-dimensional  array  is  needed  to  account  for  the  scalar  field 
distribution  within  each  grid  cell.  Furthermore,  regardless  of  the  form  of  the  subgrid 
model,  numerical  integration  of  reaction  mechanisms  will  continue  to  be  severe  as 
the  sophistication  of  the  chemical  models  implemented  in  the  simulations  is  increased. 
However,  it  should  be  noted  that  the  present  model  formulation  is  ideally  suited  for 
implementation  on  parallel  processing  machines.  Most  of  the  work  in  the  mixing  subgrid 
model  is  confined  to  individual  linear  eddy  arrays.  If  a  separate  processor  is  used  for 
each  linear  eddy,  communication  between  processors  is  necessary  only  during  the  large 
scale  convection  process  •  an  infrequent  event  with  respect  to  the  rearrangement  and 
diffusion  processes  ongoing  within  each  cell. 
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Figure  1.  Schematic  illustration  of  linear  eddy  subgrid  model.  The  on^dimensional 
elements  within  each  grid  cell  represent  the  on-going  linear  eddy  calculations  that  are 
performed  in  each  cell.  At  each  large  eddy  times  step,  linear  eddy  elements  are  ex¬ 
changed  across  neighboring  grid  cells,  accounting  for  large-scale  transport.  The  arrows 
indicate  the  components  of  convective  flux  across  the  grid  cells,  which  determines  the 
amount  of  scalar  information  contained  in  the  linear  eddies  that  is  exchanged  at  each 
large  eddy  time  step. 
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Figure  2.  Contours  of  grid  averaged  mixture  fraction.  Within  each  crid  cell,  the 
linear  eddy  elements  are  averaged  to  give  the  local  scalar  average  value  for  each  grid 
cell,  a)  t=2.  b)  t=6. 
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Figure  5.  NO  Concentration,  t=6. 


Figure  6.  OH  concentration,  t=6 
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ABSTRACT 

A  mixing  length  model  is  used  to  explain  and  model  the  recently  observed  (Bilger  et  al..  1991)  effect  of 
chemical  reactions  on  turbulent  diffusivities.  This  coupling  between  microscale  reactions  and  macroscale 
mixing  occurs  because  reaction  rate  is  a  quasi-transferable  property  which  causes  more  reaction  in  fluctuating 
fluid  lumps  leaving  regions  of  high  rate  than  low  rate.  The  net  effect  is  to  either  raise  or  lower  reactant 
diffusivities  depending  upon  a  characteristic  macromixing  time  and  the  rate  at  which  the  mean  reaction  rate 
changes  with  mean  concentration. 


!a. 

e 


l-tM 


d^A 


The  model  shows  observed  qualitative  behavior  and  also  appears  to  be  in  quantitative  agreement  with 
much  of  the  existing  data.  It  adds  an  apparent  flux,  e  to  the  convective  diffusion  equations  which  can 
either  enhance  or  hinder  the  normal  turbulent  fluxes. 

Two  kinds  of  closure  problems  arise  when  the  convective  di^sion  equations  for  a  dilute,  reacting 
Fickian  system  with  non-linear  chemistry  are  averaged  to  give 

|DiV^-^^-ri,i.A,B....  (1) 


The  closure  problem  in  the  reaction  term  follows  from  non-linear  chemical  rate  laws  which  lead  to 
correlated  concentration  covariance  terms — terms  which  decrease  reaction  rates  in  non-premixed  systems.  These 
micromixing  (or  more  accurately,  microsegregation)  effects  have  been  studied  in  one  dimensional  systems  where 
they  can  have  a  very  large  effect  on  reaction  rates  and  where  models  have  been  developed  to  handle  them  in  such 
systems  (Harada,  et  at.,  1962;  Kattan  and  Adler.  1967;  Mao  and  Toor,  1970,  Toor,  1969;  Treleaven  and  Tobgy, 
1972;  Mehu  and  Tarbell,  1983;  Li  and  Toor.  1986;  Baldyga  and  Bourne,  1989). 
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Or.  ;he  other  hand  the  velocity-concentration  covanancc  term,  which  has  little  effect  in  one  dimensional 
systems,  i'  nore  hkely  to  dominate  multidimensional  systems  like  jets  and  wakes  (Hanks.  1991)  This  term  has  a 
long  history  in  non-reacting  systems  where  it  has  been  usefully  modeled  with  a  turbulent  diffusivity  (Taylor. 
1915.  Hinze.  1959;  Tennekes  and  Lunnley.  1983).  Since  the  term  is  non-zero  only  in  the  presence  of  gradients  of 
the  time  average  concentration  it  describes  macromixing.  Because  it  apparently  has  the  same  significance  in 
reacting  as  well  as  non-reacting  systems  it  is  tempting  to  treat  it  with  the  normal  turbulent  diffusivity.  i.e  to 
assume  that  the  reaction  does  not  affect  the  turbulent  diffusivity.  This  is  almost  surely  true  with  slow  enough 
reactions,  but  is  less  likely  with  faster  reactions — reactions  whose  half  lives  are  comparable  to  or  less  than  the 
integral  time  scale  (Corrsin.  1974;  Klimenko.  1992).  Since  recent  measurements  of  Bilger  er  a/.  ( 199 1 )  show  a 
significant  effect  of  faster  reactions  on  turbulent  diffusivities,  the  novel  effects  need  to  be  created  in  order  to  close 
Eq.  ( 1 ).  A  way  around  this  coupling  of  the  reaction  with  the  turbulent  diffusivity  (micro-macro  coupling)  is  to 
dispense  with  both  terms  and  recognize  that  both  effects  are  different  manifestations  of  imperfect  mixing,  as  is 
done  in  the  recent  conditional  mean  methods  (Bilger,  1991;  Klimenko,  1990).  The  alternative,  adopted  here,  is  to 
accept  the  coupling  and  relate  turbulent  diffusivities  in  a  reacting  system  to  both  the  reaction  and  the  turbulent 
diffusiviides  in  the  analogous  non-reacting  (passive)  system. 

The  Experiment 

Bilger  er  al  (1991)  studied  the  reaction  between  non-premixed  dilute  nitric  oxide  (reactant  A)  and  dilute 
ozone  (reactant  B)  behind  a  splitter  plate  with  grid  generated  mrbulence.  With  Damkohler  Numbers  of  0.3  and 

1.8  they  deduced  turbulent  diffusivities  for  the  reactants  as  well  as  the  passive  non-reacting  value  and  their  non- 
dimensional  diffusivity  results  for  a  Reynolds  Number  (based  on  grid  mesh  and  mean  velocity)  of  1 1,700  are 
reproduced  in  Figure  1.  Their  non-dimensional  mean  concentration  and  reaction  rate  dau  are  also  reproduced  in 
Figures  2  and  3.  Both  their  nomenclature  as  well  as  that  used  here  are  shown.  All  the  dau  are  21  grid  spacings 
downstream.  They  pointed  out  that  the  turbulent  diffusivities  for  the  reactants  "are  substantially  higher  than  those 
for  the  mixture  fraction  on  the  side  of  the  layer  from  which  the  reactant  comes  but  are  much  lower  on  the  other 
side.  In  this  latter  region  the  diffusivities  also  show  a  dependence  on  No  with  values  for  high  No  being  smaller 
than  those  for  low  No-"  (The  effects  are  seen  more  clearly  in  Figures  6  through  9.) 

It  was  subsequently  shown  that  for  the  particular  chemistry  which  was  used,  A-hiB  -*  products  (Toor. 
1991),  (hat  the  three  turbulent  diffusivities  are  related  by 

(eA-e)VXA-P(CB-e)VXB  (2) 

Equation  (2)  is  qualitatively  consistent  with  this  non-premixed  experiment  where  the  gradients  are  of  opposite 
sign  although,  as  will  be  seen,  some  of  the  data  do  not  quantitatively  satisfy  the  equation.  Equation  (2)  dots 
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suggest  that  tne  rdividual  reactant  turbulent  diffusivtties  will  depend  upon  the  mean  concentraaon  gradients  It  is 
explicit  reiat  '^n<,n>ps  for  these  individual  reactant  diffusivities  which  are  needed  for  closure  of  Eq.  ( 1)  and  we  will 
use  a  mixing  engtn  model  (Taylor.  1915;  Hinze.  1959;  Tennekcs  and  Lumley.  1983)  to  attempt  to  do  so. 

A  Qualitative  Explanation 

We  ftrst  show  that  the  qualitative  features  of  Bilger  et  al. — that  in  their  panicular  experiment  reactant 
turbulent  diffusivities  are  increased  on  the  side  from  which  they  come  and  are  decreased  on  the  other  side — are 
predicted  by  a  mixing  length  model  which  also  brings  out  the  underlying  physical  cause.  (The  Damkdhier 
Number  effect  is  more  easily  seen  in  the  next  section.) 

Figure  4  is  a  sketch  of  data  of  Bilger  e:  al.  which  shows  the  mean  concentrations  and  reaction  rate  as  a 
function  of  position  transverse  to  the  main  flow.  The  time  average  velocity  in  the  transverse  direction  is  zero  so 
transport  in  this  direction  is  caused  by  velocity  fluctuations  which  exchange  lumps  of  fluid  between  regions  of 
different  concentrations  (large  scale  molecular  transport  is  negligible).  Thus  in  the  absence  of  reaction  this  model 
leads  to  a  positive  turbulent  diffusivity  which  depends  upon  the  intensity  of  the  velocity  fluctuations  and  the 
distance  (mixing  length)  traveled  by  the  lumps  before  they  mix  with  the  surrounding  fluid,  i.e.  before  they  are 

micromixed.  During  (his  motion,  since  the  lump  is  not  in  equilibrium  with  its  environment  it  can  exchange  a 
passive  tracer  with  the  surrounding  fluid  by  molecular  diffusion  leading  to  an  effect  of  molecular  diffusivity  on 
turbulent  diffusivity.  Any  micromixing  inside  a  non-uniform  lump,  since  it  conserves  material,  could  only  affect 
the  macro-transpon  indirectly  by  affecting  the  interchange  between  the  lump  and  its  surroundings  and  even  this 
'leak "  will  normally  be  small  (Tennekes  and  Lumley,  1983).  Gt  is  this  small  intetchange  which  leads  to  the  idea 
of  transferable  properties  and  mixing  length  models.)  However  a  reaction  which  takes  place  inside  a  lump,  a 
microscale  phenomenon,  does  not  conserve  material  even  in  the  absence  of  a  leak,  and,  as  will  be  seen,  is  the 
apparent  cause  of  the  observed  effects. 

Consider  the  situation  in  Figure  4,  focus  on  reactant  A  on  the  right  side  of  the  centerline  and  consider  two 
imaginary  parallel  planes  perpendicular  to  the  y  direction  and  separated  by  a  small  disunce.  Lumps  are 
interchanging  between  these  planes,  but  now  a  reaction  takes  place  inside  the  lumps — in  this  case  removing 
reactant  A.  Because  the  integral  scale  lumps  are  much  larger  than  the  Kolmogorov  scale,  the  microscale  at  which 
the  reaction  takes  place,  lumps  will  sample  the  mean  reaction  rate  as  well  as  mean  concentration  of  their 
birthplace.  (Consequently  lumps  leaving  from  the  right  plane  wiU  leave  on  the  average  with  the  time  average 
concentration  and  time  average  reaction  rate  at  that  plane  so  less  A  will  reach  the  left  hand  plane  in  that  lump  than 
would  occur  in  the  absence  of  reaction.  Similarly,  lumps  leaving  the  left  plane  on  the  average  leave  with  the  time 
average  concentration  and  reaction  rate  in  that  plane  and  this  lump  will  carry  less  A  to  the  right  than  it  would  if 
there  were  no  reaction.  But  note,  however,  that  if  the  reaction  rate  in  the  left  and  right  leaving  lumps  were  the 
same  during  their  flight  the  net  transport  and  hence  turbulent  diffusivity  would  not  be  affected  by  the  reaction. 
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The  transpi-T  iT.J  ;urbulent  diffusivity  is  affected  because  the  reaction  rates  are  different  and  they  are  different 
because  ot  :!.<  .mail  leakage  from  the  lumps  during  their  flight  so  the  initially  different  reaction  rates  persist.  (If 
conversion  ;n  a  lump  is  small,  rate  will  be  essentially  conserved,  but  even  if  not  the  two  average  rates  will  differ 
so  long  as  the  lumps  do  not  immediately  equilibrate  with  their  surroundings.  Reaction  rate  is  in  this  sense  at  least 
a  quasi-transferable  ptopeny.) 

The  right  leaving  lumps  leave  with  a  lower  reaction  rate  (see  Figure  4)  and  this  lower  rate  persists  so  less 
A  is  lost  from  these  lumps  than  is  lost  from  the  left  leaving  lumps  which  stan  with  and  continue  with  a  higher 
reaction  rate  as  they  move  right.  Hence  as  observed  experimentally  (Figure  1 ),  the  net  transpon  from  right  to  left 
IS  increased — the  turbulent  diffusivity  of  A  on  the  right — the  side  from  which  A  comes  is  increased  by  the 
reaction  as  observed,  but  it  is  increased  because  of  the  persistence  of  the  reaction  rate  bias — it  is  not  an  eddy 
leak — it  is  a  true  microscale  effect  within  the  lumps. 

On  the  left  side  of  the  centerline  the  gradient  of  the  mean  concentration  of  A  and  its  rate  are  both  in  the 
same  direction.  Again  consider  two  parallel  planes  on  the  left  of  the  centerline.  Now  left  leaving  umps  are 
reacting  more  slowly  than  right  leaving  lumps  so  more  A  is  lost  by  the  right  leaving  lumps  than  the  left  leaving 
ones.  Hence  less  A  is  transported  down  the  mean  gradient— the  turbulent  diffusivity  is  decreased  by  the 
reaction— again  as  observed.  Reactant  B  merely  mirrors  the  behavior  of  A— same  arguments  and  conclusions. 
Although  this  elementary  mixing  length  viewpoint  is  qualitatively  in  accord  with  experiment  and  affords  a  simple 
explanation  for  the  micro-macro  coupling,  practice  requites  a  quantitative  result  which  is  presented  in  the  next 
section. 

Quantitative  Development 

We  will  use  unidirectional  definitions  of  the  turbulent  fluxes 


N-v'Ca-ed** 

dy 


(3) 


NA*v'c)^n-eA 


(4) 


If  2X  is  the  mixing  length,  lumps  cross  a  plane  carrying  their  transferable  propemes  from  within  distances  of  2\ 
on  either  side  of  the  plane,  so  the  average  distance  of  travel  to  the  plane  is  X  if  statistical  properties  do  not  change 
over  the  distance  2X.  Hence  in  order  to  relate  e  and  ca  we  consider  the  two  imaginary  planes  discussed  earlier 
(now  drawn  in  Figure  5)  to  be  the  distance  2X  apart  and  determine  the  net  flux  from  left  to  right  crossing  a  parallel 
plane  midway  between  the  two  planes.  All  the  lumps  crossing  the  midplane  are  thus  taken  to  have  traveled  the 
average  disunce  X. 
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A  Tioving  with  the  velocity  u  from  left  to  right  cames  u  Cai  moles  A/time  area  to  the  right  and  the 
amount  across  the  midplane  is  given  by 


(5) 


It  IS  assumed  that  there  is  no  leak  from  the  lump  and  that  rAi  is  the  average  reaction  rate  m  these  left  leaving 
lumps  based  on  the  average  flight  time  X/  u. 

The  amount  of  A  crossing  the  midplane  in  right  leaving  lumps  is  then 


so  for  two  equal  and  opposite  moving  lumps  the  net  flux  across  the  midplane  is 


Na  ■  u  (Cai  -  Ca2)  -  ^  (fAi  -  *'A2)] 


(6) 


As  usual,  for  small  X  (see  Tennekes  and  Luinley  ( 1983)  for  other  jusnfications) 


Cai  -  Ca2 


(7) 


There  are  two  opposing  tendencies  within  a  lump— conversion  decreases  reaction  rate  while  micromixing 
increases  rate.  To  avoid  the  difficult  problem  of  evaluating  the  net  effect  we  assume  negligible  rate  change  during 
the  lifetime  of  any  lump.  Then  for  small  X 


rAi-rA2 


-2X 


dy 


Combining  (7).  (8)  and  (9)  and  averaging 


Na»-2uX 


dy  u  dy 


When  f  A  is  set  equal  to  zero,  Eqs.  (3)  and  (9)  identify  2uX  as  e  so 


NA»-e 


dy  “  dy 


■-Ca 


dy 


(8) 


(9) 


(10) 
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The  Hu'i  '!  :rnhiiiced  or  diminished,  depending  upon  the  relative  signs  of  the  gradients  of  Ca  and  Ta 

RfXTanging  Eq.  (10)  gives  the  relationship  between  the  two  turbulent  diffusivitics  which  closes  the 
macTomixmg  term  m  Eq.  (1), 


e 


(ID 


The  non-dimensional  form  is 


^.1-Ndm^  (12) 

*  oXa 

where  the  Damkdhler  Number  which  arises  is  the  ratio  of  the  flight  nme  or  characteristic  macromixing  time. 
tM  >  4.  to  the  characteristic  reaction  time,  tr. 


Ndm-^ 


(13) 


Equation  ( 12)  is  presumably  valid  for  any  chemistry  but  if  the  reaction  is  described  by  the  mass  action  law 


fA-kCACe  (14) 


then  tR  ■  l/k  Cbo<Ra  ■  XaXr, 


NDM*4kCBO  (15) 

u 

and 

^-1-Ndm^7^  (16) 

*  uXa 

The  equation  for  B  is 


ej-1  NpMdXAXa 
^  P  d  Xa 

P  appears  in  this  equation  because  of  the  choice  of  Nqm  made  in  Eq.  (IS). 

This  fonn  is  not  particularly  useful  for  an  instantaneous  reaction,  but  closure  is  not  needed  here  since  the 
solution  to  Eq.  (I)  at  this  limit  is  known  in  terms  of  the  solution  to  the  analogous  non-reacting  problem  (Toor. 
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1962).  Thi-.  i  unown  as  the  "Conserved  Scalar  "  naethod  in  the  combustion  literature  (Bilger  er  al .  1991 ) 

Evjuanon  ;  1 1  can  also  be  derived  by  determining  the  effect  of  the  reaction  on  the  reactant  concentration 
rlLictuacion>  A  reaction  which  consumes  a  reactant  decreases  positive  fluctuations  and  enhances  negative 
fluctuations.  Equation  (11)  also  follows  from  this  viewpoint  because  of  the  persistence  of  the  bias  in  the  reaction 
rates. 

Proceeding  any  funher  with  Eq.  ( 16)  and  ( 17)  requires  a  micromixing  model  since 

=  Xa  Xa  +  X\X'b  (18) 


However  this  is  not  needed  with  first  order  reactions  which  are  unaffected  by  micromixing  so  Eq  (8i 
always  overestimates  the  amount  of  reaction  in  the  case.  With 


fA  =  kCA 

Eq.  ( 1 1 )  becomes 

^=l-ktM 


(19) 

(20) 


The  diffusivity  is  always  decreased  by  the  reaction  because  the  reaction  rate  is  always  higher  at  the  high  reactant 
concentration. 

This  first  order  reaction  is  not  very  interesting  in  its  own  right,  but  it  does  allow  examination  of  the 
approximation  introduced  by  Eq.  (8)  since  the  reaction  rate  in  a  lump  is  now  simply  given  by  Eq.  (19).  The  result 
obtained  by  summing  the  reaction  effects  in  all  lumps  originating  within  a  distance  2X  on  either  side  of  a  given 
plane  is 


eA_  1-(1  ■t■2kTM)e•^^  <21) 

®  ~  2(kTMp 

so  Eq.  (20)  is  only  valid  for  small  values  of  the  macro  Damkdhler  Number,  ktM.  Unfortunately  this  does  not  help 
much  in  determining  the  error  in  Eq.  (1 1)  for  other  kinds  of  reacdons  which  are  sensinve  to  micromixing. 

Comparison  with  Experiment 

Returning  to  Eq.  (11)  (or  (12))  we  first  note  that  with  its  counterpan  for  reactant  B  it  satisfies  the 
consistency  condition  of  Eq.  (2)  because  fg  =  n  fA  for  the  single  step  reaction.  Secondly  we  observe  that  Eq.  ( 1 2) 
has  the  correct  overall  behavior — it  shows  the  behavior  observed  by  Bilger  et  al.  (1991) — for  their  experiment: 
(1)  the  reactant  turbulent  diffusivities  are  higher  than  the  ordinary  (passive)  values  on  the  side  from  which  the 
reacunt  comes  (because  of  the  sign  of  dRA/dXA).  (2)  are  much  lower  than  the  ordinary  values  on  the  other  side 
(because  the  rate  of  change  of  reaction  with  concentration  is  much  larger  on  that  side),  and  (3)  in  this  latter  region 
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there  is  i  'f  er  etfect  with  diffusiviiy  values  for  the  high  Nq  smaller  than  for  the  low  Nq  lobvious  from  Eq. 

ii:)), 

tv)  IS  not  precisely  fixed  by  the  model  it  would  be  reasonable  to  take  tvt  as  an  adjustable 
parameter  However  it  is  interesting  to  evaluate  tM  with  measured  quantities.  The  mixing  length  Zk  should  be 
approximately  the  integral  length  scale  (Tennekes  and  Lumley.  1984),  u  the  R.VIS  velocity  fluctuation,  and  since 
Bilger  ei  ai.  (1991)  has  measured  these  values  we  can  estimate  a  single  value  of  Tm  from  their  measurements 
Using  the  average  measured  integral  scale  of  0.25m  and  iiof  0.02S  in/s  (Saetran.  1989)  gives  an  average 
micromixing  time,  Tm.  of  5.0s. 

The  macTomixing  Damkdhler  Number  in  Eq.  ( 12)  is  related  to  that  used  by  Bilger  by 


Ndm 


M  “  I  -t-IJ 


Nd 


The  mean  velocity  U  is  0.55  m/s  and  M  is  0.32  m.  P  »  0.94  in  the  experiment  with  Nd*1.81  and  1.0?  m  the 
experiment  with  Sq  -  0.3.  Then  for  Nq  =  1-8,  Ndm  =  7.61  and  for  No  “  0.3,  Ndm  “  1  30. 

We  read  R>^,  Xa  and  Xg  off  Figures  2  and  3,  determined  —=A  and  by  finite  differences  and  then 

d  Xa  d  Xb 

interpolated  to  obuin  a  value  of  dRa/dXA  for  each  reputed  value  of  e.  Equation  (12)  was  then  used  to  calculate 
Ca  knd  Eq.  ( 17)  to  calculate  eg'  Figures  6  through  9  compare  these  values  with  experiment.  They  all  show  e  and 
both  experimental  and  predicted  values  of  Ea  oteb  and  E. 

Figures  6  and  7  are  at  the  higher  Nd  of  1.81.  In  Figure  6  the  experimental  values  of  Ea  left  of  the 
centerline  are  much  lower  than  e.  We  do  not  have  an  estimate  of  the  uncertainty  in  these  values,  but  the 
predictions  of  Eq.  (12)  captures  this  behavior  surprisingly  well,  as  it  also  does  on  the  other  side,  the  side  from 
which  A  comes.  There.  Eq.  ( 12)  predicts  a  small  increase  in  Ea  for  all  points — close  to  experiment  for  most  of  the 
data  (some  of  the  reaction  rate  dau  here  is  quesdonable  so  we  have  used  the  rate  dau  from  the  left  side  of  Figure 
4).  Eg.  shown  in  Figure  7  is  predicted  almost  as  well  by  Eq.  (17),  except  for  the  cluster  of  very  high  poinu.  near 
left  center.  It  is  possible  that  these  Eg  inconea  since  the  reported  Ea  and  eb  data  do  not  satisfy  Eq.  (2). 

We  have  recalculated  eg  from  Eq.  (2)  by  assuming  that  the  reponed  Ea  are  correct  and  these  corrected 
values,  shown  in  Figure  7,  are  much  closer  to  the  predictions  of  Eq.  (17),  which  may  lend  some  credence  o  the 
suggestion  that  the  data  are  in  error  here. 

Figures  8  and  9  repeat  6  and  7  at  a  lower  Nd-  The  decrease  in  diffusivides,  on  the  left  in  Figure  8  and 
right  in  Figure  9,  less  than  at  the  higher  Damkdhler  Number  in  Figures  6  and  7.  is  very  nicely  predicted  by  Eqs. 
( 12)  and  ( 16).  The  small  increase  on  the  other  side  is  also  handled  well,  although  there  ate  more  anomalous  high 
data  points  in  both  figures.  The  reponed  values  of  Ea  and  Eg  are  inconsistent  with  Eq.  (2)  in  such  a  random 
manner  that  there  seems  little  point  in  recalculating  eb  (otca)  as  was  done  before. 
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In  i.'.  ne  -  jlculaiions  we  assumed  Tm  >o  be  constant,  the  mixing  length  2X.  to  be  the  measured  integral 


length  sca.e  ;  :o  ne  the  measured  average  RMS  velocity  fluctuation  and  obtained  reasonably  satisfactory 
agreement  *’th  experiment — unexpectedly  good  in  many  cases,  but  the  model  cannot  explain  the  very  high 
values  of  £a  and  ea  in  Figures  7,  g  and  9.  Is  this  a  failure  of  the  model  or  are  these  data  etToneous’  Funher  data 
are  needed  to  answer  the  quesnon. 

Convective  Diffusion  Equation 

Retaining  the  diffusivines  as  scalars  while  generalizing  Eqs.  (3).  (4)  and  (12)  to  three  dimensions  gives  the 
final  result. 


^  *  y  V  C.  =  V  (D  ^  £)  VC.  -  V  e  twVf.  -  r; 


(18) 


The  new  term.  V  £  tMVf„  contains  the  macro  properties  c  and  Tm  and  the  reacdon  term  which  depends  upon 
micromixing.  This  is  a  true  macro-micro  coupling  which  causes  an  apparent  flux,  e  t^Vr,,  which  can  either 
enhance  or  hinder  the  normal  turbulent  flux,  ~£VC,.  How  important  a  role  it  plays  in  the  overall  icaedve  mixing 
process  remains  to  be  determined. 

Equadon  (18)  still  requites  evaluadon  of  the  concentradon  covaiiance  term  or  terms  which  appear  in  the 
mean  reacdon  rate  term.  There  is  much  less  informadon  available  in  mulddimensional  than  in  untdimensional 
systems  as  to  how  to  handle  these  micromixing  effects.  Bilger  et  ai.  (1991)  found  that  Toor's  closure  (Toor. 
1969)  predicted  their  reacdon  rate  moderately  well.  This  closure  assumes  that  the  concentradon  covariance  term. 
^a^B’  '^bich  arises  with  the  single  step  bimoiecular  reaction,  is  the  value  which  would  exist  with  an 
instantaneous  reacdon.  Assuming  perfect  micromixing {c]^Cg  »  o)  did  less  well,  but  this  avoids  the  micromixing 
problem  altogether  and  closes  Eq.  (18)  for  all  chemistries.  Because  macrotranspon  tends  to  control  in 
multidinnensional  systems  (Hanks,  1991)  this  naive  closure  may  well  give  acceptable  results  in  praedee.  but  this 
speculation  requires  further  study. 


Nomenclature 


A.B 

C 

C, 


Ca1,Ca2 

Di 

k 

M 


N 

Na 


reactants  A  and  B 

concentradon  in  nonieacting  systems,  mole/nP 
concentradon  of  reactant  i,  mole/m^ 

average  concentra'  on  of  A  in  lumps  leaving  posidons  1  and  2,  respeedvely,  mole/m^ 
molecular  diffiisivity  of  i,  m^/s 

reacdon  velocity  constant,  m^/mole  s  for  a  second  order  reaction,  s  for  a  first  order  reaction 

pitch  of  grid  in  experiment 

stoichiometric  coefficient 

flux  in  absence  of  reacdon,  moles/m^s 

flux  with  reaction,  moles/m^s 


Nd  Damkdhler  No.,  ^kfCAO+Cao) 
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Nqm  macro  Damkohler  No..  ^  For  a  second  order  bimolecular  reaction  =  ^  k  Cbo 

tr  u 

r,  reaction  rate  nwle/m^s 

rxi-  average  reaction  rate  during  flight  in  left  and  right  leaving  lumps,  respectively.  mVmole  s 

R,  non-dimensional  reaction  rate,  r,  tR/C,o.  For  a  second  order  bimolecular  reaction  =  r^  CaqCbo 

t  tune,  s 

u_  lump  velocity,  m/s 

U  mean  experimental  flow  velocity,  m/s 

u  average  lump  speed,  m/s 

V  vector  fluid  velocity,  m/s 

V  velocity  fluctuation 

n 

X,  non-dimensional  concentration  of  i, 

Cio 

y  distance  normal  to  flow,  m 

Greek 

P  stoichiometric  ratio  feed.  CaeVn  Cao 

5  width  of  mixing  layer,  m 

e  passive  turbulent  diffusivity — no  reaction,  m^/s 

Ea.Eb  reactant  turbulent  diffusivities.  m^/s 

k  half  mixing  length,  m 

tm  characteristic  macromixing  time,  s 

TR  characteristic  reaction  time,  1/k  Cbo  for  a  bimolecular  second  order  reaction,  I /k  for  a  first  order 

reaction,  s 

Subscripts 

i  reactant  A  or  B 

O  initial  value 

—  vector 
Superscripts 

—  time  mean  value 

A  non-dimensionalized  by  1/UM 
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dashed  line  drawn  on  each  figure  for  orientation,  (a)  Non-reacting;  (b)  Species  A;  (c)  Species  B. 

Figure  2  Mean  Reactant  Concentration  Profiles  from  Figure  8  of  Bilger  er  a/.  (1991).  Nd=  1-81:  A,  Species  / 
V.  Species  B.  Nq  =  0.3;  Q  species  A;  O.  Species  B. 

Figure  3  Mean  Reaction  Rate  vs.  Position  from  Bilger  era/.  Figure  18.  B>  =  0.3;  ®.  No  =  1.81. 

Figure  4  Mean  Reaction  Rate  and  Species  Concentrations  vs.  Position  During  Reactant  Mixing. 

Figure  5  Mixing  Length  Model. 

Figure  6  Turbulent  Diffusivities  of  Species  A  at  N’d  =  1-81;  ®  from  Figure  lb;  O,  from  Eq.  (12);  A,  Non 
reacting  Diffusivity  from  Figure  la. 

Figure  7  Turbulent  Diffusivities  of  Species  B  at  No  »  181;  ®,  from  Figure  Ic;  O .  from  Eq.  ( 17);  A  Non-reactin 
Diffusivity  ftom  Figure  la.  Cb  from  Eq.  (2). 

Figure  8  Turbulent  Diffusivities  of  Species  A  at  No  =  0.3;  Bl  from  Figure  lb;  Q  from  Eq.  (12);  A  Non-Reactir 
Diffusivity  from  Figure  la. 

Figure  9  Turbulent  Diffusivities  of  Species  B  at  No  »  0.3;  B  from  Figure  Ic  Q  from  Eq.  ( 17);  A  Non-Reactin 
Diffusivity  from  Figure  la. 
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ABSTRACT 

A  new  model  for  the  velocity  and  concentration  profiles  in  a  reacting  mixing  layer  is  proposed.  The 
concentration  model  is  based  on  a  two-point  turbulence  model  such  that  the  small  scales  of  turbulence  which 
can  enhance  the  mixing  of  individual  species  is  correctly  aiccounted  for.  Comparison  with  experiments  and 
direct  numerical  simulation  are  made. 

INTRODUCTION 

We  consider  the  far  subsonic  mixing  of  two  chemically  reactive  species  separated  by  a  free  shear  layer. 
This  classification  of  fiow  has  been  studied  in  some  detail  due  to  its  generic  appeartmce  in  many  practical 
situations.  These  investigations  have  included  direct  numerical  simulations  (e.g..  McMurtry  ti  ai,  1986  and 
Riley  et  ai.  1986).  experiments  (e.g.,  Mungal  and  Dimotakis,  1984.  and  Batt.  1977)  and  theoretical  or  modeling 
studies  (e.g.,  Broadwell  and  Breidenthal,  1982,  and  Borghi,  1988).  The  present  approach  applies  a  two-point 
turbulence  model  coupled  with  moment  closure  for  the  averaged  species  equation.  The  advantage  of  using  a 
two-point  approach  is  that  the  total  energy  in  the  turbulent  fluctuations  is  decomposed  to  give  the  amount 
at  each  wavenumber  (or  heuristically,  each  “eddy”  size).  Knowledge  of  the  turbulent  energy  at  each  scale  is 
important  to  correctly  quantify  the  mixing  d  reactant  species  occurring  at  the  fine  scale.  This  mixing  will 
greatly  enhance  the  ability  of  molecules  to  come  into  direct  contact  which  is  necessary  for  chemical  reaction  to 
occur. 

At  this  stage  of  the  investigation  we  assume  a  temperature- independent  reaction  between  two  spiecies  with 
no  heat  release  and  thus  no  change  in  overall  fluid  density.  This  decouples  the  equations  for  the  turbulent 
velocity  field  and  the  species  conservation.  Also  the  reac,ion  rate  is  assumed  to  be  infinitely  fast  such  that 
its  magnitude  will  not  have  an  effect  on  the  mean  velocity  and  concentration  profiles  and  thus  the  rate  at 
which  product  is  formed  is  limited  by  turbulent  mixing  and  molecular  diffusion.  Comparisons  are  made  with 
numerical  simulation  and  experiments  in  which  these  assumptions  are  valid. 

For  latter  investigations,  we  will  be  interested  in  the  regime  where  T./T  <  1  and  T'/T  <  1,  or  flows 
at  high  temperatures  and  low  activation  energies.  Staying  in  this  regime  allows  us  to  neglect  the  effect 
of  fluctuating  temperature  on  the  averaged  reaction  rate  where  typically  the  reaction  rate  is  written  as 
ill/  =  - B exp(—TalT)YFYo  before  averaging. 
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MODEL  DEVELOPMENT 


The  mo<ie'  ised  :n  calculating  the  turbulent  velocity  field  is  a  spectral  transport  model  first  described  in 
Benard,  Hari.iw  Rauenzahn.  and  Zemach  il990)  and  applied  to  nonreactive  mixing  layers  in  Gore,  Harlow, 
and  Zemach  1991 1  The  latter  investigation  showed  that  the  model  predictions  au-e  in  good  agreement  with 
expenments  for  that  class  of  flows.  In  essence,  the  model  describes  the  transport  of  the  turbulent  energy 
spectrum  '  in  wavenumber  space  I  through  the  physictd  processes  of  mean  flow  couplina.  viscous  and  turbulent 
diffusion,  cascade  in  wavenumber  space,  viscous  dissipation,  and  a  return  to  isotropy.  The  equation  for  which 
is: 


dE,j 

dt  dz„ 


2uk^E„ 


d^E,, 


-  ^ -  c,  I  {I'v'ir  £„ }  ,11 

+  c4{ev:i£§l} -C,lVIE(f., -4) 

where  E  =  E„  and  vt  =  '/kElk'^dk.  The  above-modeled  equation  was  deduced  from  an  exact  derivation  of 
Et,(1.  k).  which  followed  from  two  steps.  First  the  two-point  velocity  correlation  was  Fourier  transformed  and 
then  integrated  over  shells  in  wavenumber  space.  The  latter  was  done  to  reduce  the  modeling  of  interactions 
in  wavenumber  space  from  those  between  vectors  to  that  between  scalars.  Mathematically  these  steps  are 
represented  by 

fl.,(7.X)  =  j  +  7/2.1 -f/2)dr 

and 

£.,{x.fc)  =  jR,,(1.k)^ 

where  it  is  noted  that 

R,j(x  +  r/2.x  -f/2)  =  u;(x-l-r/2)u'(z  -  r/2) 

and 

u;(x)u;(i)  =  2  J  E„{x.k)dk.  (2) 

Equation  ( 1 )  was  solved  coupled  with  the  ensembled  averaged  Navier-Stokes  equation: 


dS,  _  du,  _  1  dP  d^'U,  9u|u' 

dt  pdx,^''dxjdxj  dx. 


(3) 


to  give  a  complete  description  of  the  turbulent  flow  field.  The  equations  were  coupled  through  the  calculation 
of  the  Reynolds  stress  terms  by  (2). 

The  equations  were  simplified  in  the  present  situation  by  the  assumption  of  1-D  flow.  Fig.  1.  In  this 
configuration  mean  fluid  properties  vary  only  in  the  y  or  cross-stream  direction  and  time.  By  making  this 
assumption  computational  costs  were  greatly  reduced  without  loss  of  the  ability  to  compare  to  experiments  (for 
nonreactive  flows  see  Gore,  Harlow,  and  Zemach,  1990). 

The  instantaneous  form  of  the  species  transport  equation  with  chemical  reaction  is: 


dt 


+  w, , 


(4) 


where  i  denotes  species  i.  In  the  following,  the  simple  reaction  A  +  B  — •  C  is  considered  so  that 
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=  -s  =  -  -1  and  <  where  .-I  is  the  reaction  coefficient  and  is  the  mass  fraction  of 

species  1  As  ntentioned.  the  reaction  rate  is  considered  to  be  so  large  that  its  \-alue  will  not  have  an  effect 
on  the  flow  properties  So  while  the  form  of  A  may  be  considered  to  be  of  the  Arrenhius  fotro.  it  will  not  be 
modeled  as  such  and  will  remain  a  constant  albeit  a  very  large  one  such  that  its  value  i  which  may  in  reality  be 
fluctuating  due  to  temperature  fluctuation  if  there  were  any)  does  not  result  in  any  significant  changes  in  the 
solution.  The  constraints  on  this  assumption  for  a  nonisothermal  case  Me  discussed  in  the  introduction. 


Fig.  2.  Schematic  of  computational  domain. 


Ensemble  averaging  of  Eq.  (4)  yields  various  terms  that  need  to  be  modeled.  First  iTi,  _ 

}.  which  describes  the  diaocdered  (difFusional)  part  of  the  turbulent  transport  and  neglects 'the 
ordered  (or  largt^sc^e)  part  that  can  lead  to  a  counter-gradient  flux.  The  other  term  in  need  of  modeling  is 
For  species  A.  *.4  =  -A/pY^Yg  or.  since  A  and  p  are  constants,  Cix  =  The  first  step  we  used 

m  modeling  Y aVb  is  to  obtain  a  transport  equation  for  that  quantity.  This  is  accomplished  by  multiplying 
Yg  by  the  equation  for  Y^  (Eq.  (4))  and  adding  to  that  the  product  of  Ya  and  the  equation  for  Yg,  then 
averaging.  This  gives  an  ^uation_for  the  transport  of  which  can  be  reduc^  by  the  homogeneous- time 
steady  assumption  (i.e..  =  ^  =  0)  and  the  length  scale  assumption  (i.e.,  [ )'(  )').  This 

procedure  for  obtaining  TO  is  analogous  to  the  procedure  for  “deriving”  the  Bousinwq  assumption  in  single 
species  turbulent  flows;  -u'u'  ^  pj-  ~  ^K6,j. 

The  resulting  equation  is: 


0  =  -~YAYg(YA  +  Yg)  -  — (Da  +  . 

^  ‘®ch«lD 


(5) 


ne  of  the  most  important  parameters  in  the  present  model  is  the  definition  of  as  defined  in  the  length 
scale  assumption  described  above.  It  is  an  “average”  scale  over  which  the  chemical  reactions  will  be  most 
affected  by  turbulence,  or  conversely  it  is  the  scale  at  which  the  small  scale  turbulent  motion  enhances  the 
molecular  mixing  of  individual  species.  This  scale  is  derivable  from  a  spectral  analysis  similar  to  that  used  to 
derive  the  spectral  transport  model  for  the  turbulent  fluctuation,  Eq.  (1).  This  derivation  follows. 

Fmt  w  define  ^^ere  Q(i,,ij)  =  FJ(7oTO7).  By  defining 

r  =  (?,  -f  /2  and  f  =  (r,  -  J^)  and  making  this  substitution  in  the  preceding  equation  one  obtains  after 
performing  the  Fourier  transform  of  W,,{x,r) 
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U-.,7.f  =  J  2.  7 -r/2)d7= 

By  nf«>  'inz  the  higher  order  deri%’ative  terms,  this  is  simplified  to 

U',j(7.  k)  k,kjQ{x.  k)  . 

In  keeping  with  the  approximations  that  lead  to  Eq.  (1),  we  examine  only  the  variation  of  U,j  as  a  function  of 
magnitude  of  wavenumber  vector,  thus  we  let 

=  I^^Qix.k)  . 


Note  that  /  Q{J.k)dk  =  Y^Yg,  where  Q(i,k)  is  the  turbulent  concentration  energy  spectrum. 

This  was  done  to  obtain  the  single  point  correlation  Y^Yg  which  is  needed  to  close  the  ensembled- average 
concentration  equation.  Thus,  by  definition 


dVT  dYL 


=  j k‘(Hi.k)dk . 


It  is  postulated  that  Q(i,  it)  can  be  modeled  as  a  function  of  E(z,k)  so  that 


Qjx.k)  E(x,k) 

/*  Q(x.  k)dk  *  /*  £(1,  k)dk 


This  gives 


,  J  w^^.k)dk 
=  J  k^Q{7,k)dk 

-/•'I'fSSl— 

-‘fSS/-’™ 


The  limits  of  integration  as  they  now  stand  would  lead  to  a  divergent  sum  for  k^E[x,k)dk  since  E  goes 
as  k-^/^  for  k  and  Re  approaching  infinity  Of  course  finite  values  for  molecular  viscosity  and  diffusion  would 


limit  these  integrals  such  that 


W'WL  _ fn  "  k^E(x,  k)dk 

£LiS^  =  XY'Y'g^ - i - 

di  dx  ^  ®  f^’ECI,k)dk 


(6) 


where  ik»  ,  the  Kolmogorov  wavenumber  is  equal  to  (e/v^yf*  and  ko  -  n/5c  k,  where  Sc  is  the  Schmidt 
number.  This  value  for  ko  is  obtained  from  the  cut-off  of  the  so-caUed  viscous-convective  range  as  presented 
in  Lesieur  ( 1987).  After  this  cut<^  the  spectrum  of  the  concentration  fluctuation  decreases  exponentially  and 
any  valves  beyond  this  point  ate  considered  to  be  insignificant.  For  5c  <  1  it  is  postulated  that  the  smallest 
scales  in  the  concentration  spectrum  are  those  created  by  turbulence  and  as  such  kp  =  k,,  although  later  we 
test  both  approximation  (ifco  =  k,  and  kp  =  VTck,)  for  5c  <  1.  This  results  in  the  postulated  spectrum  for 
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Q  pven  in  Fii  2.  The  final  result.  Eq.  1 6).  is  the  length  scale  assumption: 


where 


_  —  (X\ 

5  f^'-E{x.k)dk 

k^Eil.k)dk 


Etk) 


Sci  1 


Fig.  2.  Postulated  spectra  for  E  and  Q. 
This  procedure  results  in  a  defined  Scktn  sc*de  to  be  used  in  (5): 


0  =  --YaYb(Ya  +  Yb)  -  -^{Da  +  Db)Y'^Y'b 

for  which  the  first  term  on  the  right-hand  side  is  still  in  need  of  modeling  since,  through  appropriate  expansion 


YaYb{Ya  +  Yb)  ^(7a  +  Tb)  (TaTb  +  2r;y^) 


-hF^y^  -hFsFJTX-h  y^y;,  +  Y^) 


or  =F^Fa(F4-hrB)  +  2(F^+Fs)V';r^-hZ 
where  Z  ^F^T^  +  Fay^-hyTOTT+n) 

It  is  then  proposed  that  Z  be  a  linear  combination  of  the  preceding  terms  in  the  above  expression,  that  is. 

Z  =  (l-l-o)F^Fa(F/i-hFa)  +  Q(Fyt  B)Y\Yg 

F^y^  +  F?y^ -h  y^ + ypT  -  F^Fa  (F^  +  Fa) 

where  a  =  v  —  '  i'"  . 

(F^+Fa)(F^Fa  +  y^) 

FVom  examining  the  direct  numerical  simulation  data  from  Riley,  Metcalfe,  and  Orszag  (1986),  it  was  found 
that  to  a  good  approximation  a  can  be  considered  constant. 
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This  yields,  for  species  .4.  the  final  noodeled  form  for  the  spiecies  concentration  equation: 
dv,  dT.,  a  r,„  ,d7^\  -4t7  TT  [  1 

dt  dxt  dxk  [  oxk  }  p  1  4. 

-  {Da  -^D^i  J  (  f  ) 

where  -y- —  =  f  k^E(k,t)/  f  E{k,t)dk 

Jo  Jo 

with  A  being  the  only  new  variables  to  be  fit  by  comparison  to  experiments.  C'q  was  taken  m  1.5  Co  as  the 
typical  value  used  in  scalar  diffusion  of  concentration. 

.4s  A  approaches  infinity  the  ensembled  average  reaction  term  approaches  a  finite  value  of  .V  s^|„^T'.4F g 
which  does  not  depend  on  A,  consistent  with  the  idea  presented  earlier  that  the  reaction  rate  will 
be  some  large  value  that  does  not  affect  the  final  solution. 

RESULTS 

The  results  presented  in  this  section  have  used  the  value  A  =  .18  to  optimize  the  comparison  with  available 
information.  This  comparison  is  chiefly  made  with  two  sets  of  results.  One  is  the  direct  numerical  simulation 
of  Riley  ei  al.  (1983)  and  the  other  is  the  experimental  investigation  of  Mungal  (1983).  The  comparison  is 
presented  in  Fig.  3.  As  shown,  the  comparison  is  quite  good  but  some  discussion  of  parameters  is  needed.  The 
present  model  has  been  matched  to  the  data  of  Mungal  using  the  parameters  of  their  system,  i.e..  5c  1  and 
Re  ^  30, 000,  which  are  the  values  used  in  the  present  model.  The  simulation  of  Riley  has  &  Sc  =  0.6  and  a 
Re  of  approximately  300.  They  fotmd  a  good  match  between  their  simulation  and  Mungal's  data  despite  these 
differences.  As  will  be  shown  in  the  following  figures  our  model  would  predict  different  product  concentrations 
depending  on  the  value  of  Sc.  Note  that  for  the  present  model  the  profile  presented  in  Fig.  3  is  the  final 
self-similar  form  and  as  such  does  not  change  with  time. 
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Fig.  3.  Comparison  of  model  with  experiment  and  direct  numerical  simulation. 
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In  Fig.  4  :s  shown  the  variation  of  the  production  concentration  as  a  function  of  time  for  two  Schimdt 
numbers.  Time,  though,  can  be  linearly  correlated  with  Re  ( based  on  width  of  the  layer)  since  the  width  vanes 
linearly  with  time.  Demonstrative  values  Reynolds  number  are  also  shown.  As  can  be  seen,  the  centerline 
production  concentration  quickly  converges  to  its  final  self-simii;u  value. 


The  variation  of  the  centerline  product  concentration  at  a  Reynolds  number  of  30,000  is  shown  in  Fig.  5. 
The  results  of  the  two  possibilities  of  kp  =  k,  and  kp  =  \/Sc  ifc„  for  Sc  <  1  are  presented.  The  theoretical 
foundations  for  the  turbulent  concentration  spectnim  for  Sc  less  than  one  are  much  less  established  and  in  need 
of  further  experimental  verification.  Regardless,  the  general  trend  is  consistent  with  other  models  and  theories 
in  that  the  centerline  product  concentration  decreases  with  increasing  Sc. 

As  can  be  inferred  from  Eq.  (7),  the  variation  of  a  reactant  species,  say  A,  with  time,  dYj^ldt,  will  come 
from  two  sources,  reaction  and  diffusion.  The  relative  magnitude  of  these  terms  is  shown  in  Fig.  6.  In  this 
figure  the  cross-stream  location  is  nondimensionalized  by  the  momentum  thickness,  and  each  of  the  values  for 
dy\jdi.  reaction  and  diffusion  are  normalized  by  the  maximum  value  of  the  diffusion  term.  The  values  were 
taken  after  self- similarity  has  been  reached,  and  therefore  Fig.  6  is  independent  of  time. 

Finally,  the  self-similar  value  of  the  chemical  reaction  scale,  Sektmi  ^  correlated  with  the  various 
parameters  of  the  flow,  namely,  B,  u,  D,  and  All’.  Forming  the  proper  nondimensional  groups,  one  obtains 

^cb«m  _  ff  Z. 

$  ^\D'  V  ) ' 

Curve  fitting  the  calculation  of  the  present  model  leads  to 


A16-7 


CENTERLINE  PRODUCT  CONC  (  xio') 


Fig.  5.  Centerline  product  concentr&tion  aa  a  function  ot  Sc.  Fig.  6.  Contribution  to  the  change  in 


This  form  can  be  obtained  approximately  by  making  various  assumptions.  First,  by  definition 


lo’ Eik)dk _ ^ 


^chcm 


r(ifc)difc 


Then  by  making  the  assumption  that 


E(k)  2,  < 


k  <k„ 
k>  k„ 


where  km  is  the  wavenumber  at  which  £  b  a  maximum,  Em  ■  This  gives 

\</<  X  V -5/3 


^cheai 


or  by  performing  the  integration 

J  7liE„km-V2Emki[^ 

3/4£mkm’  -”/12£mkm 

In  the  limit  ss  u  0  or  Re  oo  the  previous  equation  reduces  to 

</4£'m^m 


»lum  = 


Z/AEmkU^ 
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or  with  the  sraiir.*  of  1/6  and  <  ^  '6 


^ck.m  ^ 


which  is  verj-  close  to  the  form  found  through  curve  fitting  the  results  from  the  computer  simulation.  Eq.  (Si. 
\a  alternate  form  of  Eq.  I  8)  can  be  obtained  by  using  the  scaling  6  •-  s  (the  scale  of  the  most  energetic  eddy  i 
tmd  AC  ~  v'^  (the  square  root  of  the  turbulent  kinetic  energy).  This  results  in 

^ch«in 

—  =  \d)  [~ 


CONCLUSIONS 

The  present  investigation  is  the  preliminary  attempt  at  modeling  the  turbulence-chemistry  interaction  in 
a  mixing  layer  when  the  reaction  rate  is  very  large.  The  comparison  with  the  limited  experimental  evidence  is 
encouraging  and  the  use  of  a  model  of  the  turbulent  concentration  energy  spectrum  to  obtain  the  length  scale 
approximation  leads  to  a  good  approximation  of  the  physics.  As  the  Reynolds  number  becomes  large  and  the 
energy  spectrum  becomes  self-similar,  one  can  correlate  the  length  scale  associated  with  the  most  energetic 
eddy  and  the  scale  of  turbulence  that  most  affects  the  chemical  reaction.  With  this  scsJing  the  ensembled 
averaged  concentration  equation  can  be  used  with  a  simpler  one-point  turbulence  model  such  as  it;  —  c. 
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VISUAL  STUDY  OF  THE  NEAR-COMPLUNT-WALL  FLOW  STRUCTURE 
IN  A  TURBULENT  BOUNDARY  LAYER 


T.  Lee  and  W.H.  Schwarz 
The  Johns  Hopkins  University 
Baltimore.  Maryland 


The  near'Wall  flow  structure  of  a  fully  developed  tuifoulent  boundary  layer  with  a  single-layer  passive 
viscoelastic  compliant  surface  was  studied  using  the  hydrogen-bubble  technique.  Low-speed  compliant-wall  streaks 
with  increased  spanwise  spacing  and  elongated  spatial  coherence  were  found  and  were  compared  to  those  obtained 
on  a  rigid  surface.  More  interestingly,  an  intermittent  laminarization-like  phenomenon  was  observed  at  lower 
Reynolds  number  for  the  particular  compliant  surface  investigated.  Apparently,  the  observed  changes  in  the 
near-compliant-wall  flow  structure  are  caused  by  the  stable  interaction  between  the  compliant  sur&ce  and  the  turbulent 
flow  field.  The  visual  results  are  then  linked  to  the  optical  holographic  interferometry  compliant  surface  displacement 
and  laser-Doppler-velocimetry  mean  velocity  and  turbulence  intensity  measurements  so  as  to  better  understand  the 
physics  of  the  stable  interaction  between  a  turbulent  boundary  layer  and  a  passive  compliant  surface. 

1.  INTRODUCTION 

The  idea  of  using  a  compliant  coating  to  delay  the  laminar-to-turbulence  transition  and  to  affect  the  turbulent 
boundary  layer  so  as  to  produce  significant  drag  reduction  was  introduced  by  Kramer*.  The  search  for  such  a  surface 
has  been  elusive,  despite  reports  of  subsuntial  drag  reduaion  by  some  investigators.  Irreproducibility  seems  to  be 
an  outstanding  characteristic  of  compliant  surface  experiments.  The  interaction  between  a  passive  compliant  surface 
and  a  turbulent  boundary  layer  is  still  not  well  understood.  Recently,  Hansen  et  al?,  Gad-el-Hak  et  al?,  and  Riley 
et  al.*  observed  hydroelastic  instabilities,  in  the  form  of  large-amplitude  sutic-divergence  waves,  which  are  developed 
on  viscoelastic  compliant  surfaces  when  the  ratio  of  U,  (onset  velocity  of  the  static-divergence  waves)  to  the 
transverse-wave  speed  in  the  solid  Q  (s  (G/pJ**^,  where  G  is  the  shear  modulus  of  the  compliant  material,  and  p,  is 
the  density  of  the  solid)  exceeds  an  asymptotic  value  of  about  3.  The  presence  of  these  unsuble  surface  responses 
was  always  accompanied  by  an  increase  in  the  skin  friction  drag.  It  is,  therefore,  necessary  that  the  amplitude  of  the 
surface  motions  must  be  kept  low  enough  to  avoid  causing  a  "toughness"  effect  which  would  increase,  rather  than 
decrease,  the  drag. 

For  a  zero-pressure-gradient,  flat-plate  turbulent  boundary  layer,  the  production  and  transport  of  the  turbulence 
are  dominated  by  the  formation  of  the  well-organized  spatially  and  temporally  dependent  wail  structures  and  their 
interaction  with  other  portions  of  the  flow  through  a  process  of  gradual  lift-up,  then  sudden  oscillation,  bursting,  and 
ejection  in  the  near-rigid-wall  region  (Kline  et  al.^  Biackwelder  and  Eckelmann*  suggested  that  the  flow  in  the 
sublayer  and  wail  adjacent  regions  is  featured  by  counter-rotating  pairs  of  streamwise  vortices  which  dominate  the 
bursting  events  or  frequency  (4)  and  the  associated  turbulence  production.  It  seems,  therefore,  that  a  promising 
candidate  for  the  compliant-surface  drag  reduction  would  somehow  be  able  to  generate  a  small-amplitude,  stable 
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surface  displacements  (in  the  absence  of  unstable  static -divergence  waves)  to  disrupt  this  bursting  process.  Bushnell 
et  al.  hypothesized  that  a  successful  compliant  coating  would  modulate  the  "preburst  flow"  in  the  turbulent  boundary 
layer  by  providing  a  pressure  field  that  would  tend  to  inhibit  or  suppress  the  burst  formation.  This  would  result  in 
a  reduced  number  of  bursts  occurring  per  unit  time  and  consequently  a  lower  skin-friction  drag.  It  is  also 
hypothesized  that  any  variation  in  the  magnitude  of  dimensionless  wall-streak  spacing  X"  {=XuJy/,  where  \  is  the 
wall-streak  spacing,  and  u.  is  the  friction  velocity)  is  accompanied  by  a  change  in  skin-friction  coefficient. 

The  correlations  among  X*,  dimensionless  streamwise  wall-streak  coherence  jc,*  (=  x,u./v),  4*  (=  f^v/u.^  and 
the  skin-friction  coefficient  Q  have  been  investigated  by  researchers  elsewhere.  Grass'  reported  that  the  nature  of 
the  interaction  between  the  inner  and  outer  regions  remains  quite  similar  whether  the  wall  is  smooth  or  covered  with 
roughness  elements  protruding  up  to  about  80  wall  units  (v/u.),  well  outside  the  viscous  region.  This  may  be 
interpreted  as  minimizing  the  importance  of  streaks.  On  the  other  hand,  smooth-wall  data  in  drag  reduction  by 
polymer  addition  (e.g.,  Tiederman  ei  al.*)  show  that  there  is  a  direct  correlation  among  increased  X*.  decreased  4*  and 
Cf  reduction.  However,  Gad-el-Hak  et  al.^  reported  that  no  significant  differences  were  observed  in  the  number  or 
the  length  of  recorded  streaks  for  a  PVC  plastisol-gel  compliant  surface,  and  no  measurable  variations  in  the 
skin-friction  coefficient  was  observed  as  long  as  the  magnitude  of  the  compliant-surface  displacements  are  less  than 
30  m  in  a  turbulent  boundary  layer. 

The  objective  of  the  present  study  was  to  use  the  hydrogen-bubble  technique  to  determine  if  the  presence  of 
a  small-amplitude  compliant-surface  undulations  would  modify  the  spatial  structure  of  the  wall  streaks  and  if  this 
modification  leads  to  any  changes  in  the  velocity  and  turbulence  intensity  and  Q  measurements.  In  other  words,  it 
is  important  to  examine  that  if  any  observed  changes  in  the  compliant-wall-streak  spacings  would  lead  to;  (1)  an 
alteration  of  the  turbulent  flow  structure;  and  (2)  a  wall  shear  stress  reduction  or  increase.  Optical  holographic 
interferometry  and  laser-Doppler-velocimetry  techniques  were  also  employed  to  obtain  the  corresponding  basic 
parameters  of  the  turbulent  boundary  layers  examined  and  the  whole-field  flow-induced  small  compliant-surface 
displacement  measurements  $0  as  to  better  understand  the  physics  of  the  stable  interaction  between  a  turbulent 
boundary  layer  and  a  passive  compliant  surface. 

2.  EXPERIMENTAL  APPARATUS  AND  METHODS 
2.1.  Test  Facility  and  Compliant  Material 

The  closed-loop,  low-turbulence  water  tunnel  at  the  National  Institute  of  Standards  and  Technology  was  used 
in  the  present  experiments.  The  test  section  is  0.6  m  in  diameter  and  3.6  m  in  length.  A  stainless  steel  flat  plate 
(3.6x0.6x0.048  m)  with  a  highly  polished  top  cover  is  rigidly  mounted  within  the  test  section  along  the  centerline  to 
generate  a  fully  developed  turbulent  boundary  layer.  A  tail  flap  was  mounted  on  the  downstream  end  of  the  plate 
to  control  the  pressure  distribution  along  the  plate,  as  well  as  the  angle  of  attack  at  the  leading  edge.  The 
momentum-thickness  Reynolds  numbers  (R,)  investigated  tanged  from  900  to  8650.  The  single-layer  isotropic 
passive  viscoelastic  compliant  materials  were  made  by  mixing  commercially  available  RTV  silicone  elastomer 
(Dow-Coming  Sylgard  184)  and  silicone  oil  (Dow-Coming  200  series  silicone  oil).  The  mixture  were  chosen  in 
accordance  with  Duncan’s'"  theoretical  results  to  produce  small  amplitude,  suble  surface  displacements  on  the 
compliant  surfrce  which  represent  the  "footprints"  (see  figure  1  from  Hess  et  a/.")  of  the  flow  structure  in  the  shear 
layer.  The  amount  and  viscosity  of  the  oil  in  the  mixture  can  be  varied  to  change  the  viscoelastic  properties  of  the 
compliant  material  and  allows  one  to  alter  the  response  of  the  compliant  surface  to  the  flow  Reynolds  numbers  of 
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Figure  1.  Compliant  surface  response  for  =  7200;  compliant  material 
9/91-100  cSt  oil;  photographed  region:  22.3x28.6  cm;  spacing  between  hot-film 
prongs;  0.3  cm  (photograph  is  reproduced  from  figure  5  in  Hess  et  a/."). 

interest.  The  compliant  surfaces  were  prepared  in  3.8  cm  deep  plexiglas  trays  which  were  placed  flush  within  the  flat 
plate  and  which  cover  about  10  percent  of  the  working  surface.  A  compliant  material  with  91  percent  by  weight  of 
100  cSt  oil  and  9  percent  of  elastomer  (9/91-100  cSt)  was  used  in  the  present  experiment.  The  shear  modulus  of  this 
compliant  mixture  was  measured  with  a  Weissenberg  rheogoniometer  at  the  Johns  Hopkins  University,  and  found  to 
be  about  2300  dynes/cm’. 

2.2.  Near-Wall  Flow  Structure  Visualization 

The  near-wall  flow  structures  were  tagged  with  time  lines  of  bubbles  generated  using  the  hydrogen-bubble 
technique  as  described  by  Schraub  et  A  simple  and  inexpensive  electronic  circuit  which  followed  the  design 
of  Budwig  and  Peattie'^  was  built  for  delivering  high-voltage  (0  to  395  volts)  pulses  to  the  bubble  wire.  The  pulse 
circuit  is  triggered  by  a  TTL  input  signal,  which  allows  great  flexibility  in  its  operating  frequency  (f^).  The  anode 
is  set  at  the  ground  potential  to  eliminate  the  electrical  shock  hazard.  A  platinum  wire,  of  diameter  25  m  and  length 
30  cm.  was  used  as  the  cathode  of  the  electronic  circuit  to  generate  small  hydrogen  bubbles.  The  hydrogen-bubble 
time-lines  were  made  visible  by  lighting  (using  three  500  W  incandescent  bulbs)  at  an  oblique  angle  of  about  45°  to 
the  view  direction  or  with  the  line  of  sight  of  the  camera.  Two  specially-designed  hydraulic  pistons  driven  by  two 
separate  micrometers  (each  with  a  resolution  of  2.5  m)  were  built  to  accurately  position  the  bubble  wire.  A 
cathetometer  with  a  maximum  resolution  of  10  m  was  used  to  determine  the  distance  of  the  wire  above  the  surface 
(based  on  the  distance  between  the  wire  and  its  reflection  from  the  surface).  A  35  mm  Nikon  camera  with  a  shutter 
speed  set  at  4  millisecond  and  with  the  lens  aperture  set  at  f2.8  was  used  to  view  and  record  the  hydrogen-bubble  time 
lines.  The  films  used  were  Kodak  Tmax  rated  at  400  ASA.  The  still  photographs  were  used  in  negative  form  for 
projection  to  an  enlarged  scale  where  measurements  could  be  easily  obtained. 

2J.  Turbulent  Boundary  Layers  Characterizatioa 

The  Dantec  60x  Fiberflow  series  fiber-optic  laser  Doppler  anemometer  (LDA)  was  used  to  acquire  the 
mean-velocity  and  turbulence-intensity  data  for  the  turbulent  boundary  layers.  A  4-watt  argon-ion  laser 
(Spectra-Physics  2016)  yielding  1.6  watts  of  power  at  a  wavelength  of  514  nm  was  used  for  the  LDA.  The  measuring 
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\  .'iume  IS  ''  Ti  in  Jiameter  and  0.63  mm  in  length  which  corresponded  to  about  4  wall  units  at  Re .,  =  d<X).  The 
small  measuring  snlume  in  combination  with  the  fast  signal-processing  electronics  permits  high-bandwidth 
iime  resolvea  measurements  ot  the  fluctuating  velocities.  The  probe  head  was  mounted  on  a  speciaiK -built  traverse 
mecnanism  (w  un  live  degrees  of  freedom  and  a  resolution  of  1  m)  to  measure  the  turbulent  flow  neid  properties  over 

me  surrace. 

LDA  signal  processing  and  validation  are  obtained  using  a  Dantec  57N10  Burst  Spectrum  .Analyzer  iBSA) 
signal  processor.  The  BSA  performs  an  Fast  Fourier  Transform  on  the  burst  produced  by  each  panicie  when  it  crosses 
the  fringes  (up  to  a  624  KHz  maximum  data  rate).  The  fully  computer-controlled  BSA  is  capable  of  working  in 
conditions  of  poor  seeding;  i.e.,  low  signal-to-noise  ratio  (SNR),  and  in  conditions  of  severe  reflections  from  nearby 
surfaces.  Gampared  with  a  conventional  counter,  its  SNR  threshold  is,  according  to  the  manufacturers,  about  15  dB 
lower.  This  means  that  bursts  of  small  particles,  which  are  usually  buried  in  the  signal  noise,  can  now  be  "seen". 
The  water  flow  is  seeded  with  silicone  carbide  particles  (TSI  Model  10081),  of  a  mean  diameter  of  1.5  m.  to  obtain 
good  signals  in  the  present  backscatter  operation.  The  mean-velocity  measurements  are  estimated  to  have  about  a  2 
percent  experimental  uncertainty.  This  estimate  is  based  on  the  maximum  value  of  each  quantity. 

3.  RESULTS  AND  DISCUSSION 

3.1.  Near-Wall  Flow  Structures 

The  near-wall  flow  structures  were  visualized  using  hydrogen-bubble  time-lines  at  R,  =  2350.  1950,  1350  and 
900.  respectively.  Plan-view  pictures  of  the  spanwise  low-speed  wall  streaks  at  different  locations  above  both  the  rigid 
and  compliant  surfaces  are  presented  with  the  flow  direction  from  top  to  bottom. 

3.1.1.  Riaid  surface  case 

Figure  2  summarizes  the  low-speed  wall-streak  struaures  observed  in  the  present  investigation  at  various  R« 
which  are  consistent  with  those  of  previous  investigators  using  the  same  hydrogen-bubble  technique  (e.g.,  Kline  er 
al}.  Lu  and  Smith'*,  and  others).  Figure  2a  shows  the  low-speed  wall-streak  flow  structure  in  the  viscous  sublayer. 
The  collection  of  the  hydrogen  bubbles  into  a  streaky  structure  is  characteristic  of  this  region.  Figure  2b  shows  that 
(he  streaks  become  less  noticeable  in  the  buffer  region.  The  streaks  ejected  from  the  near-wall  region  interact  as  they 
enter  the  outer  regions  of  the  flow.  Figure  2c  shows  the  flow  structure  in  the  log  region.  The  sueaks  become  less 
visible  as  compared  to  those  shown  in  figures  2a  and  2b.  Various  scales  of  motions  are  evident,  also  the  entire  flow 
appears  to  be  tuibulent. 

Figure  3  shows  the  collection  of  all  the  data  available’  '^  '*  on  the  values  of  the  mean  dimensionless  spanwise 
spacing  of  the  wall  streaks  using  the  hydrogen-bubble  technique  at  different  R,.  The  present  observed  X"  values  are 
m  good  agreement  with  the  values  given  by  Kline  et  al?  and  the  values  obtained  by  nearly  all  subsequent 
investigators.  A  mean  value  of  X*  of  95  for  y'  =  2  -  5  was  found  from  the  present  study.  Figures  2  and  3  also  show 
clearly  that  low-speed  streaks  are  essentially  invariant  with  R«. 

3.1.2.  Compliant  surface  case 

Visual  observations  with  the  presence  of  surface  compliance  indicated,  in  general,  a  similar  low-speed 
wall-streak  appearance  compared  to  the  rigid  surface  case,  but  with  larger  values  of  X"  (as  indicated  by  the  solid 
squares  in  figure  3).  Also,  the  compliant-wall  streaks  appear  to  be  more  quiescent.  More  interestingly,  an  intermittent 
laminanzation-like  flow  phenomenon  over  our  particular  compliant  surface  was  observed  at  R,  =  1350  and  900  with 
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Figure  3.  Variations  of  mean  dimensionless  spanwise  wall-streak  spacing  with 
Reynolds  number. 


the  bubble  wire  pulsed  at  f^  =  20  Hz  and  positioned  at  y*  =  46  for  R,  =  1350  and  y'  =  17.  20  and  26  for  R«  =  900. 
respectively. 

Figures  4a,  4b  and  4c  show  the  plan  views  of  the  near -compliant-wall  flow  structure  at  three  different  time 
sequences  at  y*  =  20  for  R,  =900.  The  time  intervals  were  specified  but  arbitrary.  Apparently,  there  is  a  stable 
interaction  taking  place  between  the  present  particular  compliant  surface  and  the  turbulent  flow  field.  Results  show 
that  at  time  tj  large  scales  of  motions  are  more  evident  than  that  at  the  previous  time  t,  and  u  The  flow  structure 
became  more  (quasi-)  laminar-like  or  quiescent  as  time  elapsed.  The  observed  lammahzation  or  the  reversion  of  a 
turbulent  boundary  layer  implies  that  either  the  turbulence  production  is  being  turned  off  suddenlv,  or  dramatically 
reduced,  or  the  energy  dissipation  is  much  larger  than  the  turbulence  production,  which  then  infers  that  the  present 
compliant  surface  may  be  an  effective  energy  absorber.  In  other  words,  this  particular  compliant  surface  seems  to 
effect  a  change  in  the  balance  between  the  turbulence  production  and  dissipation  and  to  exert  a  large  net  influence 
on  the  turbulence  as  a  whole.  Similar  laminar-like  observations  were  found  for  a  y*  of  26  at  two  different  time 
sequences  (figures  5a  and  5b).  Figure  5a  shows  the  plan  views  of  the  near-compliant-wall  flow  structures  at  time  t,. 
Figure  5b  shows  that  at  time  tj,  the  flow  structure  became  quiescent  or  laminar  from  a  original  turbulent  boundary 
flow  condition.  The  corresponding  insununeous  peak-to-vailey  amplitudes  and  the  ms  value  of  surface  displacements 
obtained  by  the  non-invasive  optical  holographic  technique  over  a  5  cm  diameter  area  are:  1.67  m  and  0.32  m  for 
R^  =  900.  «.93  m  and  0.38  m  for  R  *  =  1350,  and  3.82  m  and  0.72  m  for  R  »  =  1950,  respectively.  A  typical 
photograph  and  isometric  phase  map  of  the  reconstruaed  interferometric  fringes  at  R,  =  1950  are  shown  in  figure  6. 
The  details  of  both  the  optical  arrangement  for  hologram  recording  and  reconstruction  and  the  determination  of  the 
compliant-surface  displacement  from  the  interferometric  fringe  patterns  are  given  in  Lee  et  al.^. 

3.2.  Turbulcnt-Boundary-Laycr  Characteristics 

A  series  of  time-mean  velocity  and  turbulence-intensity  profiles  were  investigated  for  900  <  R«  <  8650.  The 
mean-velocity  data  were  fitted  to  appropriate  empirical  correlations,  and  these  correlations  were  used  to  establish  the 
parameters  for  the  visual  studies. 
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Figure  6.  Photograph  and  the  isometric  phase  map  of  the  reconstructed 
interferometric  fringes  at  R,  =  1950;  (a)  interferograra.  and  (b)  isometnc  phase 
map  (photoaraph  and  figure  are  reproduced  from  figures  11  and  12a  in  Lee  et 
al.-'). 


3.2.1.  Rietd  surface  case 

Figure  7  shows  the  mean-velocity  profiles  in  the  wall-variable  form  at  seven  different  R,.  The 
nondimenstonalized  parameter  u.  was  obtained  using  the  Qauser's’*  cross-plot  method.  Results  show  that  the 
law-of-the-wall  is  independent  of  Reynolds  number  but  tiie  extent  of  the  logarithmic  region  was  found  to  decrease 
with  decreasing  R,.  The  existence  of  the  fully  developed  turbulent  boundary  layer  at  the  lowest  R,  (=  900) 
investigated  in  the  present  study  is  assured  by  comparing  this  value  to  the  minimum  R,  determined  by  investigators 
elsewhere.  The  lower  and  upper  bound  of  the  minimum  R,  for  which  fully  developed  turbulent  flow  could  be 
observed  experimentally  on  a  rigid-surface  plate  boundary  layer  are  354  and  738  as  reported  by  Smits  ei  al~  and 
Granville^,  respectively.  The  existence  of  the  turbulent  boundary  layer  at  R,  =  900  can  also  be  demonstrated  trom 
;he  visual  observations  shown  in  figure  2a. 

Figure  8  shows  the  variation  of  the  skin-friction  coefficient  with  the  Reynolds  number.  The  present  C 
measurements  are  a  little  larger  than  Punell  et  a/.'s'*  data  (indicated  by  open  circles)  and  Coles’s"  proposed  values 
for  an  equilibrium  turbulent  boundary  layer  (  R,  >  5000,  dashed  line).  Figure  9  shows  the  streamwise 
turbulence-intensity  profiles  for  R»  <  5000.  Results  show  that  the  peak  in  the  turbulence  intensity  profile  increased 
with  decreasing  R,  compared  to  the  values  of  equilibrium  conditions  (dashed  line)  from  KJebanoff* .  This  tendency 
IS  consistent  with  the  measurements  of  Punell  et  al.'^  and  Erm  and  Jouben",  except  that  the  LDA  turbulence  data 
are  slightlv  higher  than  hot-wire  measurements.  Figure  9  also  indicates  that  the  Reynolds  number  effect  penetrates 
the  boundary  layer  much  deeper  in  terms  of  the  turbulence  intensity  than  it  does  for  the  mean  velocity  (see  figure  7). 
3.2.2.  Compliant  surface  case 

Figures  10a  through  lOf  show  the  compansons  of  the  mean-velocity  profiles  of  the  compliant-suriace  case 
(circles)  with  that  of  rigid-surface  case  (squares)  at  six  different  R,.  All  these  point-velocity  measurements  are  made 
m  the  absence  of  the  large-amplitude  static-divergence  waves.  The  compliant-surface  mean-velocity  data  were 
nondimensionalized  by  u.  which  were  obtained  using  the  wall-slope  method  (in  which  the  wall  shear  stress  is  obtained 
from  the  slope  of  the  mean  velocity  profile  near  the  wall).  Results  show  that  the  compliant-surface  u  -y  protiles 
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Figure  7.  Mean  velocity 
profiles  at  seven  different 
Reynolds  number. 
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Figure  8.  Variation  of  skin- 
friaion  coefficient  with 
Reynolds  number. 
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always  had  well-defined  logarithmic  and  wake  regions,  but  widi  a  slight  shift  in  the  log-wall  region  at  low  R,  (see 
figures  10c,  lOd,  and  lOe).  The  magnitude  of  this  shift  increases  with  decreasing  R,.  The  shift  in  the 
compliant-surface  log-wall  region  at  low  R,  is  accompanied  by;  (1)  a  slightly  broadened  buffer  region  (see  figures 
10c,  lOd  and  lOe);  (2)  a  lower  u.  or  Q  (3)  a  higher  value  of  X*  (figure  3);  and  (4)  a  reduction  in  the  streamwise 
velocity  fluctuation  (figure  9)  compared  to  the  rigid-surface  data.  Figures  10c  through  lOf  in  connection  with  the 
visual  results  (figures  2  through  S)  indicate  that  the  mean-velocity  flow  fields  were  altered  by  the  stable  interaction 
of  this  particular  compliant  surface  with  the  turbulent  flow  field.  Apparently,  the  formation  of  the  low-speed 
wall-streaks  is  suppressed  by  the  presence  of  the  compliant-surface  undulations  which  in  turn  yields  a  lower 
skin-friction  coefficients  and  also  a  possible  decrease  in  the  average  bursting  rate.  In  other  words,  vortex  stretching 
which  responsible  for  the  transfer  of  turbulent  energy  and  vottkity  is  modulated  by  the  surface  compliance  or  the 
suble  fluid/compiiant-surfiice  interaction.  However,  the  physical  mechanism  responsible  for  this  favorable  interaction 
of  the  compliant  surface  with  the  fluid  is  still  not  undeistood.  No  significant  changes  in  the  compliant-surface  u'-y' 
profiles  (see  figures  10a  and  10b)  were  found  compared  to  the  corresponding  rigid-surface  measurements  as  the 
Reynolds  number  approaches  or  becomes  larger  than  the  value  for  the  equilibrium  conditions.  The  results  of  the 
present  compliant-surface  u*-y*  measurements  (in  figures  tOc  and  lOf)  and  the  Q  thus  determined,  compared  to  the 
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Figure  9.  Comparisons  of  streamwise  turbulence-intensity  measurements 
between  rigid-  and  compliant-surface  cases  at  four  different  Reynolds  numbers. 


values  of  rigid  surface,  are  not  consistent  with  the  measurements  of  Cad-el-HaJt  et  al?.  Gad-el-Hak  et  al.  concluded 
that  the  mean-velocity  and  the  rms  velocity-fluctuation  measurements  for  a  turbulent  boundary  layer  over  a  PVC 
plastisol-gel  compliant  surface  (with  G  *  50-125000  dyne/cm^  and  0.05-0.7  cm  thickness)  did  not  differ  from  that  on 
a  rigid  surfaces  as  long  as  the  static-divergence  waves  were  absent.  They  also  found  that  no  significant  differences 
were  observed  in  the  number  or  the  length  of  recorded  streaks  for  displacement-thickness  Reynolds  numbers  ranging 
from  400  to  6,000. 

The  disappearance  of  the  log  wall  region  shown  in  figure  lOf  at  R«  »  900  is  consisient  with  the  observed 
intermittent  laminarization-like  phenomena  discussed  above  in  Section  3.1.2.  This  phenomenon  is  accompanied  by 
the  following  experimental  observat^  tns:  (1)  an  increase  in  the  compliant-wall  streak  spacing  (see  figure  3);  (2)  the 
appearance  of  the  intermittent  laminarization-like  flow  structures  (typical  photos  are  shown  as  figures  4  and  5);  (3) 
a  decrease  in  the  streamwise  tuibulence-int'^nsity  measurements  (figure  9);  and  (•*)  the  break-up  of  the  log  wall  region 
(figure  100  demonstrated  that  the  stable  interaction  between  the  present  compliant  surface  aud  the  turbulence  flow 
field  at  R«  >  900  does  strongly  modulate  the  ocir-compliant-wall  flow  structure.  This  modulation  may  be  attributed 
to  the  relative  increase  in  dissipation  occurs  whe!!  .he  Reynolds  number  goes  down  in  a  flow  especially  with  the 
present  compliant  surface,  or  to  the  hypothesis  that  the  compliant  surface  inhibits  vortex  stretching  and  leads  to  a 
quiescent  state.  The  mechanism  responsible  for  the  appearance  of  the  laminar-like  flow  phenomenon  is  still  not  clear. 
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Figure  10.  Comparisons  of  mean>velocity  measurements  between  rigid*  and 
compliant-surface  cases  at  six  different  Reynolds  numbers. 


4.  SUMMARY  AND  CONCLUSIONS 

The  stable  interaction  of  the  present  single-layer  passive  viscoelastic  compliant  surface  with  a  fully  developed 
turbulent  boundary  layer  was  visualized  with  hydrogen-bubble  time  lines  in  connection  with  surface-displacement  and 
flow  field  measurements.  For  low  Reynolds  number  flows,  a  small-amplitude  stable  fluid/compliant-surface  interaction 
was  found  from  the  following  experimental  results  (compared  to  the  values  of  rigid  surface  case):  (1)  an  increase  in 
y  and  X,*  which  imply  an  associated  decrease  in  the  bursting  rate;  (2)  the  appearance  of  intermittent 
laminarization-like  flow  phenomena  near  the  compliant  wall;  (3)  a  slight  broadened  buffer  region;  (4)  a  shift  in  the 
compliant  law-of-tbe-wall;  (5)  a  decrease  in  the  streamwise  velocity  fluctuation;  (6)  a  reduction  in  the  skin-friction 
coefficient. 

In  summary,  visual  studies  associated  with  the  mean-velocity  and  turbulence-intensity  measurements  indicate 
that  the  compliant  surface  motion  was  modulating  the  flow  field  close  to  the  wall  and  that  the  feedback  loop  which 
allows  the  turbulence  to  be  self-sustaining  seems  to  be  modified  at  low  Reynolds  numbers.  However,  the  mechanism 
responsible  for  the  above  observations  is  still  not  well  understood.  Detailed  turbulent  flow  field  measurements  and 
the  statistical  measures  of  the  real-time  random  topography  of  the  compliant  surface  are  needed  in  order  to  better 
understand  the  nature  of  the  stable  fluid/compliant-surface  interaction. 
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Figure  2.  Plitn  views  ii)  tow-\|ieeil  sneaks  over  a  rigiil-surtaL'e,  Hat  plate 
lurbuleni  boundary  layer:  (a)  y'  ^  2,  =  4t»  liz  and  R,  =  90();  (h)  y’  =  24. 

1^  =  20  Hz  and  R,  -  ‘iOO.  and  (i )  y’  =■  M.  L  =  4U  Hz  and  R,  =  WKl. 
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Abstract 

The  flow  over  V-groove  and  U-groove  ribleta  is  examined  computationally  using  a  time  dependent 
model  of  the  viscous  wall  region.  This  “2  1/2  D  model”,  developed  by  Hatziavramidis  and  Hanratty 
(1979)  and  modifled  by  Nikolaides  (1984)  and,  Chapman  and  Kuhn  (1981,1986)  assumes  homogeneity 
in  the  streamwise  direction  so  that  the  flow  is  solved  only  in  the  croa»>sectional  plane.  The  flow  at 
the  upper  bound  of  the  computational  domain  (j/*  cs  40)  is  described  using  a  streamwise  eddy  model 
consisting  of  two  scales,  one  of  the  streak  spacing  (A***  n:  100)  which  dominates  vertical  momentum 
transport,  and  a  larger  scale  accounting  for  the  influence  of  large  outer  flow  eddies. 

A  control  volume  finite  element  method  utilizing  triangular  meshes  is  used  to  exactly  fit  the  riblet 
cross-sectional  geometry.  Results  obtained  using  fairly  large  drag-neutral  riblets  compare  well  with  the 
limited  experimental  data  available.  Observations  of  the  transient  flow  conditions  for  both  larger  drag- 
neutral  and  smaller  drag-reducing  riblets  suggest  that  the  riblets  limit  the  lateral  spread  of  inrushes 
towards  the  wall  and  retain  low  momentum  fluid  in  the  riblet  vaUeys  effectively  isolating  much  of  the 
wall  from  such  inrushes.  The  generation  of  intermittent  secondary  vortices  within  the  riblet  valleys  also 
occurs;  however,  these  appear  to  be  quite  weak  and  fairly  short-lived. 

1  Introduction 

The  ability  of  riblets  to  produce  significant  skin  friction  reductions  in  turbulent  boundary  layer  flows 
is  well  established.  Walsh  (1990)  and  Savill  (1989)  have  suggested  that  the  viscous  effect  of  the  riblets 
in  accumulating  slow,  low  shear  stress  flow  in  the  riblet  grooves  plays  a  major  role  in  the  skin  friction 
reduction.  The  effect  of  riblets,  however,  has  been  observed  by  Benhalilou  ei  al.  (1991)  and  Choi  (1989) 
to  extend  well  above  the  viscous  wall  region.  This  has  led  these  authors  to  the  conclusion  that  at  least 
some  portion  of  the  drag  reduction  is  a  result  of  the  influence  of  riblets  on  near  wall  turbulent  coherent 
structures. 

In  the  very  near  wall  region  {y*  <  30-40),  the  dominant  turbulent  structures  appear  to  be  quasi- 
periodic  streamwise  eddies  (Bakewell  and  Lumiey,  1967;  Robinson  et  al.,  1990).  These  eddies  act  as  a 
mechanism  for  the  transport  of  streamwise  momentum  to  and  away  from  the  wall  which  then  contribute 
to  the.high  Reynolds  stress  and  turbulence  production  close  to  the  wall.  The  near- wall  low-speed  streaks, 
which  have  a  characteristic  spanwise  “streak”  spacing  of  A'*'  s  100,  are  generally  accepted  (Smith  tt 
al,  1989)  to  be  the  lift  up  of  low  momentum  fluid  from  the  wall  by  an  adjacent  streamwise  eddy.  The 
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surface  drag  reduction  effect  of  riblets  then  seems  to  involve  some  sort  of  influence  on  these  near  wall 
eddies.  An  increase  in  the  streak  spacing  and  a  decrease  in  their  spanwise  motions  over  riblet  surfaces 
has  been  noted  experimentally  by  many  researchers,  including  Gallager  k  Thomas  (1984),  Bacher  k 
Smith  (1985)  and  Choi  (1989).  Both  of  these  effects  are  similar  to  the  drag  reduction  produced  by 
dilute  polymer  solutions  (Tiederman,  1989). 

Until  very  recently,  the  modelling  of  the  flow  over  riblets  has  usually  been  performed  with  simple  half 
or  single  riblet  geometries  and  with  either  laminar  flow  or  mixing-length  turbulence  models  (Djenidi  et 
ai,  1990;  Benhalilou  et  at.,  1991)  and,  more  recently,  k-e  turbulence  models  (Djenidi,  1991;  Launder  and 
Li,  1991).  These  approaches  have  used  Reynolds-averaged  and  often  parabolized  equations  to  produce 
steady-state  solutions.  These  methods  do  not  consider  multiple  riblet  interactions  with  any  specific 
near  wall  turbulent  structures,  particularly  streamwise  vortices,  and  depend  critically  on  the  near  wall 
damping  assumptions  made. 

The  approach  taken  here  is  to  use  a  “simple  eddy”  or  “coherent  structure”  model  to  directly  model 
quasi-periodic  streamwise  eddies  in  the  very  near  wall  region.  The  model  was  originally  developed  for 
flat  wall  turbulent  boundary  layers  by  Hatziavramidis  and  Hanratty  (1979)  and  developed  and  refined 
by  Chapman  and  Kuhn  (1981,1986)  and  Nikolaides  (1984).  The  model  is  not  intended  to  exactly  predict 
the  flow;  it  is  a  representation  of  near  wall  streamwise  eddies  and  their  time  development  —  although 
the  models  do  provide  good  agreements  with  experimentally  measured  mean  velocity,  Reynolds  stress 
and  turbulence  intensity,  skewness  and  flatness  profiles  for  flat  walls. 


2  Turbulent  Boundary  Layer  Modelling 

2.1  Governing  Equations 

The  model  of  the  turbulent  boundary  layer  is  time  dependent  with  the  coordinates  oriented  such  that 
the  downstream  direction  is  along  the  x  axis,  the  y  direction  is  perpendicular  to  the  wall  and  the  z 
axis  is  across  the  flow  in  the  spanwise  direction.  With  the  streamwise  eddies  and  low  speed  streaks 
being  highly  elongated  (Smith  and  Metzler,  1983;  Kasagi,  1989)  a  major  assumption  is  made  that  the 
streamwise  velocity  derivatives  can  be  neglected  in  comparison  to  the  cross-stream  velocity  derivatives. 
The  governing  equations  are  then: 


and. 


5v+  5ti;+t>+  _  dp*  ,  d^v*  _  &^v* 

dz* 

dw*  dv*W*  dw*^  dp*  _  d^W*  J  d^w* 
!<+■■'■  dy*  '*‘~dr>^~~'^'*‘dj^'^dz+^ 


dv*  dw* 


=  0 


dU*  .  dv*U*  dw*U*  d^u*  d^U* 
dt*  dy*  dz*  ~  dy*^  dz+a 


(1) 

(2) 

(3) 

(4) 


All  of  the  quantities  in  equations  1-4  are  normalized  by  the  friction  velocity,  «t  ,  with  u,  = 
where  is  the  flat  wall  shear  stress.  Wall  normalized  units  will  be  used  for  the  remainder  of  this  paper, 
so  the  superscript  “-I-”  will  be  dropped. 

It  can  be  noted  that  the  cross-stream  velocities  v  and  w  and  the  downstream  velocity  U  are  not 
coupled;  the  cross-stream  velocities  can  be  solved  using  equations  1-3,  then  U  can  be  solved  directly 
using  equation  4.  Because  of  this  feature,  this  type  of  model  is  often  referred  to  as  a  “2  1/2  D”  model. 
There  is  also  no  downstream  pressure  gradient. 
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2.2  Boundary  Conditions 

The  computational  domain  consista  of  a  ciosa-sectional  y-z  plane  with  0  <  y  <  y,  where  ys  is  typically 
40.  The  spanwise  size  of  the  domain  depends  on  the  particular  variation  of  the  model  but  is  usually  in 
the  range  of  100-200  wall  units. 

The  main  modelling  assumption  of  the  method  is  in  the  specification  of  the  velocities  along  the  upper 
edge,  y,  ^  40.  of  the  domain.  These  specifications  can  vary  depending  on  the  specific  model;  however, 
in  ail  of  the  models,  the  velocity  components  specified  at  the  upper  boundary  are  periodic  in  time 
and  spanwise  location  (z)  and  have  overall  magnitudes  of  the  experimentally  determined  turbulence 
intensities  at  that  distance  from  the  wall.  The  downstream  velocity  U  is  specified  to  consist  of  two 
components:  a  fluctuating  component  u  and  a  constant  component  U  which  is  determined,  for  flat 
walls,  from  experimental  measurement  or  from  the  log-law  relationship. 

The  fluctuating  velocity  components  usually  have  two  scales:  one  which  dominates  vertical  momen¬ 
tum  transport  and  roughly  the  size  of  the  streak  spacing  and  a  larger  scale  accounting  for  the  influence 
of  all  large  “outer  flow  eddies”.  The  full  form  as  given  by  Nikolaides  (1984)  is: 


The  periods  in  the  spanwise  direction,  Ai  and  A],  are  typically  set  respectively  as  100,  the  size  of  the 
flat  wall  streak  spacing,  and  400  or  infinity  as  a  larger  period  accounting  for  the  influence  of  all  larger 
scale  eddies.  The  time  periods  Ti  and  Tj  are  usually  set  to  roughly  the  same  values  as  Ai  and  A]  to 
agree  with  bursting  frequencies  and  because  it  is  reasoned  that  the  larger  scale  transient  and  convective 
terms  should  be  of  the  same  order  (Nikolaides,1984).  The  model  used  in  this  study  is  basically  that  of 
Chapman  and  Kuhn  (1986).  The  parameters  used  are  summarized  in  table  1. 


Ai 

100 

Aj(u,»,ti;) 

00,  -,  OO 

Ti 

143 

143,  -,  286 

1.8 

U] 

2.53 

Vl 

1.0 

Vj 

0 

Wl 

2.0 

W2 

1.175 

0  (reference) 

0 

0 

^vZ 

- 

^•1 

^•2 

Table  1:  Parameters  used  in  Chapman  and  Kuhn's  (1986)  model. 

The  sides  of  the  computational  domain  (at  z  =  0  and  z  =  z«)  are  treated  with  cyclic  boundary 
conditions.  The  wall  surface  has  the  simple  no-slip  condition:  U  =  v  =  w  =  0.  The  specification  of 
the  upper  y«  =  40  conditions  requires  a  definition  of  the  location  of  the  y  =  0  surface.  For  flat  walls, 
this  surface  location  is  simply  the  wall  surface.  For  riblets  walls,  the  protrusion  height  as  defined  and 
calculated  by  Bechert  and  Bartenwerfer  (1989)  is  used  to  provide  a  specification  of  the  y  =  0  location. 
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2.3  Numerical  Scheme 

The  numerical  solution  procedure  used  in  this  study  is  a  Control  Volume  Finite  Element  Method 
(CVFEM)  based  on  the  work  of  Saabas  (1991).  The  approach  is  an  equal  order  co-located  control  volume 
method  and  is  a  development  of  earlier  work  by  Baliga  and  Patankar  (1979,1983)  and  Prakash  and 
Patankar  (1985).  The  computational  domain  is  divided  into  three-node  triangular  elements  which  are 
able  to  fit  exactly  such  complex  geometries  as  riblets  in  cross-section.  Control  volumes  are  constructed 
about  each  node  with  the  complete  discretized  equations  assembled  for  each  control  volume  on  an 
element-by-element  basis.  Interpolation  functions  are  used  within  each  element  to  evaluate  the  velocity 
components.  These  exponential  flow  oriented  functions  correctly  simulate  the  nature  of  convection, 
resulting  in  a  substantial  reduction  of  false  diffusion  (Baliga,  1979;  Tullis,  1992).  A  time-stepping 
procedure  was  incorporated  into  the  CVFEM  using  an  implicit  scheme  similar  to  that  of  Patankar 
(1980).  A  structured  grid  is  used  with  the  triangular  elements  constructed  by  connecting  the  diagonals 
of  a  rectangular  grid.  This  allows  the  use  of  line-by-line  solvers. 

3  Presentation  and  Discussion  of  Results 

Five  different  cases  are  considered  in  this  study:  flow  over  a  flat  wall  and  flow  over  both  V-groove  and  U- 
groove  riblet  walls  for  two  different  sizes  of  riblets.  The  larger  sized  riblets  (2A'*'  =  a*  =  33.3)  are  in  the 
drag-neutral  size  range  (Walsh,  1990)  with  three  complete  riblets  in  the  computational  domain.  These 
riblets  correspond  well  with  the  experimentally  investigated  cases  of  Vukoslavcevic  et  al.  (1987)  and 
Benhalilou  et  al.  (1991).  The  grids  used  for  these  larger  riblets  and  the  flat  wall  case  are  approximately 
21  X  43  (y  and  z  directions)  with  more  grids  in  the  y  direction  for  the  riblet  cases.  The  flat  wall  and 
V-groove  cases  use  uniform  grids  while  a  non-uniform  grid  is  used  to  produce  the  semi-circular  U-groove 
riblets.  Drag-reducing  riblet  geometries  are  also  considered:  V-groove  riblets  with  h*  ^  a*  zs  16.7  and 
U-groove  riblets  with  2h*  =  s'^  =  16.7.  A  32  x  85  (y  and  z  directions)  grid  is  used  with  extensive  grid 
refinement  about  the  riblet  peaks.  The  solutions  consist  of  approximately  500  time  steps  with  a  time 
step  size  of  At'*'  =  2.  This  time  step  sise  was  selected  from  a  comparison  of  solutions  obtained  using  the 
particular  spatial  grid  sizes  and  various  time  step  sizes.  The  initial  solution  within  the  computational 
domain  used  at  t  =  0  is  simply  Bechert  and  Bartenwerfer’s  (1989)  solution  for  the  downstream  velocity 
{U)  with  no  cross-stream  velocities  (v  =  w  =  0).  The  effects  of  using  this  simple  initial  solution  are  not 
significant  after  two  of  the  larger  scale  time  periods  (Tj). 

The  results  of  this  study  are  be  divided  into  two  sections:  the  first  section  presents  a  comparison 
of  calculated  mean  velocity  profiles  and  streamwise  turbulence  intensities  above  the  larger  drag-neutral 
V-groove  riblets  and  the  experimental  measurements  of  Vukoslavcevic  et  al.  (1987)  and  Benhalilou 
et  al.  (1991)  using  similar  riblets;  the  second  section  deals  with  general  observations  of  the  time- 
dependent  interaction  between  the  near-wall  streamwise  vortices  and  riblets  of  various  sizes  and  shapes. 
Although  the  comparisons  of  the  first  section  can  be  presented  graphically,  the  time-dependent  general 
observations  are  more  difficult  to  present  here.  The  thesis  and  accompanying  video  of  Tullis  (1992) 
provide  better  presentation  of  this  aspect  of  the  results. 

3.1  Mean  velocity  profiles 

The  model  provides  good  agreement  with  experimental  measurements  for  the  mean  streamwise  velocity 
profile  over  a  flat  wall,  as  observed  by  Chapman  and  Kuhn  (1986).  There  is,  however,  a  noticeable 
discrepancy  near  the  outer  edge  of  the  domain.  This  effect  can  be  also  noticed  in  many  of  the  other 
computational  results,  particularly  the  turbulent  statistics.  This  irregularity  has  been  observed  by 
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Chapman  and  Kuhn  ( 1986)  and  Nikolaides  (1984)  who  have  suggest  that  it  is  the  result  of  too  restrictive 
boundary  conditions,  probably  on  the  smaller  scale  eddies.  Both  Chapman  and  Kuhn  and  Nikolaides 
consider  that  this  effect  is  limited  to  the  outer  10-20%  of  the  domain. 

The  calculated  mean  streamwise  velocity  profiles  over  the  drag-neutral  V-groove  riblets  agree  reason¬ 
ably  well  with  the  experimental  measurements  of  Vukoslavcevic  ei  al.  (1987)  as  shown  in  figure  1.  The 
velocity  gradient  distribution  at  the  riblet  surface  shows  the  same  features  observed  by  Vukoslavcevic 
et  al. 

As  depicted  in  figure  2a,  the  wall  shear  stress  drops  nearly  to  zero  in  the  angled  valleys  of  the 
V-groove  riblets.  The  wall  shear  stress  over  the  riblet  peaks  is  much  larger  than  over  the  flat  wall  —  the 
increase  is  approximately  150%.  This  increase  is  larger  than  that  noted  by  both  Vukoslavcevic  et  al. 
and  Benhalilou  et  al.  (1991)  but  may  be  exaggerated  by  the  relatively  coarse  grid  used  in  the  present 
calculations.  A  similar  surface  drag  distribution  is  observed  over  the  U-groove  riblets  (figure  2b).  The 
wall  shear  stress  in  the  rounded  riblet  valleys  drops  to  about  25%  of  the  flat  wall  case  while  the  increase 
above  the  riblet  peaks  is  approximately  the  same  size  as  for  the  V-groove  riblets. 

3.2  Streamwise  Turbulence  Intensity 

The  calculated  turbulence  intensities  over  a  flat  wall  show  fairly  good  agreement  with  experimental 
data,  as  was  demonstrated  by  Chapman  and  Kuhn  (1986).  Experimental  measurements  of  turbulence 
intensities  within  and  above  riblets  are  very  limited.  Vukoslavcevic  et  al.  have  measured  profiles  of 
streamwise  velocity  fluctuation  intensity  (u')  while  Benhalilou  ef  al.  were  also  able  to  obtain  spanwise 
velocity  fluctuation  intensity  (u;')  profiles  with  similarly  large-sized  V-groove  riblets.  Consequently, 
attention  will  be  concentrated  on  the  streamwise  turbulence  intensity  profiles.  The  two  sets  of  exper¬ 
imental  data  collapse  quite  well  when  plotted  using  wall  coordinates  («'■*■  versus  p*);  however,  there 
are  significant  differences.  With  increasing  distance  from  the  wall,  Benhalilou  ef  al.  observed  a  rapid 
increase  in  the  u'  intensity  over  the  riblet  peaks  followed  by  nearly  as  rapid  decrease,  as  can  be  seen  in 
figure  3.  The  intensity  over  the  riblet  valley  reaches  a  much  lower  maximum  value  and  the  peak  and 
valley  intensities  appear  to  converge  to  a  flat  wall  value  of  approximately  1.5,  significantly  lower  than 
most  other  flat  wall  experimental  values  such  as  those  of  Clark  (1968)  and  Ueda  and  Hinze  (1975),  at 
a  height  of  y*  =  35.  Vukoslavcevic  ei  al.,  in  contrast,  observe  very  little  decrease  in  the  u'  intensity 
profiles  after  they  reach  their  maxima  —  with  the  peak  and  valley  profiles  converging  at  a  higher  than 
flat  wall  value  of  u''*’  2.4.  The  computationally  calculated  u'  intensity  profiles  resemble  those  of 

Vukoslavcevic  ei  al.  close  to  the  wall,  although  the  valley  profiles  appear  to  reach  slightly  larger  values 
closer  to  the  wall.  In  the  upper  half  of  the  calculation  domain,  however,  the  peak  and  valley  profiles 
converge  while  steadily  decreasing  to  a  value  of  approximately  1.8  at  the  outer  edge  of  the  domain.  In 
this  aspect,  the  calculated  results  are  roughly  between  the  two  sets  of  experimental  data. 

3.3  General  Observations 

As  the  transient  vortices  develop  close  to  the  wall,  intermittent,  rapidly  decaying  secondary  vortices 
can  be  observed  within  the  riblet  valleys  for  all  of  the  riblet  configurations  examined.  This  is  essentially 
the  same  phenomenon  that  Bacher  and  Smith  (1985)  suggested  as  a  mechanism  in  the  weidcening  of  the 
original  primary  vortices.  However,  the  computationally  observed  vortices  are  generated  and  driven  by 
the  periodic  outer  edge  conditions,  so  the  strengths  of  these  primary  vortices  would  not  be  expected  to 
be  changed  by  the  riblets.  For  the  smaller  drag-reducing  riblets,  there  is  a  definite  lag-time  between 
the  start  of  a  roughly  horizontal  flow  over  the  top  of  a  riblet  and  the  development  of  a  secondary  vortex 
within  the  riblet  valley.  This  lag-time  is  only  marginally  shorter  than  the  time  taken  for  the  reversal 
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of  the  flow  above  any  particular  riblet.  It  is  then  speculated  that  this  is  the  reason  why  the  calculated 
secondary  vortices  are  quite  weak;  the  maximum  transverse  velocity  observed  in  valley  of  a  V-groove 
riblet  is  approximately  one-twentieth  of  the  maximum  in  the  adjacent  flow  above  the  riblet.  These  low 
secondary  vortex  strengths  may,  in  contrast  with  the  ideas  of  Bacher  and  Smith,  actually  help  reduce 
the  overall  surface  drag.  Strong  secondary  vortices  would  be  a  mechanism  for  the  transport  of  high 
downstream  momentum  fluid  into  the  riblet  valleys,  resulting  in  high  shear  stresses  and  drag  in  the 
riblet  valleys.  The  development  of  only  relatively  weak  and  short  duration  secondary  vortices  does 
not  allow  this  momentum  transfer  to  occur.  The  stability  of  such  low  momentum  fluid  in  the  riblet 
valleys  has  been  experimentally  observed  by  many  researchers  including  Gallager  and  Thomas  ( 1984) 
and  Bacher  and  Smith  (1985).  For  the  larger  drag-neutral  riblets,  these  secondary  vortices  are  still 
quite  weak  but  are  signiflcantly  stronger  than  those  in  the  valleys  of  the  smaller  riblets. 

The  other  significant  effect  that  can  be  observed  is  the  influence  of  riblets  on  inflows  towards  the  wall 
that  occur  beside  and  between  vortices.  These  inflows  carry  high  streamwise  momentum  fluid  towards 
the  wall  and,  when  reaching  a  flat  wall,  spread  laterally.  This  creates  an  extended  area  of  the  surface 
with  a  high  streamwise  velocity  gradient  and,  consequently,  a  high  wall  shear  stress.  The  riblets  appear 
to  impede  this  lateral  motion  of  the  inrush  at  the  wall.  The  size  of  the  region  with  a  high  wall  shear 
stress  is  then  decreased.  This  is  essentially  the  same  effect  noticed  in  the  direct  numerical  simulation 
of  Chu  (1992)  and  hypothesized  by  Smith  ei  at.  (1989)  and  Choi  (1989).  The  impact  of  an  inflow  is 
most  noticeable  as  an  increase  in  the  pressure  at  the  wall  and,  with  riblets,  this  is  often  present  only  in 
the  riblet  immediately  below  the  inflow.  Even  within  riblets  directly  beneath  such  inrushes,  the  riblet 
valleys  appear  to  retain  most  of  their  low  momentum  fluid.  The  main  increase  in  wall  shear  stress 
appears  to  occur,  for  the  most  part,  on  the  riblet  peaks.  So,  not  only  is  the  inflow  confined  in  the 
spanwise  direction,  it  is  also  effectively  unable  to  influence  large  areas  of  the  surface  within  the  riblet 
valleys. 

4  Conclusions 

A  2  1/2  D  model  of  the  viscous  wall  region  has  been  used  to  investigate  the  flow  over  surfaces  with  both 
V-groove  and  U-groove  riblets.  Visual  observations  of  the  transient  flows  suggest  that  the  riblets  limit 
the  lateral  spread  of  inrushes  towards  the  walls  and  retain  low  momentum  fluid  in  the  riblet  valleys 
effectively  isolating  much  of  the  wall  surface  from  such  inrushes.  The  riblets  also  appear  to  interact  with 
the  near  wall  streamwise  vortices  through  the  generation  of  transient  secondary  vortices  in  the  riblet 
valleys  in  a  manner  similar  to  that  proposed  by  Bacher  and  Smith  (1985).  The  magnitude  of  these 
vortices,  however,  seems  to  be  relatively  minor  which  probably  helps  account  for  the  experimentally 
observed  stability  of  the  low  momentum  fluid  in  the  riblet  valleys. 

Further  work  with  the  results  of  these  simulations  is  required;  in  particular,  comparisons  with  the 
direct  numerical  simulations  of  Chu  (1992).  The  mean  and  turbulent  flow  statistics  for  the  various  riblet 
geometries  should  also  be  examined  in  detail,  especially  for  the  drag  reducing  riblet  sizes.  In  addition, 
the  use  of  alternate  riblet  configurations  (e.g.  compound  riblets)  could  be  investigated. 
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Figure  1:  Mean  streamwise  velocity  profiles  over  larger  drag-neutral  V-groove  riblets 
(2^'*'  =  s'**  =  33.3).  Comparison  of  the  calculations  (•,  □,  A)  and  experimental  resxilts 
(o,  □,A)  from  Vukoslavcevic  et  al.  (1987)  for  the  rihlet  peaks,  mid-point  between 
peaks  and  valleys,  and  valleys.  The  calculated  flat  wall  velocity  profile  is  also  shown 
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Figure  3:  Streamwisc  turbulence  intensity  profiles  over  the  larger  V-groove  riblets. 
Comparison  of  the  calculations  (•,  □,  A)  and  experimental  results  from  Vukoslavcevic 
tt  al.  (o,  □,  A)  and  B^nhalilou  et  d.  (O,  A)  for  the  riblet  peaks,  mid-point  between 
peaks  and  valleys,  auid  valleys  respectively.  Data  from  Benhalilou  tt  d.  do  not  include 
results  for  the  profile  above  the  mid-point  between  peaks  and  valleys. 


A22-10 


AN  EXPOUVIENTAL  STLDY  OF 
THE  FLOWS  ASSOCIATED  WTTH 
CIRCLXAR  CAVITIES 

E  Savory  and  N  Toy 

Fluid  Mechanics  Research  Group 
Department  of  Civil  Engineering 
I  niversitv  of  Surrev 
Guildtbfd'  Gl  ’  5XH 
( Inited  Kingdom 


Abstract 

This  paper  presents  some  findings  from  a  study  of  circular  cavity  flows  that  has  been 
undertaken  as  part  of  a  wider  protect  to  examine  the  flows  associated  with  different 
three-dimensional  cavity  geometries  having  elliptical,  rectangular  or  square  planforms. 

L — latroduction 

Surface  cut-outs  occur  in  many  aerodynamic  applications  including  equipment  housings,  panel  handles, 
cargo/bomb  bays,  rivet  depressions  and  flap  recesses.  They  are  often  the  cause  of  undesirable  effects  such  as 
parasitic  drag  and  noise  generation.  Our  knowledge  of  the  effects  of  surface  cut-outs  and  cavities  is  mainly  limited 
to  the  overall  drag  increments  due  to  single  or  multiple  holes,  such  as  the  early  data  obtained  by  Weigbardt  (1946). 
Fillmann  (1951).  Roshko  (1955)  and  Tani  et  al  (1961)  using  essentially  two-dimensional  rectangular  slots  normal 
to  the  flow  direction.  Weighardt  and  Tillmann.  along  with  Friesing  (1936).  Gaudet  and  Johnson  ( 1971).  Gaudet 
and  Winter  (1973 )  and  Pallister  (1974).  also  provided  data  concerning  the  overall  drag  due  to  cavities  of  varying 
depth  but  with  circular  planform.  Much  of  the  early  research  was  summarised  by  Hoemer  (1965).  whilst 
AGAROograph  264.  Young  and  Paterson  (1981).  provides  an  excellent  presentation  of  the  best  drag  data  in  a 
torm  that  may  be  used  for  design  puiposes.  However,  apart  horn  a  few  surface  pressure  distribution  measurements 
by  a  limited  number  of  workers,  such  as  Roshko  (1955).  Maull  and  East  (1963).  Rossiter  (1964)  and.  more 
recently.  Sinha  et  al  (1962)  and  Plentovich  (1990).  the  drag  data  has  been  derived  from  force  balance 
measurements  which  provide  very  Uttle  insight  into  the  flow  regimes  occurring  within  the  cavities.  Hence,  the 
present  work  provides  data  which  should  be  of  use.  not  only  in  aerodynamic  design,  but  also  in  the  development 
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of  turbulence  rnodels  tor  ca\ity  flow  problems.  I  he  next  section  outlines  the  expenmental  arrangements  and  thii 
IS  followed  He  I  diwussKin  of  some  of  the  results  obtained. 


Z.  L\pfrungntal  details 

•A  wmd  tunnel  with  working  section  dimensions  of  l.37m  height  x  l.07m  width  x  9.0m  length  was  employed 
for  all  the  measurements.  A  20mm  high  metal  wall  fence  was  placed  across  the  tunnel  near  the  contraction  to 
produce  a  thick  boundaty  layer  with  good  lateral  unitormiR.  Across  the  tunnel  the  velocity  was  unilbrm  to  within 
+  whilst  the  rms  turbulence  intensity  was  within  5<^.  These  boundaty  layer  proflles  were  obtained  at  a 
freestream  velocity  of  I2m/s  which  was  the  speed  used  in  most  of  the  subsequent  experiments.  The  principal 
boundary  layer  parameters  were;  5  =  320mm.  S.  =  27.9mm.  0  s21.2mm  and  =0.00265. 

The  circular  casity  model  has  a  diameter  of  75mm  and  is  constructed  from  brass.  There  IS  a  single  line  ot 
thirty  flve  0.5mm  diameter  pressure  tappii^s  down  the  cavity  wall,  spaced  2.5mm  apart  beginning  at  Imm  from 
the  rim.  There  are  also  fifteen  tappings  in  the  base  of  the  hole  at  5mm  intervals  centred  on  a  line  across  the 
diameter  of  the  base.  Ten  tappings  are  located  on  the  rim  of  the  of  the  hole  to  allow  measurements  on  the  tunnel 
wall  close  to  the  lip  of  the  cavity.  These  begin  at  1.5mm  out  from  the  rim  and  are  spaced  2.5mm  apart.  A  linear 
position  transducer  may  be  used  to  accurately  set  the  depth  of  the  cavity  for  each  test. 

A  typical  apparatus  arrangement  for  the  mean  surface  pressure  measurements  is  illustrated  in  figure  1.  The 
model  was  mounted  flush  with  the  tunnel  interior  and  a  pitot-static  tube  was  positioned  in  the  freestream.  directly 
across  the  tunnel  at  the  same  downstream  location,  for  measurement  of  the  reference  dynamic  pressure.  The 
model  position  was  on  the  wall  at  4.5m  downstream  of  the  tunnel  contraction.  The  pressure  tappings  on  the  model 
were  attached  to  connectors  which,  in  turn,  were  insetted  into  ScanivaWe  switch  mechanisms.  This  allowed  the 
connection  of  each  tapping  to  one  side  of  a  differential  pressure  transducer.  The  other,  reference,  side  of  the 
transducer  was  connected  to  the  freestream  staticpressure.viaadamper  to  ensure  that  unwanted  fluctuations  were 
removed.  A  series  of  transducers  were  used  in  the  experiments,  with  ranges  fiom  -f/-lmm  WG  to  -H.'-lOmm  WG. 
since  the  magnitudes  of  the  pressures  varied  enormously  from  the  high  positive  values  at  the  reattachment  point 
of  the  separated  shear  layer  to  the  very  small  pressures  deeper  into  the  cavity.  A  PC  was  used  to  acquire  the 
pressure  data  via  an  amplifier  and  A-D  converter  system  and  the  data  was  used  to  compute  the  mean  pressure 
coefficients  <Cp).  The  computer  also  controlled  the  operation  of  the  Scanivalve  system  via  a  relay  switch 
arrangement.  Typically,  a  delay  time  of  IS  seconds  was  used  after  each  switching  of  a  Scanivalve  port  to  allow 
settling  of  the  pressure  at  the  transducer.  Similarly,  the  sampling  times  were  30  seconds  at  each  port  to  permit 
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determimricn  reliable  mean  values.  The  referem'e  dynamic  pressure  was  monitored  throughout  each  expenment 
and  the  accuracs  ol  the  dau  was  e->timated  to  be  -*  -0.0<)3  in  Cp.  The  overall  drag  cxietTicients.  based  on  the  model 
plant'orm  area  .md  the  treestream  dynamic  pressure,  were  obtained  by  integrating  the  wall  pressures  and  resolving 
the  force  iximponents  in  the  appropriate  direction.  The  drag  increment  due  to  the  cavity.  was  determined 
by  subtracting  the  skin  friction  coefficient  from  the  drag  coefficient. 

In  order  to  obtain  direct  measurements  of  the  drag  coefficients,  forcompanson  with  the  data  from  mtegrated 
pressure  distnbutions.  a  force  balance  was  designed  and  installed  into  the  Qoorof  the  tunnel.  The  balance  has  a 
plan  area  of  0.5m  length  x  0.3m  width  into  which  ground  boards  containing  models  can  be  inserted.  Essentially, 
the  balance  mechanism  is  a  parallelogram  in  which  rotation  can  occur  at  each  comer  on  frictionless  bearings.  This 
mechanism  is  attached  to  a  rigid  frame  which,  in  turn,  is  fastened  to  the  underside  of  the  tunnel.  A  load  cell  is 
incorporated  into  the  framework  and  a  small  threaded  shaft  on  one  upstream  vertical  arm  of  the  balance  impinges 
upon  the  load  cell  sensor.  On  the  other  upstream  vertical  member  is  a  cantilever  upon  which  weights  may  be 
placed  to  pre-load  the  load  cell  The  gap  between  the  balance  place  and  its  surrounding  frame  at  the  tunnel  floor 
is  of  the  order  of  0.05mm  but  the  actual  position  of  the  plate  within  the  frame  is  set  1^  adjusting  the  cantilever 
loading  and  the  threaded  shaft  The  frame  surrounding  the  balance  plate  is  pressure  tapped,  with  six  tappings  on 
both  the  upstream  and  downstream  faces  and  two  uppings  on  the  two  side  faces.  This  was  carried  out  in  order 
to  assess  the  effect  of  any  flow  through  the  gaps  on  the  loading  on  the  sides  of  the  balance  plate.  However,  for 
these  cavity  models  at  least  there  is  no  measuteable  difference  between  the  pressures  on  the  upstream  face  and 
those  on  the  downstream  face.  The  ground  board  is  constructed  from  timber  with  a  circular  hole  cut  in  the  centre 
where  the  modeb  may  be  inserted.  The  board  is  screwed  down  onto  the  plate  with  packing  material  underneath 
to  ensure  a  flush  finished  surface. 

The  balance  is  located  approximately  dm  downstream  of  the  tunnel  contraction  and.  in  order  to  generate  a 
boundary  layer  similar  to  that  used  in  the  pressure  measurements,  an  identical  20mm  metal  fence  was  used  across 
the  tunnel  floor.  The  skin  friction  coefficient  measured  at  the  balance  is  approximately  0.002S7  which  is  within  3^ 
of  that  measured  on  the  tunnel  wall  for  the  cavity  pressure  measurements. 

The  output  from  the  load  cell  is  taken  to  a  unit  which  contains  a  precision  high  gain  amplifier.  This  provides 
an  accurate  output  with  a  calibration  of  76.19  grammesAolt  and  repeated  calibration  tests  using  small  weights 
showed  that  hysteresis  was  less  than  +/-0.0002V  or  -*-/-lSmg.  Since  only  mean  loads  were  of  mterest  in  the  present 
work  the  amplified  output  was  filtered  at  5Hz  before  being  sampled  by  a  PC  via  and  A-D  converter  system.  Before 
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each  set  ot'  cxptn'fent"  the  load  cell  and  digitisation  system  were  calibrated  in-situ  to  an  accuracy  of  better  than 
O.OOIV.  that  1-.  'om« 

For  each  model  configuration  the  load  with  no  airflow  was  measured  and  this  was  then  subtracted  from  the 
bad  measured  at  the  test  velocity.  A  similar  procedure  was  adopted  for  measuring  the  bad  on  the  plate  without 
a  cavity  present.  From  this  data  the  net  drag  coefficient  due  to  the  cavity.  could  be  computed  by  taking  the 
bad  mcrement  and  dividing  by  the  cavity  model  plantbnn  area  and  the  freestream  dynamic  pressure.  .A  sampling 
time  of  40  seconds  was  used  for  each  measurement  and  several  data  sets  were  taken  for  each  configuration  to 
ensure  reliability  and  to  assess  the  experimental  scatter.  The  model  used  in  these  experiments  had  a  plunger-type 
base  to  allow-  variatbn  of  the  cavity  depth.  The  cavity  had  a  diameter  of  103mm.  with  sides  constructed  from  uPV'L 
pipe  and  the  base  from  timber. 

3.  Results  and  discussion 

Mean  pressure  coefficient  distributions  on  the  base,  side  wall  and  surrounding  ground  plane  for  the  circular 
cavities  with  fv'D=0.1  to  0.7  are  illustrated  in  figures  2  to  8.  The  upper  part  of  each  figure  shows  the  wail 
distribution  "unwrapped”  with  the  extreme  upstream  location  (0°)  at  the  ends  and  the  extreme  downstream  bcatbn 
(180°)  at  the  middle.  The  base  distribution  is  given  in  the  bwer  left  hand  pbt.  whilst  the  right  hand  distribution 
shows  the  pressures  around  the  cavity  on  the  tunnel  wall. 

For  the  shaibwest  cavity,  with  h/D=0.l.  the  flow  pattern  displays  an  essentially  open  regime  with  a 
symmetrical  pressure  distiibution.  The  pressures  on  the  base  rise  almost  linearly  from  zero  to  just  greater  than 
0.2  in  (he  region  where  the  separated  shear  layer  reattaches.  This  value  is  similar  to  that  typically  found  just  after 
reattachment  downstream  of  a  2-D  backward- facing  step.  It  would  appear  that  shear  layer  reattachement  occurs 
near  the  base  on  the  downstream  wall  with  subsequent  separation  at  the  cavity  lip.  This  separation  over  the 
downstream  half  of  the  rim  circumference  gives  rise  to  a  strong  pressure  gradient  on  the  tunnel  wall  close  to  the 
cavity  with  high  suction  values  at  the  lip.  However,  the  magnitudes  of  the  pressures  in  this  region  are  considerably 
bwer  than  those  typically  occurring  immediately  downstream  of  a  2-D  forward-facing  step.  The  wall  pressure 
distributions  indicate  that  at  this  depth  there  is  no  strong  vortex  present  within  the  cavity.  With  an  increase  in 
depth  to  h/D=0.2  a  pressure  distribution  broadly  similar  to  that  found  by  Friesing  (1936)  is  established.  Here,  the 
pressure  rise  on  the  base  as  reattachment  is  approached  is  more  rapid.  The  maximum  pressure  on  the  downstream 
face  (at  about  180°)  occurs  near  the  lip  where  the  shear  layer  reattaches,  resulting  in  less  strong  separation  at  the 
rim  in  this  region  and  reduced  suctbn  pressures  on  the  tunnel  wall  downstream  of  the  cavity.  On  the  downstream 
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face  there  i'  a  prc'^ure  minimum  aho'.it  half  wav  <\rt  the  wall,  together  with  lower  pressures  over  the  wall  at  around 
dt*"  and  ^'IV  Ihi^  indicates  the  tdmiation  if  in  identifiable  svTOmetrical  vortex  pattern-  For  the  slightly  deeper 
cavity  with  h  D=i)  '  the  vortex  becomes  more  pronounced,  with  a  pressure  minimum  occurring  across  the  base 
from  about  100“  to  260”.  The  tlow  is  still  symmetrical  and  the  e.xtent  of  the  region  influenced  by  separation  from 
the  downstream  Lip  remains  the  same. 

.At  h  D=0.4  there  is  the  onset  of  asymmetry  as  one  side  of  the  mam  vortex  rises  (almost  240“)  and  appears 
to  shed  some  vorticity.  causing  a  change  in  the  pressure  distribution  on  the  tunnels  wall  in  this  region.  The  mean 
vonex  line  rotates  slightly  and  no  longer  runs  normal  to  the  freestream  flow  direction.  With  the  depth  at  h  D=0.5 
the  flow  regime  in  and  around  the  cavity  becximes  extremely  asymmetrical  with  the  separated  flow  near  the 
upstream  lip  reattachmg  shghtly  to  one  side  of  the  centre-line  (around  80°).  The  greater  stagnation  pressure  here 
may  be  due  to  the  entrainment  of  higher  momentum  fluid  from  further  out  in  the  boundary  layer.  The  main  cavity 
vortex  appears  to  be  formed  by  two  vortex  sheets,  the  upper  one  rolling  up  from  a  spiral  point  on  the  side  wall 
and  engulfing  a  lower  one  emanating  from  the  floor,  as  noted  by  Gaudet  and  Winter  (1973).  As  a  result  the  mean 
vortex  line  lies  across  the  cavity  at  about  45°  to  the  freestream  direction  with  the  downstream  raised  arm  (about 
225°)  shedding  vorticity  from  the  t'avity.  The  upstream  end.  at  about  45°.  remains  well  within  the  cavity.  The 
pressure  distribution  asymmetry  shows  the  same  hand  as  the  oil  film  visualisation  of  Gaudet  and  Winter  (1973). 
There  is  good  agreement  between  the  visualised  flow  and  the  pressure  field.  Within  the  cavity  the  maximum 
reversed  flow  velocity  near  the  base,  is  approximately  0.25Ur  (measured  using  a  pulsed-wire  anemometer)  which 
is  similar  to  that  found  in  two-dimensional  rectangular  cavity  flows.  This  velocity  is  slightly  greater  at  about  90^ 
than  on  the  other  side  of  the  cavity  at  around  270°.  The  flow  regime  for  a  slightly  deeper  cavity,  with  h  D=0.6. 
shows  a  rapid  return  to  more  symmetric  conditions.  Here,  the  wall  pressure  distribution  indicates  that  both  ends 
of  the  main  vortex  are  within  the  cavity,  although  the  downstream  arm  is  slightly  higher  than  the  upstream  portion. 
The  vortex  line  is  still  at  about  45°  to  the  freestream  direction  but  shedding  of  vorticity  from  the  cavity  appears 
to  have  greatly  reduced.  For  the  final  cavity  studied,  with  h/D=0.7.  the  cavity  flow  is  wmmetric  and  dominated 
by  a  single  large  vortex  positioned  laterally  across  the  hole.  The  pressure  minima  around  the  entire  circumference 
of  the  wail  at  about  half  the  cavity  depth,  together  with  the  minima  across  the  base,  is  evidence  for  a  stable  vortex 
regime,  as  shown  by  Roshko  (1955). 

The  variation  of  the  overall  drag  increment  due  to  the  cavity  with  depth  is  illustrated  in  figure  9.  The  graph 
shows  both  the  integrated  pressure  values  and  the  direct  drag  balance  data,  together  with  the  results  from  previous 
workers.  There  is  a  peak  in  the  drag  coefficient  at  about  ii/D=0.45  associated  with  the  asymmetric  flow  pattern 
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descnbed  aho\  e.  1  he  present  data  lies  well  within  the  larje  scatter  ot'  the  previous  results  and  there  is  reasonabh' 
good  agreemeni  hetueen  the  balance  and  presfure  d.ita.  The  length  of  the  bars  for  the  balance  data  point\ 
indicates  the  range  ot  the  results  obtained  at  each  depth.  The  large  scatter  in  the  results  from  previous  workers 
IS  principally  due  to  the  different  experimental  apparatus  used  and  the  differences  in  the  approach  flow  boundary 
layer  conditions.  The  asymptotic  drag  value  at  large  depths  is  about  O.Ol  which  is  typical  of  deep  2-D  rectangular 
cavity  flows. 

In  an  attempt  to  provide  a  rational  basis  for  presenting  circular  cavity  drag  coefficient  data  Gaudet  and 
Johnson  (1971 )  noted  that  the  drag  depends  upon  the  depth  ratio,  the  roughness  Reynolds  number  (L',.D- V).  the 
skin  friction  coefficient  and  the  Mach  number.  It  was  found  that  the  data  could  be  represented  by  the  e.xpression 
shown  in  dgure  10  in  whidi  at  each  depth  the  normalbed  drag  increment  is  related  to  the  roi^hness  Reynolds 
number  by  two  parameters  A  and  B.  Parameter  B  was  dependent  solely  on  the  .Mach  number  and  at  low  subsonic 
speeds  took  the  value  of  0.31.  The  parameter  A  varied  with  the  depth  ratio  and  is  plotted  in  the  figure.  It  mav  be 
seen  that  there  is  good  agreement  between  the  pressure  and  balance  dau  and  that  the  peak  at  about  h/D=0.5  is 
again  evident.  The  early  data  of  Wieghardt  ( 1946)  and  TiUmann  (1951 )  appeared  to  show  a  second  much  reduced 
peak  drag  value  at  around  h/D  =  1.0  possibly  associated  with  the  formation  of  deeper  secondary  vortices.  However. 
Gaudet  and  Winter's  results  (unpublished  private  communication)  showed  no  evidence  of  this  peak  and  their  data 
followed  the  lower  bound  of  the  previous  data.  The  present  values  obtained  at  a  low  subsonic  Reynolds  number, 
appear  to  foiiow  an  upper  bound  to  the  previous  dau  which  may  be  reasonable  it.  as  suted  above.  Gaudet  and 
Winters'  data  at  very  high  Reynolds  number  represents  a  lower  limit.  Certainly,  the  results  of  Friesing  (1936)  and 
Pallister  (1974)  lie  within  this  region  and  do  not  indicate  the  presence  of  a  peak  at  h/D =1.0. 

4.  Conclusions 

The  pressure  distributions  show  the  development  of  highly  asymmetric  flow  conditions  at  a  depth/diameter 
ratio  of  about  0.5.  associated  with  strong  vorticity  shedding  and  high  dr^.  The  distributions  at  this  depth  illustrate 
that  the  main  voitex  is  aligned  at  approximately  45°  to  the  freestream  direction  and  the  results  also  agree  well  with 
the  surface  oil  film  visualisation  of  Gaudet  and  Wuter  (1973).  The  dau  for  overall  drag  coeSidents  obuined  from 
the  integrated  pressure  distributions  and  the  force  balance  measurements  are  in  reasonable  agreement  and  also 
concur  well  with  existing  data.  No  evidence  has  been  found  to  support  the  presence  of  a  second  peak  in  the  drag 
versus  depth/diameter  curve  at  around  h/D  =1.0  which  had  been  noted  by  some  early  workers.  The  pressure 
distributions  on  the  ground  plane  near  the  lip  of  the  cavities  exhibit  very  strong  gradients  associated  with  flow 
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senaratu'n  u  the  do.vastream  nm.  It  is  dear  that  further  study  of  these  distnbutioDs  is  necessary  if  the  gradients 
are  to  Ise  .inieliorated  hy  .iny  changes  in  nm  profile  carried  out  to  reduce  easily  drag. 
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6.  Nomenclature 

planform  area  of  model 
C[,  pressure  drag  coefficient  (F(3.(Ap  .  q)) 

ACq  drag  coefficient  increase  due  to  cavity  (Cq  -  c,) 

Cf  local  skin  faction  coefficient 

Cp  surface  pressure  coefficient  ((p-p,)/q) 

D  diameter  of  cavity 

F(j  drag  force 

h  depth  of  cavity 

p  surface  pressure  on  model 

p,  freestream  static  pressure 

p,  freestream  total  pressure 

q  freestream  dvnamic  pressure  (p,-p,) 

Re  Reynolds  number  (Ur  .  D/V) 

L  r  freestream  reference  velocity 

L".  shear  velocity 
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Fig  I  Typifal  arrangement  of 

pressure  measurement  apparatus 


Fig  2  Pressure  distributions  on 
cavity  with  h/D=0.1 


Fig  J  Pressure  distributions  on 
cavitv  with  h/D=0.2 


Fig  4  Pressure  distributions  on 
canity  wth  li,D=0.3 


Fig  5  Pressure  distributions  on 
cavity  with  h/D=0.4 


Fig  6  Pressure  distributions  on 
cavitv  with  h/D=0.5 
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Towards  a  Direct  Numerical  Simulation  Procedure  for 
Inhomogeneous  Turbulence  in  High-Speed  Flows 

By  FOLUSO  LADEINDE 

Department  of  Mechanical  Engineering,  SUNY  Stony  Brook 


In  this  paper  we  sketch  a  procedure  which,  if  properly  implemented,  could  provide 
a  means  of  obtaining  high-order  calculations  of  the  type  needed  for  the  direct  numer¬ 
ical  simulation  (DNS)  of  turbulence  in  the  supersonic  flow  regime.  We  are  interested 
in  a  procedure  that  handles  more  complicated  geometries  and  boundary  conditions 
than  those  currently  receiving  attention.  The  proposed  procedure  is  based  on  the 
so-called  essentially  non-osciliaiory  schemes,  which  is  here  formulated  in  terms  of 
the  finite  element  methc  1.  Para  de!  implementation  for  arbitrary  complex  geometries 
on  the  Intel  t860  hypercube  is  discussed.  More  work  is  needed  for  a  cost-effective 
implementation. 


1.  Introduction 

The  present  work  is  numerical,  and  has  the  objective  of  providing  a  sketch  for  a 
procedure  which,  if  properly  implemented,  could  provide  a  means  of  obtaining  high- 
order  calculations  of  the  type  needed  for  the  direct  numerical  simulation  (DNS)  of 
turbulence  in  the  supersonic  flow  regime.  We  are  interested  in  a  procedure  that 
handles  more  complicated  geometries  and  boundary  conditions  than  those  currently 
receiving  attention,  and  in  which  inhomogeneity  is  more  realistic  than  those  in  chan¬ 
nels  or  boundary  layers.  However,  the  procedure  will  be  limited  to  low  Ha’s,  as  is  the 
case  for  all  DNS  calculations. 
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Of  the  three  common  procedures  for  calculating  shocks  the  capturing  approach  has 
the  best  chance  for  complicated  systems.  However,  and  as  pointed  out  by  Hussaini 
and  Speziale\  the  numerical  viscosity,  in  various  forms,  which  is  required  for  the 
procedure  seriously  distorts  small-scale  features,  making  most  capturing  approaches 
suspect  for  DNS.  Moreover,  calculations  usually  degrade  to  first  order  in  the  vicinity 
of  strong  discontinuities,  even  in  TVD  (total-variation-diminishing)  schemes  that  are 
otherwise  formally  high-order  in  the  smooth  part  of  the  flow. 

The  basic  ingredients  for  the  formulation  presented  in  this  work  are  available  in 
Harten  and  Osher^  and  Harten,  Engquist,  Osher,  and  Chakravarthy’ ,  on  essentially 
non-oscillatory  (ENO)  finite  difference  calculation  of  the  Euler  equations.  ENO  has 
been  used  in  other  contexts,  for  example,  to  refer  to  procedures  where  any  unphysical 
oscillations  in  the  solution  are  prevented,  by  whichever  means.  Moreover,  in  many 
papers  distinctions  are  usually  not  made  between  oscillations  in  the  smooth  part 
of  the  flow  and  those  resulting  from  discretization  across  discontinuities.  Although 
the  two  are  related  they  require  different  considerations  with  respect  to  the  ability 
to  obtain  high-order  accuracy.  ENO  is  used  in  the  present  context  in  connection 
with  oscillations  associated  with  discontinuities  which,  in  the  ENO  procedure,  are 
inhibited,  not  by  an  artificial  viscosity,  but  by  avoiding  the  cause  of  the  oscillations: 
discretizing  across  discontinuities. 

The  ENO  procedure,  again  in  the  sense  used  here,  has  its  origin  from  the  earlier 
work  of  Godunov*,  and  the  correction  by  van  Leer*.  The  Godunov  scheme  is  first- 
order  accurate  while  van  Leer’s  is  second.  Generalization  of  the  Godunov  scheme 
to  obtain  higher-order  accuracy  as  well  as  the  introduction  of  the  ENO  terminology 
came  with  the  work  of  Harten  and  his  colleagues.  We  think  it  is  safe  to  say  that  most 
of  the  work  on  ENO  originated  from  the  group  of  Professor  Osher  in  the  Mathematics 
Department  at  the  University  of  California,  Los  Angeles. 

That  the  ENO  procedures  could  be  suitable  for  DNS  came  with  the  work  of  Os- 
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her  and  Shu*  and  Shu  et  al.^.  This  ia  a  welcome  news  at  a  time  when  interest  in 
compressible  turbulence  is  growing,  coupled  with  the  realization  that  the  spectral 
method,  which  would  be  the  choice  for  “simple”  flows  and  has  dominated  DNS,  is 
not  directly  applicable  to  flows  with  strong  discontinuities.  The  problem  with  the 
spectral  method  is  its  sensitivity  to  nonlinear  instability.  The  method  also  has  diffi¬ 
culties  with  complicated  geometries  and  boundary  conditions.  As  for  finite  difference, 
highly-accurate  calculations  for  compressible  flows  are  possible  with  the  fourth-order 
MacCormack  scheme*'*  and  the  compact  methods^*'*’.  However,  we  are  not  aware 
that  these  schemes  do  not  degenerate  to  first-order  in  the  vicinity  of  discontinuities. 
The  spectral  element  method  is  suitable  (and  has  been  used)  for  low  Mach  number 
flows.  However,  as  far  as  we  know,  we  are  the  first  to  suggest  the  use  of  lower-order 
finite  elements  for  DNS'*. 

The  ENO  procedure  of  Shu  and  his  colleagues  is  a  simplified  version  of  the  original 
one  by  Harten,  Osher,  and  others.  The  procedure  can  achieve  uniformly  high-order 
accuracy  with  sharp,  essentially  non-oscillatory  shock  transitions.  This  is  accom¬ 
plished  by  using  an  adaptive  stencil  interpolation  based  on  difference  tables,  whereby 
the  data  for  interpolation  is  selected  from  the  smooth  regions  of  flow.  Because  we  try 
to  avoid  discretization  across  discontinuities  we  inhibit  the  Gibbs  phenomenon  and 
(hopefully)  remove  the  need  for  artificial  dissipation  for  shock  capturing. 

The  Shu’s  code  is  a  very  valuable  tool  for  DNS  research,  and  a  version  we  have 
rewritten  for  parallel  processing  on  the  t860  hypercube  has  been  used  for  many  DNS 
calculations.  However,  the  implementation  of  the  schemes  in  the  code  to  handle 
more  realistic  systems  is  bound  to  be  very  complicated  and  less  cost-effective  than 
of  procedures  based  on  finite  element.  Further,  the  dimension-by-dimension  fashion 
in  which  the  convective  terms  are  treated,  both  in  the  component- by-component 
approach  and  the  approach  baaed  on  local  characteristic  directions,  ought  give  a 
“blurred”  resolution  of  bow-type  shocks,  or  otherwise  complex  shock  patterns  not 


Aligned  the  coordinate  directions  along  which  discretization  is  done. 

A  recent  finite  difference/ volume  procedure  by  Harten  and  Chakravarthy^’  avoids 
the  forgoing  difficulties.  In  the  present  work  we  formulate  the  procedure  for  the 
finite  element  method  (FEM),  as  we  believe  that  the  latter  is  capable  of  giving  the 
flexibility  needed  for  a  cost-effective  implementation  for  realistic  systems.  The  price 
we  pay  for  this  flexibility  is  the  requirement  of  a  more  advanced  programming  skill. 
Implementation  for  complicated  geometries  in  an  enviroment  of  parallel  processing 
with  the  Intel  i860  hypercube  is  given.  It  is  hoped  that  other  researchers  of  high  Mach 
number  turbulence  will  find  sufficient  interest  to  pursue  the  procedure  to  establish 

survivability  in  terms  of  computational  cost. 

2.  A  Base  Scheme 

The  equations  to  be  solved  for  DNS  are  those  governing  the  conservation  of  maM, 
momentum,  and  energy,  at  high  speeds.  The  nondimensional  form  in  Ladeinde^’  is 
used.  A  base  numerical  scheme  is  needed  for  the  ENO  procedure  discussed  here. 
There  is  some  flexibility  in  the  choice  of  spatial  interpolation  for  the  base  scheme  in 
that  one  could,  conceptually,  use  a  linear  element  or  a  higher-order  element.  At  the 
present  we  are  experimenting  with  the  8-node  linear  element  and  a  64-node  cubic 
element,  both  of  the  Lagrange  type.  With  the  cubic  element  we  are  pushing  FEM 
towards  its  spectral  limit.  This  element  is  less  attractive  from  parallel  processing 
standpoint,  and  may  share  some  of  the  difficulties  with  the  spectral  method.  Our 
interest  in  the  element  is  to  establish  these  facts,  since  the  element  has  such  a  powerful 
interpolation  potential  compared  to  the  linear  one.  In  the  present  paper  we  will 
assume  that  the  8-node  element  is  used. 

We  also  need  a  time  integration  scheme  which,  from  the  onset,  must  be  high-order 
(third,  fourth,  . . . ),  explicit^’t,  or  implicit.  For  the  explicit  approach  high-order  Lax- 

"tThere  is  no  finite  element  scheme  that  is  trnely  explicit  in  the  sense  that  finite  difference  is, 
but  we  frequently  manipulate  the  so-called  mam  matrix  (for  exao.ple,  by  lumping,  or  "throwing” 
terms  to  the  right-hand-side),  to  obtain  a  matrix-free  approach. 
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WendrofF  appli«d  to  forward  Euler  formula  is  a  possibility,  as  are  explicit  Runge-Kutta 
procedures.  For  the  latter,  the  third-order  TVD  scheme  of  Shu^  could  be  used  since 
it  has  been  tested  extensively.  Our  approach  is  to  allow  both  explicit  and  implicit 
schemes  in  any  one  simulation;  the  one  actually  used  in  a  region  will  depend  on  the 
(expected)  local  flow  field  (that  is,  implicit  near  solid  walls,  and  explicit  away  from 
wails).  The  latter  is  quite  straight-forward  with  the  domain  decomposition  approach 
used  for  parallel  processing.  For  an  implicit  procedure  we  have  used  a  two-stage, 
third-order  semi-implicit  Runge-Kutta  approach  that  is  both  A—  and  algebraically 
stable.  The  first  stage  of  this  scheme  is  essentially  backward  Euler,  and  the  second  is 
a  trapezoid  rule**. 

Finally,  depending  on  the  approach  used  to  obtain  non-linear  stability  (SUPG, 
upwind  elements,  or  other  upwind  approaches),  we  could  have  for  the  base  scheme,  a 
Galerkin  system: 

53  B{wi,w\)ui  =  l<i<N,  (1) 

j=i 

where  familiar  notations  have  been  used  in  this  equation. 

3.  The  ENO  Procedure 

Whatever  is  used  for  the  base  scheme  we  can  always  express  the  problem  in  the 
form  u*'*’*  =  «^  -1-  At  divf  or,  for  convenience,  in  the  undiscretized  form 

ut  +  divf{u)  =  0;  x  €  Z?  C  5?*,  «(*»0)  =  Uo(x);  x  €  D  (2) 

dD  is  the  boundary  of  D.  In  the  foregoing  a  vector  equation  is  implied,  and 
s  is  the  dimension  of  the  space,  =  3.  It  is  pointed  out  that  D  is,  in  the  present 
context,  a  subdomain  from  the  decomposition  of  the  original  domain,  but  we  are 
giving  up  notational  formalities,  for  clarity.  In  the  same  token  the  fact  that  the 
subdomains  could  be  overlapped  is  also  suppressed.  We  will  now  give  the  finite 
element  formulation,  using  the  notations  in  the  paper  by  Harten  and  ChsJcravarthy, 
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for  easy  reference. 

D  is  assumed  one-piece  but  partitioned  into  finite  elements  (cells)  Cj  where, 

D  =  [jCj;  Cjf)Ck  =  9  (3) 

We  define 

I  1=  /  dV, 

JCj 

and, 

I  I 

Given  element-averages  u  =  {u^}  of  u(x)  in  D,  we  denote  by  R{x;u)  a  reconstruc¬ 
tion  of  u(x)  from  u,  which  satisfies 

fl(x;tt)  =  tt(x)-|-0(h''),  (4) 

where  u  is  smooth,  and  requires  for  consistency,  that 

A(Cj)R(x;u)  =  (5) 

We  denote  the  reconstructed  polynomial  in  element  Ci  by  iZi(x;u).  Taylor  series 
expansion  of  Ri  about  Xj  gives 

^(*;«)  =  £  A  L  (*  -  ^ 

h=0  |{|sh 

Above,  we  have  used  the  multi-index  notation,  and 

i  =  MI=fi  +  ^i  +  -..  +  i.;  C*  =  (Ci)‘‘-(Cs)‘*. (7) 
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Also. 


^  ^  ^  ^ ;  li  +  /j  +  ...  +  /,  =  fc,  (8) 

|J|=fc  j,=o»,=o  (,=0 


d^u 

dx‘ 


0  <1  1  |<  r  -  1, 


(9) 


so  that, 


Do  =  Ri{Xi;u)  =  u(i,)  +  0(A’’); 


^|/|u  \ 

dxidx^  . . 


(10) 


The  following  remarks  on  R  might  be  useful.  A  is  a  polynomial  which  has  the 
dimension  of  velocity,  and  it  interpolates  velocity  to  0{h').  Thus  we  must  choose  r  so 
that  R  meets  the  desired  order  of  accuracy  of  the  scheme,  and  R  must  be  differentiable 
upto  order  r  —  1.  Also  R  must  be  constructed  by  using  elements  (nodes)  from  the 
smooth  part  of  the  flow,  as  much  as  possible,  and  in  a  way  that  retains  the  conservative 
properties  of  the  scheme.  (For  example,  an  element  must  always  be  included  in  the 
stencil  for  calculating  its  A,  even  when  the  element  harbors  a  discontinuity”^.)  A  is 
very  important:  it  is  used  to  evaluate  the  flux  term,  the  latter  multiplying  the  (large) 
Reynolds  number,  and  hence  the  source  of  the  hyper bolicity  and  nonlinearity  in  the 
flow.  If  we  can  construct  A  in  jlhe  manner  outlined  above  we  are  sure  that  when  A 
is  differentiated  to  obtain  the  flux  we  will  not  be  discretizing  across  discontinuities. 
Hence  the  Gibbs  phenomenon  will  be  inhibited,  and  and  no  artificial  viscosity  will  be 
needed  for  this  purpose.  Thus,  when  we  look  at  the  behavior  of  the  inner  scales,  for 
example  in  the  turbulence  spectrum,  we  can  be  sure  we  are  not  seeing  the  effect  of 
artificial  viscosity,  and  we  can  confidently  make  statements  about  the  physics  of  flow. 
The  details  of  our  procedure  for  stencil  selection  are  available  in  Ladeinde**. 


”^We  leacat  from  a  private  discassioa  with  Dr.  Ch^avarthy  that  this  has  not  caused  problems. 
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To  obtain  Dt  needed  for  the  reconstruction  we  average  Ri{x,u)  over  all  elements 
in  a  stencil  J(t)  associated  with  element  Ci  : 

A{Cj)Ri  =  Ui;  jeJ{i),  (11) 

The  matrix  problem  for  Di  is 

£  L  =  “i’  j  ^  (^2) 

fc=0  |<|=li 

where 

-  *,)'  =  /^_(*  -  iiUv  (U) 

(Note  that  the  foregoing  equation  has  to  be  written  for  each  element  in  J{i).) 

In  the  present  work  we  consider  r  =  4  and  s  =  3.  The  equation  for  an  element  in 
the  stencil  becomes: 

*i.(o,o.o)^(o.o,o)  +  ai.(o.o,i)  Ao.0.1)  ®i.(o.i.o)Ao.i.o)  +  <ti,(i,o,o)^(i.o.o)  +  aj,(o,o,J)  Ao.o.J)  + 

<*i.(0.1.1)Ao.t.l)  +  ®i.(0,2,0)Ao.J.O)  +  <»i.(X.0.t)A*.l».t)  +  +  «;.(», 0,0)^(*.0,0)  + 

«>,(0,0,3)^(0,0,3)  +  aj,(0,l.J)^(0,1.2)  +  ®j.{0.3.1)^(0.2.1)  +  ®i,(0,3.0)^(0.3,0)  +  ®>.(1,0,3)'^^(1.0.3)  + 
+  ®j,(l,2.0)i?(1.3.0)  +  ®i,(2,0.1)A2.0.l)  +  ®i,(2,l,0)^(2.1.0)  +  Oj, (3,0, 0)^(3, 0,0)  =  «,• 

(14) 

We  write  this  equation  as  ADt  =  u.  It  can  be  seen  that  twenty  elements  are  needed 
in  a  stencil,  giving  a  20  x  20  matrix  problem  for  Di.  (The  matrix  is  full,  unfortunately.) 
We  assume  an  irregular  geometry  from  the  onset  and  employ  the  usual  finite  element 
procedure  of  coordinate  transformation.  Further,  for  this  preliminary  work,  a  Gauss- 
Legendre  procedure  is  used  for  numerical  integration.  With  this  we  have 
\Ci\=!\J\  d(dT,dC  =  E.-  Li  Lk\J\  WiWiWu 

I  Cj  I  =  Ei  Li  Lk  Em  *miV„  {qu  qi, gfc)  I  J  I  (g.-,  g„  g*)  WiWjW, 
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I  CJ  u,  =  E.  E,  E*  E™  (qi,gj,qk)  I  j  I  (qi,qj,qk)  iV.WjW, 

C";  I  —  Ei  Ei  Efc  (Em  (?«*  9j>  9fc)  ~  *t)  • 

(Em  ymjVm  (  ?M  ,  ?fc  )  “  Vi)*’  (Em  ^mA^m  (?<,  ?,',  ?*)  “  ?<  )'*  j/  |  (?<,<?>,  ?*)  W^.  W^l, 
Above,  the  physical  coordinates  (z,y,z)  have  been  transformed  to  the  the  com¬ 
putational  coordinates  via  the  the  Jacobian  J,  with  determinant  |  J  |  . 

{qi,qj,qk)  quadrature  points  of  the  Gauss- Legendre  procedure,  with  associated 
weights  {Wi,Wj,Wk).  The  iV’s  are  the  finite  element  basis  functions.  Upon  solution 
for  £>j,  we  obtain  R{x\u)  =  R{qa\u),  a  €  i®ji®fc,(or,  qg,  €  qt^  qj^qk)  the  ath 
quadrature  point  of  Ci  using 


R(q<,\ii)  =  £  n  ^  ~  (15) 

fc=0  *•  |l|=li 

Note  that  liJiJa  will  be  0, 1,2,3  according  to  equation  (14). 

In  the  present  work  we  represent  the  convective  terms  by 

-  E  /  Ni,mNiR{x-,u„)dVipu^y,  (16) 

where  R{x;Um)  is  a  reconstruction  from  the  element-average  values,  and 

Of  course  the  actual  form  of  the  convective  terms  will  depend  on  the  procedure 

used  to  control  non-linear  instability.  A  non-Galerkin  approach  is  a  sure  possibility. 
4.  Parallel  Implementation 

The  current  state  of  scientific  computing  is  such  that  only  low  values  can  be 
simulated  in  DNS.  Even  then,  one  would  need  those  front-end  computers  with  parallel 
architecture  to  generate  DNS  data  for  these  cases.  In  our  work  we  are  experimenting 
with  the  Intel  iP5C'/860  (hypercube)  parallel  supercomputer.  Currently  we  are  using 
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the  32-node,  16- megabytes,  one  processor  per  node  Delta  machine.  (This  will  soon 
be  replaced  by  the  56-node,  32-megabytes  Paragon  machine,  with  two  processors  per 
node.) 

The  hypercube  is  an  MIMD  machine.  We  use  the  domain  decomposition  pro¬ 
cedure  and  pregenerate  the  subdomains  using  standard  (isoparametric)  polynomial 
mappings.  The  host  node  is  used  for  the  start-up  processes  -  input  data,  further  mesh 
generation,  despatching  data  to  other  nodes,  and  so  on.  We  make  extensive  use  of 
disk  I/O  and  out-of-core  procedures  during  start-up.  The  latter  is  necessary  because 
of  the  relatively  small  memory  size  of  a  node.  In  our  code  there  is  no  global  indexing 
of  any  array  or  data,  and  grid  is  structured,  (t,j,  k). 

Finally,  our  codes  are  written  so  that  subdomains  can  be  overlapped  (Figure  1), 
the  extent  of  overlapping  varying  from  0  to  3  elements,  depending  on  user’s  choice. 
Overlapping  results  in  a  faster  convergence  and  reduced  interprocessor  communica¬ 
tion,  as  grid  data  need  not  be  communicated.  There  is,  of  course,  an  overhead  from 
overlapping:  more  unknowns  to  solve,  but  this  becomes  less  critical  for  large  subdo¬ 
mains.  (At  any  rate,  we  do  not  believe  that  a  time-accurate  solution  can  be  obtained, 
in  a  cost-effective  manner,  with  non-overlapping  subdomains.)  The  solution  in  the 
regions  of  overlap  is  obtained  by  some  form  of  interpolation,  for  which  the  simple- 

aded  approach  in  Figure  2  is  currently  used. 

5.  Conclusion 

What  seems  to  be  important  at  this  point  is  the  design  of  ways  to  cut  down 
on  the  cost  of  simulation.  From  a  naive  implementation  of  the  schemes  presented 
here  we  observed  a  two-  to  three- fold  increase  in  computational  cost,  using  32’  grid 
points,  compared  to  a  non-ENO  code  with  ffrst-order  accuracy  at  discontinuities. 
More  details  on  the  computational  cost  are  available  in  Ladeinde^’  where  we  also 
give  some  suggestions  on  possible  ways  to  cut  down  on  the  costs.  At  the  present  time 
we  are  trying  out  some  of  the  suggestions. 
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Figure  2  Solution  in  region  of  overlap 
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A  PRELIMINARY  STUDY  OF  TWO-DIMENSIONAL  TURBULENT 
CHANNEL  FLOW  UTILIZING  PARALLEL  COMPUTATION 
M.S.Pervaiz,  P.R.Smith  ajud  G.A. Reynolds 
Deputment  of  Mechanical  Engineering 
New  Mexico  State  University 
Las  Cruces,  NM  88003 

Abstract 

Two-dimensional  turbulent  channel  flow  was  studied.  Jones  and  Launder's  k-c  model  at  low  Reynolds, 
number  was  applied  to  model  the  Reynolds’  stresses.  Patankars’  algorithm  SIMPLE  was  adapted  to  solve 
numerically  on  a  parallel  processor  the  decoupled  partial  differential  equations  for  turbulent  kinetic  energy, 
mean  velocity  and  rate  of  dissipation.  The  computer  codes  were  developed  in  Fortran  90  and  run  on  Connection 
Machine  200.  The  parallelly  computed  results  tot  mean  velocity,  kinetic-miergy  and  rate  of  dissipation  compare 
well  with  experimental  data  of  J.  Lanfer  and  serially  computed  data  by  S.W.Kim. 

1  INTRODUCTION 

The  necessity  for  extremely  small  grid  spaciiig  and  the  iterative  nature  of  solution  algorithms  for  solving  turbulent 
flow  problems  leads  to  very  long  run  time  on  serial-type  digital  computers.  Parallel  processors  have  the  potential 
of  speeding  up  these  calculations  and  offer  hope  of  someday  allowing  real-time  solution  of  at  least  some  types 
of  turbulent  flow  problems.  In  this  paper  we  examine,  as  a  preliminary  step  toward  a^''ieving  more  efficient 
turbulent  calculations,  a  simple  two-dimensional  duct  flow,  as  shown  in  Fig  1,  with  a  known  pressure  gradient  and 
requiring  a  relatively  small  number  of  internal  nodes.  This  problem  was  chosen  since  very  extensive  experimental 
measurements  have  been  made  of  the  velocity  profiles,  kinetic-energy  profiles  and  dissipation  profiles.  Furthermore, 
the  problem  has  been  solved  carefully  on  serial  machines  using  a  two-equation  model,  i.e.,  the  k-c  model.  Hence  by 
solving  the  two-equation  model  on  a  parallel  machine,  we  can  check  the  results  against  both  experimental  data  and 
computational  data.  This  will  give  us  some  insight  into  how  well  parallel  algorithms  work,  before  the  technique  is 
extended  to  problems  with  unknown  pressure  fields  (requiring  another  level  of  iteration)  and  problems  requiring 
very  large  numbers  of  internal  nodes  (say  on  the  order  of  10*  or  more). 

Reynolds  equation  for  a  two-dimensional  conduit  are  solved.  Jones  and  Launder’s  [1]  k-e  model  at  low  Reynolds 
number  is  used  to  model  the  Reynolds  stresses.  Patankar’s  [2]  method  to  solve  the  non-linear  partial  differential 
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equations  is  adapted  to  develop  the  parallel  algorithm.  TL  ;  spacing  of  the  grid  is  variable  from  wall  surface  to  the 
centerline  of  the  duct  and  grid  spacing  in  stream  wise  direction  is  kept  constant  (see  Fig  2).  The  no-slip  boundary 
condition  at  the  wall  surface  and  vanishing  gradient  of  the  variables  at  the  centerline  of  the  duct  are  adapted.  The 
computer  code  was  developed  in  the  parallel  mode  using  Fortran  90  and  run  on  the  Connection  Machine  200. 

2  GOVERNING  EQUATIONS 


The  main  governing  equation  is  the  Reynolds'  equation  of  motion  for  turbulent  flow,  which  can  be  developed  from 
the  Navier-Stokes  equations  [S]: 

Where  the  terms  with  the  overbar  are  the  time  averaged  values  and  the  primed  terms  are  the  fluctuations  about 
the  time  average.  The  terms  — p{u'u^)  are  called  Reynolds’  stresses  which  must  be  modeled.  Let's  replace  u,  and 
P  by  u  and  P  for  simplicity.  For  two-dimensional  steady  state  flow  in  the  Xi  direction,  eqn  (1)  can  be  written  as; 

du\  dui  d  f  dui  ~rT,  d  ,  dui  — — ,  dP 

In  fully  developed  turbulent  two-dimensional  duct  flow,  the  variation  of  mean  values  of  fluctuating  quantities 
w.r.t.  ii  should  be  zero  [3],  i.e.  the  flow  pattern  is  independent  of  the  stream  wise  direction,  therefore  pressure  is 
independent  of  xj.  Further,  assuming  that  uj  is  zero,  then  eqn  (3)  can  be  dropped. 

The  two  equation  model  assumes  that  Reynolds’  stresses  are  equal  to  mean  rate  of  strain  times  the  turbulent 


viscosity  [1]. 


where  pr  is  the  turbulent  viscosity,  ((6j,  [7J).  The  turbulent  viscosity  is  assumed  to  have  the  form 


PT  =  C'fikil 


where  C'  is  a  constant,Jb  is  turbulent  kinetic  energy  and  f  is  the  turbulent  length  scale.  Equation  (5)  can  be  recast 

-  {[8],  [9],  [10]) 

HT  =  C^p^,  (6) 

where  C„  is  a  constant  of  proportionality.  The  variables  k  and  e  (the  turbulent  dissipation)  can  be  calculated  for 
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steftdy,  two-dimenaioa&l  flow  &om  the  following  two  differential  transport  equations  at  low  Reynolds'  number  ([2j 
and  [llj): 


dk  d  ,  HT  dk  du,.du,  du,  . 


dc 


a 


di. 


c  au, .  dui  duj^ 


'2 


where 


=  0.9£ip{-2.5/(1.0  +  «r/50)) 

Cj  =2.0(1.0-0.3£xp(-/4)). 

C|,  <7^  and  o,  are  usually  assumed  to  have  the  values  1.45,  1.0,  and  1.3,  respectively  ([2],  [11]). 
The  continuity  equation  for  the  mean  flow  is 

dut 


(7) 

(8) 

(9) 

(10) 


ail 


=  0. 


(11) 


Elquations  (2),  (4),  (7),  (8)  and  (11)  represent  a  complete  set  of  equations  for  the  steady  turbulent  flow  through  a 
two-dimensional  duct.  Equations  (2),  (7)  and  (8)  can  be  represented  in  the  general  form  as; 


where  4,  F  and  5  are  as  defined  in  Table  1  for  the  three  equations. 

Table  1.  Variable  values  for  eqn.  (12) 


(12) 


Eqn. 

« 

r 

S 

2 

u 

ft  +  MT 

-i£. 

7 

k 

8 

€ 

CiMrt(^)’-C,pi  +  2M‘f(^)> 

3  DESCRIPTION  OF  THE  ALGORITHM 

Equation  (12)  is  a  set  of  non-linear  coupled  partial  differential  equations.  These  equations  can  be  decoupled  and 
solved  by  different  methods,  (e.g,  see  [2],  |12|,  and  [13]),  but  in  the  current  study  a  modified  SIMPLE  algorithm 
[2]  is  adapted.  A  staggered  grid  is  used,  as  shown  in  Fig.  3.  The  pressure  is  assumed  known  at  the  center  (main) 
grid  point  p  and  the  velocity,  turbulent  kinetic  energy,  and  dissipation  are  calculated  at  the  1/2  grid  points  e,  w, 
n,  s.  Note  that  the  main  grid  points  are  the  intersection  of  the  grid  lines  shown  in  Fig.  2.  Now,  let 

dJ„  dJr, 


‘'*1  ,  _  c 

dxi  dx,  ’ 


(13) 
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where 


-  r 


dll 


and  ./r,  =  puj*  -  r— . 

0X2 


Integrating  eqn  1 13)  over  the  control  volume  shown  in  Fig  2  gives 


Je  J^t  +  Jn  »/»  “  i^c  "F  Sp^p)^X\^X2~  ( 14) 

The  quantities  J,,  J^,  y„,  J,  are  the  total  integrated  fluxes  over  the  control  volume  faces,  e.g.,  J,  stands  for  /  J,,dX] 
over  the  interface  e,  etc.  Integrating  the  continuity  equation  times  density  (eqn  (ll)*/*)  over  the  control  volume 
gives, 

-  fu,  +  fn  -  F;  =  0,  (15) 

where  F„  F,  are  the  mass  flow  rates  through  the  faces  of  the  control  volume.  If  at  e  is  constant. 


F,  =  (/wi),Axi. 


(16) 


The  other  mass  flow  rates  are  found  in  the  similar  way.  Multiply  eqn  (15)  by  ^p  and  subtract  it  from  eqn  (14); 


which  becomes 


where 


(J.  -  F,*p)  -  (J«  -  f««,)  +  ( J,  -  F,*,)  -  [J.  -  F,*,)  =  (S.  +  5,*,)A*, Ax, 

Cp^p  =  aE^E  +  +  us#s  + 

Up  =  «£  +  aw  +  o/v  +  Us  —  SpAxiAxs 

UE  =  DpA(\  P.  I)  +  [-F., 0]  aw  =  I>«A(1  P.  |)  +  (F., 0] 

=  i?,/l(|  F,  I)  +  [-F„01  us  =  D.A{\  P,  I)  +  [F.,0] 


b  =  ScAxiAxj 


r.Ax, 


(6*i). 

and  the  Peclet  numbers  are 


D. 


D^  = 


FpiAxs 

(Fx,)» 


Dn  = 


FnAXi 

(Fjfs). 


P  =  — 
•  £>« 


P 


D.= 


D, 


r.Axi 

(6*j). 


and  Axi,  5x,  are  defined  in  Figs  3  and  4,  respectively.  The  function  A(|  P  |)  was  selected  as  [2], 


(17) 

(18) 


/4(|P|)  =  [0.{1.0-0.l|F|)»). 


(19) 
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where  represents  the  mudmum  of  the  bracket.  Elquation  (18)  repreeenU  the  equations  for  ui,  k  and  <  (i.e.  4) 
which  must  be  solved  at  internal  node  p.  T,  can  be  approximated  by 


r  - 

*  r,  +  r£- 

if  (Sz\),  is  midway  between  p  and  E  [2].  A  similar  equation  results  for  in  terms  of  F,  and  Fw 
If  the  source  term  is  linear  and  depends  on  4,  we  can  treat  it  as  a  linear  function  i.e.. 


S  =  Sc  +  Spip. 


(20) 


(21) 


When  the  source  term  in  non-linear  and  depends  on  #,  the  source  term  can  be  linearized  in  the  following  way. 

5  =  (22) 

where  star  terms  are  calculated  on  the  previous  iteration  and  4,  is  the  new  value  which  will  be  calculated.  The 
constants  Sc  and  Sp  will  become 

The  values  of  Sc  and  Sp  are  calculated  on  every  itetatkm. 

In  order  to  maintain  conservation  of  mass  and  to  ensure  the  stability  ci  the  calculatimt,  the  following  rules  must 
be  obeyed: 

1) When  a  face  is  common  to  two  adjacent  control  volumes,  the  flux  across  it  must  be  represented  by  the  same 
expression  in  the  equation  for  the  two  control  volumes. 

2)  All  coefficients  i.e.  as,  aw,  as,  as,  Op  must  be  positive  at  all  times  during  the  calculation. 

3) When  the  source  term  is  linearized  as  S  =  Sc  +  Spy  the  coefficient  Sp  must  be  less  than  or  equal  to  zero. 

4)  Sum  of  the  neighboring  coefficients  should  be  equal  to  o^. 

The  system  of  equations  were  solved  along  one  horizontal  grid  line  by  substituting  the  estimated  values  of  4  in 
the  neighboring  lines.  This  is  called  the  line-by-line  technique.  The  equation  for  two  dimensions  can  be  written  as: 


0^4^  =  ag^g  -f-  air4ir  -f  as^s  +  *s4s  -1-  b  (23) 

For  this  study  the  line-by-line  technique  it  is  applied  (mly  in  the  Z]-direction.  The  estimated  values  of  4/v  and  4s 
will  be  substituted  into  eqn  (23).  The  resulting  equation  is: 


ai4,'  —  &i4t.fi  +  Ci4i— 1  +di  •  *  li2, 3 . 


(24) 


A25-5 


in  which  ♦.  =  “to.  ♦•+!  =  ♦«,  ♦,-!  =  ♦».  a,  =  a^,  &,  s  ag,  c.  =  aMr  and  d,  =  +  05*5  +  where 

and  *5  are  tae  estimated  values  of  the  neighbouring  lines.  iV^,  is  the  number  of  central  nodes  in  the  Xi  direction, 
the  subscript  1  is  the  grid  ptoint  location  in  the  Xfdirection  and  a,,b,,c,  and  d,  are  the  known  coefficients  in  the 
equation.  To  begin  the  calculation  the  values  of  the  velocities,  turbulent  kinetic  energy  and  the  dissipation  at  all 
internal  nodes  are  set  to  the  entrance  values  assumed  at  Z|  =  0.  Beginning  on  the  rriz,  =  1  line,  eqn  (24)  yields 

an  .Vj,  by  .V,,  tridiagonal  matrix  in  the  4,  (i  =  1,2.3 . which  can  be  solved  by  a  parallelized  tridiagonai 

matrix  solver.  Solving  gives  new  approximations  to  the  4,  on  the  m,,  =  1  line.  These  new  values  of  4,  are  used 
in  calculating  the  4i  on  the  m,,  =  2  line,  but  the  entrance  conditions  are  still  used  as  the  approximation  for  all 
the  values  of  4^  on  the  m,,  lines  above  the  mz,  =  2  line.  This  procedure  is  repeated  for  all  160  m,.,  lines.  One 
completion  of  the  calculation  of  the  4i  for  all  160  nii,  tines  represents  one  iteration  toward  the  complete  solution. 
We  now  have  new  approximations  to  the  values  of  ui,  k  and  <  at  all  the  internal  nodes.  We  return  to  the  m,,  s  1 
line  and  begin  the  procedure  again,  using  the  new  approximations  to  the  4,-.  This  procedure  continues  the  until 
the  maximum  relative  difference  between  successive  iterative  values  of  a  flow  parameter  at  all  nodes  is  less  than 
the  specified  convergence  criteria  for  that  particular  parameter. 

Variable  grid  spacing  in  the  zj-direction  and  constant  grid  spacing  in  the  xi-direction  were  used.  The  cross- 
channel  half- width  of  0.0636  meter  was  divided  into  one  hundred  and  sixty  grid  points.  The  grid  spacing  was 
calculated  from  a  second  degree  polynomial; 

Azj  =  0.00003  -I-  0.03055*,  -  0.24056*,*  (25) 

The  laminar  sublayer  contains  twenty  one  nodes.  The  near  wall  region  contains  seventy  eight  nodes  and  the 
turbulent  core  region  contains  sixty  one  nodes. 

A  no-slip  boundary  condition  was  used  at  the  wall,  i.e.  at. 

*1  =  0,  ui  =  u,  =  u,  =  0  and  k  =  e  =  0. 


The  *i-direction  grid  spacing  was  held  constant  at  0.001  meter  and  110  *i  nodes  were  used  for  all  calculations. 
The  gradient  of  4  was  kept  zero  at  the  center  line  of  the  duct,  i.e. 

dk 


dxj 


)c/=0. 


dt  . 


The  inflow  boundary  condition  at  *1  =  0  was  assumed  to  be  the  entering  profiles  of  ui,  k,  e.  The  out-flow  boundary 
condition  was  determined  after  calculating  all  the  unknowns  at  the  interior  nodes. 
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Siace  we  «re  interested  in  the  fully  developed  turbulent  Sow,  the  entering  turbulent  menu  velocity  profile  «t 
=  0  was  provided  by  empirical  relations  [5j  (similar  methods  are  used  by  other  authors  ([IJ.  [4i),  who  showed 
that  the  entrance  profiles  assumed  have  little  influence  on  the  final  fully  developed  flow)  and  the  problem  treated 
as  an  entrance  length  problem.  The  flow  proved  to  be  fully  developed  before  the  .V,,  =  HO  node  was  reached. 

4  RESULTS  AND  DISCUSSION 

The  psirallelly  computed  results  for  turbulent  kinetic  energy,  rate  of  dissipation  and  mean  velocity  are  compared 
with  experimental  results  by  Laufer  [3]  and  with  serially  computed  results  by  Kim  [4]  in  Figs  5,  6,  7,  8  and  9. 
Turbulent  kinetic  energy  results  are  shown  in  Fig.  5.  The  magnitude  and  location  of  maximum  and  minimum 
turbulent  kinetic  energy  are  in  good  agreement  for  all  three  methods.  The  results  for  normalized  turbulent  kinetic 
energy  (!!:■*■  =  and  Y*  =  near  the  wall  are  shown  in  Fig.  6.  The  location  and  magnitude  of  the  over  shoot 
is  in  good  agreement  for  all  three  techniques. 

The  results  for  normalized  rate  of  dissipation  {t*  =  near  the  wall  are  shown  in  Fig.  7.  These  results  are 
compared  with  semi-empirical  data  [4j.  The  location  of  maximum  overshoot  is  in  good  agreement  with  the  available 
data.  The  semi-empiricai  data  is  actually  the  mean  value  of  many  experimeotal  data  or  the  turbulent  quantities 

obtained  from  the  analysis  of  various  experimental  data. 

The  results  for  the  turbulent  mean  velocity  are  shown  in  Fig.  8.  The  parallelly  computed  results  are  in  good 
agreement  with  serially  computed  results  and  within  10%  of  the  experimental  results.  In  this  study  the  pressure 
gradient  was  taken  from  Laufer’s  publication  [3].  The  same  pressure  gradient  was  used  by  Kim  [4].  The  normalized 
turbulent  mean  velocity  (u'*'  =  near  the  wall  is  shown  in  Fig.  9.  The  parallelly  computed  velocity  prediction  in 
the  laminar  sublayer  is  in  excellent  agreement  with  the  available  data  but  deviates  from  it  somewhat  in  the  fully 
developed  region. 

5  CONCLUSION 

A  numerical  technique  utilized  on  a  parallel  processor  for  determining  the  fully  developed  turbulent  flow  of  known 
pressure  gradient  in  a  two-dimensional  conduit  has  been  demonstrated.  The  technique  appears  to  predict  the 
turbulent  mean  velocity,  the  turbulent  kinetic  energy  and  the  turbulent  dissipation  as  accurately  as  a  similar 
numerical  calculation  which  is  completely  serial  in  nature. 
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Two-Dimenuonal  Control  Volume  Figure  4:  Distance  Between 
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ABSTRACT 

A  modified  k-c  model  is  proposed  to  predict  complex,  adverse  pressure 

gradient,  turbulent  diffuser  flows.  A  fuller  treatment  of  the  rate  of  kinetic 
diffusion  terms  is  incorporated  in  modeling  the  transport  equations  for  both  k 
and  £.  A  third  structural  parameter  is  introduced.  A  three-layer 
representation  is  proposed  for  each  structural  parameter.  Improved  prediction 
is  obtained  with  the  present  model. 

I.  INTRODUCTION 

Prediction  of  adverse  pressure  gradient  (APG)  turbulent  internal  flows 
finds  practical  applications  in  designing  turbomachinery  passages,  wind 
tunnels  and  diffusers  in  general.  Such  flows  are  complex  (Bradshaw,  1976),  and 
as  a  result,  numerical  prediction  is  difficult.  The  main  reasons  for  this 
complexity  are  wall  effects  which  are  common  to  all  wall  bounded  flows,  and 
the  effects  due  to  adverse  pressure  gradients.  The  effect  of  wall  on 
turbulence  structure  is  two-fold.  First,  viscous  effects  surface  due  to 
reduced  local  turbulence  Reynolds  number.  Secondly,  wall  effects 

preferentially  suppress  transverse  normal  Reynolds  stress  and  distort 
turbulent  eddies,  thus  making  turbulence  structure  anisotropic.  On  the  other 
hand,  the  effects  of  adverse  pressure  gradients  on  turbulence  structure  are 
many  fold.  First,  the  assumption  of  self  preservation  in  the  longitudinal 
direction  becomes  questionable.  Additional  mechanisms  of  production, 
dissipation  and  transport  of  turbulence,  such  as  through  lateral  vortex 
stretching,  appear.  Most  prominent  physical  phenomena  responsible  for  this 
additional  activity  are  irrotational  strains  and  lateral  divergence. 

The  present  study  is  a  step  towards  practical  numerical  prediction  of 
turbulent  diffuser  flows.  In  the  representation  of  Reynolds  stresses,  the  v 

concept  of  structural  parameters  is  compared  with  the  Boussinesq  formulation. 

A  modified  k-e  model  is  proposed  with  structural  parameters,  and  the  triple 
correlation  model  of  HanjalKi  and  Launder  (  1972,  hereafter  referred  to  as  HL ) 
is  incorporated.  The  prediction  of  k,  and  of  its  rate  of  dissipation,  c,  in  an 
eight  degree  conical  diffuser  with  a  fully  developed  inlet  is  compared  with 
the  prediction  using  a  conventional  eddy  viscosity  k-e  model. 

II.  MODELING  DIFFICULTIES 

Turbulent  diffuser  flows  with  the  complexities  mentioned  above  are  still 
Address  correspondence  to  this  author. 
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out  of  reach  tor  direct  numeriirai  simulation  or  large  eddy  simulation,  due  to 
their  wiiii  range  of  time  and  length  scales.  .As  a  result,  the  prediction  of 
these  common  turbulent  flows  have  to  depend  on  the  averaged,  unclosed 
\avier-Sc okes  equations  and  closure  modeling.  .A  popular  closure  approach  is  to 
solve  the  transport  equations  for  turbulence  kinetic  energy,  k,  and  its  rate 
of  dissipation,  e,  along  with  the  averaged  .^-S  equations.  By  using  the 
Boussinesq  formulation,  the  Reynolds  stresses  which  appear  in  the  mean 
momentum  equations,  are  linked  to  the  mean  gradients  through  the  eddy 
viscosity  which  is  derived  from  k  and  e.  The  unmodeled  transport  equations  for 
k  and  e  in  tensor  form  are  given  below: 


Dk/Dt 


De/Dt 


-d/d\  [  u  (  p/p  k  )  ]  -  u  u  _  .  dC  /dx  _  +  f  .  d/dx  _  [  u  (  du  /dx  ,  du  /dx  t 


I _ ! _ l_n _ I  L_i_J_p_J _ U  I _ ! _ 1_— Ld  -i- _ ^ 


-  f.idu  /dx  du  /dx  )du  /dx 

I _ ‘  J  r  ‘  ‘  ^  ‘  ‘ 


{  1  ) 


2 . ( y.d^u  /dx. dx, 

I _ fJ _ !: _ L) 


-  (v/p).d/dx  (dp/dx  du  /dx,  )  -  2 .  v  du  /dx.du  /dx,du./dx,  -  d/dx  (u.el  (2) 

I _ Ln _ ‘  »  ‘  I  1  _ p**  ‘  ‘ _ ‘‘  ‘  I  I _ ‘‘n  *'  I 

^  ei  t 

where  D,  P^,  and  e  of  Equation  1  represent  the  rates  of  kinetic  (turbulent) 
diffusion,  production,  viscous  diffusion  and  anisotropic  rate  of  dissipation, 
respectively,  of  turbulence  kinetic  energy,  k.  Similarly,  P^,  P^^,  c^,  and 
of  Equation  2  represent  the  rates  of  production  due  to  mean  field, 

production  due  to  turbulence,  destruction  ,  turbulent  diffusion  and  pressure 
diffusion,  respectively,  of  e.  The  kinetic  diffusion  and  dissipation  terms  of 
the  k-equation  and  most  of  the  c-equation  terms,  have  to  be  modeled  in  terms 
of  k,  c  and  mean  gradients  in  order  to  obtain  a  closed  form.  The  pressure 
diffusion  is  neglected  here  based  on  the  available  experimental  data  for  the 
k-equation  (Turan  and  Azad,  1992). 

BASIC  k-€  model 


Various  terms  of  the  k-equation  are  modeled  as  follows.  The  kinetic 

diffusion  is  given  by,  D  =  d/dx  .  (  v^dk/dx . ) ,  (3) 

where  =  C^k^/E  is  the  turbulence  eddy  viscosity.  Reynolds  stresses  are 

modeled  by  using  the  Boussinesq  formulation  as,  -  I'y-f^U./dx^  +  dU^dx.  ) 

2/3. 6, ^k.  Thus,  the  rate  of  production  becomes,  P^^  =  (duydXj  +  du^/dx^)  + 
2/ 3 . 5^  ^k ] . du, /dx j .  The  following  isotropic  form  is  used  for  the  rate  of 

dissipation;  e  =  u.  ( du . /dx^ ) * .  Similarly,  the  terms  of  e-equation  are  modeled 
as  follows:  P^  =  .  P^, .  e/k;  =  d/dx^  ( u.jde/ax.  )  where  C^, 

etc.  are  the  model  constants. 

The  high  Reynolds  number  basic  k-e  model,  fails  to  produce  correct  trends 
and  most  importantly,  the  correct  limiting  behavior,  as  the  wall  is 
approached:  yet  the  wall  behavior  is  important  in  engineering  applications. 
The  main  reasons  for  this  discrepancy  are,  the  assumption  of  isotropy  and 
neglecting  viscous  effects. 

Large  number  of  modified  two-equation  models  have  appeared  in  the 

literature  to  remedy  the  drawbacks  of  the  bas  .c  k-e  model.  Earlier  models  use 
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high  Revnolds  number  forms  w  i :  n  wall  functions.  In  more  recent  models,  high 
Reynolds  number  models  are  modified  for  low  Reynolds  number  applications  by 
using  wal.  damping  functions.  X  comprehensive  review  of  near  wall  models  is 
given  bv  Patel  et  al.(l985),  and  more  recently  by  So  et  al.  (1991)  and 
Speziale  et  al.  (1992).  In  order  to  obtain  the  correct  near  wall  behavior  of 
various  turbulence  quantities.  and  of  the  e-equation  and  are 

multiplied  by  wall  damping  functions  f^,  f^  and  f^,  respectively.  These  are 
appropriate  functions  of  y*  and  become  unity  away  from  the  wall.  With  these 
corrections  to  the  basic  k-e  model,  most  wall  bounded  flows,  especially  their 
mean  flow  fields,  can  be  predicted  with  accuracy  (Lai  et  al.  1989).  Still, 
these  modified  models  fall  short  of  predicting  the  turbulence  fields  of 
arbitrary  adverse  pressure  gradient  flows. 

The  reason  for  this  shortfall  can  be  examined  from  three  points  of  view: 
First,  the  response  and  recovery  rates  of  the  mean  and  turbulence  fields  to 
the  disturbances,  such  as  due  to  an  APG,  are  quite  different;  whereas  history 
effects  are  not  taken  into  account  when  the  Boussinesq  approximation  is  used. 
Reynolds  stresses  cannot  respond  instantaneously  to  the  rapid  change  of  strain 
rates  as  modeled  by  an  eddy  viscosity  model.  Secondly,  scalar  gradient 
diffusion  model  is  e.xpected  to  yield  poor  results  when  turbulent  transport  is 
dominated  by  large  eddies.  .Another  disadvantage  of  this  model  is  the 
assumption  of  isotropic  diffusion  such  that  diffusion  of  all  normal  Reynolds 
stresses  in  all  three  directions  is  taken  to  be  similar.  Thirdly,  almost  all 
k-e  models  use  the  isotropic  e-equation,  because  of  the  shear  complexity  of 
the  anisotropic  one.  In  addition,  various  terms  such  as  production,  transport 
and  destruction  of  the  isotropic  e-equation  are  modeled  on  similar  grounds  to 
that  of  the  k-equation,  even  though  there  is  not  experimental  evidence  of  both 
scalars  being  governed  by  similar  physics. 

III.  PRESENT  MODEL 

STRUaURAL  PARAMETERS 

There  is  outstanding  experimental  evidence  that  turbulence  Reynolds 
stresses  are  closely  related  to  turbulence  kinetic  energy  (Bradshaw,  1967, 
Fernholtz  and  Vagt,  1981,  Cutler  and  Johnston,  1989,  Saddoughi  and  Joubert, 
1991).  In  the  present  study,  the  eddy  viscosity  concept  is  replaced  by 
structural  parameters  to  relate  various  Reynolds  stresses  to  the  turbulence 
kinetic  energy  as  follows; 

uv  =  a^.k;  ( 4a  >  u^-v^  -  a^.k;  (4b)  w^-v^  =  a^.k,  (4c) 

where  structural  parameters  a^  and  a^  represent  the  flow  anisotropy  in 
transverse  and  span-wise  directions,  respectively.  From  Equations  4b  and  4c 
2  2  2 

and  k  =(  u  +  v  w  )/2,  the  following  relationships  between  normal  Reynolds 

stress  components  and  k  can  be  obtained:u^  =  b^.k;  v^  =  b^-k;  w^  =  b^.k; 
where  b,  =  ( 2  +  b^  =  ( 2  -  a3  +  a^l/B;  b3  =  (2  -  a^  -  Z.&^)n. 

a^  (Bradshaw  et  al.  1967)  and  a^  (Hanjali6  and  Launder,  1980)  were  assumed 
previously  to  be  constants  throughout  the  flow  field.  As  it  is  shown  in 
Section  IV,  the  structural  parameters  a,,  d  83  are  not  constants.  The 

parameter  a3  is  proposed  in  the  present  stuc 
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THE  KINETIC  DIFFUSION  TERM  OF  THE  “-EQUATION 


The  triple  valocity  correlations  in  term.  D.  of  Equation  1,  are  modeled 
using  HI  s  symmetric  expansion  into  gradients  of  Reynolds  stresses  which  was 
shown  to  -leld  most  acceptable  results  < Ammano  and  Goel  1987). 


u  u  u,  =  - 

‘  J  l< 


k  /  ■;  (  u  udu  u.^/dx,  u  u  du  u  /dx  +  u  u  du  u  /dx  ). 

i  lijii  I  jlih  1  kilj  i 


(  5  ) 


This  model  replaces  the  isotropic  scalar  gradient  diffusion  form  of  the 
k-t  models  found  in  the  literature.  When  expanded  in  the  r-S  coordinates  the 
turbulent  diffusion  term  yields. 


-d/dx(u^k)  =  d/dx{C^k/€[u^( dk/dx>du^/dx I ♦uv ( dk/dr ♦du^/dr ♦duv/dx I +v^duv /dr ] ) 

+  1  /r  .d/dr{  rC^k/E[u^duv/dx+uv(dk/dx'*'duv/dr+’dv^/dr  )+v^(dk/dr+-dv^/dr  )  ]  ) .  (61 

The  Reynolds  stresses  in  Equation  6  are  then  expressed  in  terms  of  k  by  using 
the  structural  parameters.  Equation  3  can  be  obtained  from  Equation  6  by- 
invoking  isotropy.  With  the  assumption  of  isotropy,  the  relationship  between 
C,.,  and  C  can  be  obtained  as,  C,Jo  -  (10/9)  C  .  The  model  constants  of 

jj  k  9  /i  k  9 

the  present  study  are  given  in  Section  V. 

Complete  production  term,  is  incorporated  without  neglecting  any 

normal  stresses  as  the  axial  mean  gradients  and  additional  strains  due  to 
conical  geometry  are  not  negligible.  Thus  the  production  of  k,  is: 

-  u  u  .dU./dx  =  k.  [al  .  (dl'/dr  dV/dx)  a2.dU/dx  +  a3.V/r].  (7) 

‘  J  J  ‘  I - 1 - 1  I — n — I  i-iii— I 

Here,  term  I  represents  the  production  due  to  basic  shear;  term  II  represents 
production  due  to  irrotational  strain;  term  III  represents  production  due  to 
lateral  divergence  specific  to  conical  geometry. 


THE  « -EQUATION 


The  terms  of  the  £-equation,  Equation  2,  are  modeled  similar  to  the  basic 
k-e  model,  as  in  Section  II,  except  for  the  rate  of  turbulent  diffusion,  . 
and  the  rate  production,  P^.  The  turbulent  diffusion  of  dissipation  rate  was 
modeled  according  to  HL's  model  (1972); 

=  -d/dxCC^k/e(  u^de/dx-t-uvdc/dr  )  ]+t /r  .d/dr  [  rCgk/e(  uvdc/dx-fv^de/dr  )  ]  .  (8) 

Generation  of  e  is  taken  a«  similar  to  that  of  k  production  with  the  inclusion 
^£3=  ^£  =  'e/k[[Cg,.a’  (di  dr  +  dV/dx)  +€^332  .dUC^.^ .  a3 .  V/r  ]  (9) 

:V.  MODEL  EVALUATION 

STRUCTURAL  PARAMETERS 

Four  adverse  pressure  gradient  diffuser  flows,  namely,  f/ow  01^1 , Flow  01h2 
and  Flow  01^3  of  the  1981  AFOSR-HTTM  conference  (  Kline,  Cantwell  and  Lilly 
1981)  and  an  eight  degree  conical  diffuser  {  Turan  1988,  referred  as  Flow  TV 
hereafter)  were  selected  for  the  evaluation  of  structural  parameters.  The  APG 
characteristics  of  these  flows  are  different  enough  to  help  assess  generality 
of  the  structural  parameter  concept.  Flow  141  is  an  increasingly  APG  planar 
diffuser  flow;  whereas  the  others  are  decreasing  APG  conical  diffuser  flows. 
Flow  143  has  high  core  turbulence.  Flow  TU  has  a  fully  developed  inlet; 
whereas  others  are  boundary  layer  flows. 

In  the  present  study,  it  has  been  observed  that  the  constant  structural 
parameter  assumption  is  not  valid  in  these  flows,  especially  close  to  the 
wall,  consistent  with  the  results  of  Gillis  and  Johnston  (1983)  and  Fernholtz 
and  Vagt  (1981).  The  behavior  of  each  structural  parameter  is  similar  in  the 
decreasing  APG  flows  examined.  Detailed  comparison  is  given  by  Chukkapalli  and 
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Turan  Four  zones  are  identified  in  these  flows  in  the  transverse 

direction  as  shown  by  an  example  in  Figures  1  to  3  for  the  structural 
parameters,  a,,  a,  and  a^: 

t . The  wa.l  region,  y*<  tO.  Asymptotic  analysis  is  invoked  in  which  channel 
flow  simulation  data  of  Kim  et  al.(1987)  are  used. 

2.  The  logarithmic  region,  20  <y*<  250.  In  this  region,  parameters  a^,  a. 
and  a.|  follow  a  logarithmic  variation  with  respect  to  y*. 

3.  The  constant  region  in  which  all  the  structural  parameters  are 
approximately  constant,  y*>  250. 

■4.  The  core  region  where  large  scatter  of  the  structural  parameters  was 
found.  This  can  be  attributed  to  the  low  values  of  both  the  numerator,  a 
Reynolds  stress,  and  the  denominator,  the  turbulence  kinetic  energy,  m 
calculating  the  structural  parameters.  As  a  result,  the  uncertainty  in  the 
calculations  due  to  experimental  error  is  high  in  this  region.  Constant 
structural  parameters  may  be  assumed  in  the  core  region  without  causing  large 
errors  as  both  turbulence  and  mean  gradients  are  weak  in  this  region. 

The  extent  of  the  constant  region  depends  on  core  turbulence  and 
increasing  or  decreasing  APG.  The  constant  region  expands  when  the  flow 
approaches  equilibrium;  whereas  the  logarithmic  region  is  observed  in  all 
three  decreasingly  APG  flows  tested.  In  Flow  141,  in  increasing  APG,  only  two 
of  the  four  regions  identified  above  in  decreasing  APG,  are  present,  namely, 
the  constant  region  and  the  core  region.  The  reason  for  this  observation  can 
be  due  to  lack  of  experimental  data  for  y*  <  100  in  this  flow,  where  the 
logarithmic  region  is  expected. 

As  a  result  of  these  observations,  it  can  be  concluded  that  the  structural 
parameters  can  be  expressed  as  follows  at  any  station: 


4-  (a^,). 

(  lOa  ) 

^z  = 

(<*2  '  ^2-y*  > 

*  **iz  " 

*  <*cZ>* 

(  10b ) 

^3  = 

(at,  -  P,-y*  ) 

1^4^  1 

Y  <  to—* 

*  ]*i3  ’ 

' - ZO<y<25  0 - 1 

*  ]»c3>  • 

LyJzSO 

(  10c  1 

Using  the  coefficients  given  by  Rim  et  al.  from  channel  flow  simulation  at  Re 
=  6,500,  the  following  wall  region  values  can  be  obtained:  »  0.0087, 

1.56,  P,  -  0.0009,  o  =  0.44.  The  constant  region  values,  a  ,  a  and  a  , 
respectively,  are,  0.11,  0.33  and  0.15.  In  APG  flows  due  to  production  of  k  by 
irrotational  strain,  lower  values  exist  than  in  zero-pressure  gradient 
flows. The  modeled  behavior  of  a^,  a^  and  a^  is  also  illustrated  in  Figures  1,2 
and  3,  respectively. 

The  use  of  structural  parameters  is  more  advantageous  than  an  eddy- 
viscosity  model  due  to  two  reasons.  First,  structural  parameters  are  expected 
to  be  more  general  than  eddy  viscosity,  since  the  constraint  for  applicability 
of  structural  parameters  is  similarity  of  averaged  turbulence  structure; 
whereas  the  eddy  viscosity  concept  requires  that  flows  have  similar  mean  and 
turbulence  fields.  The  second  advantage  of  the  structural  parameter  concept 
over  the  eddy  viscosity  model  is  the  correct  near  wall  behavior  of  the 
predicted  Reynolds  stresses;  whereas  the  eddy  viscosity  model  Reynolds 
stresses  have  to  be  corrected  by  an  appropriate  wall  damping  function  such  as 

The  predictions  can  be  carried  out  up  to  the  wall  by  using  structural 
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parameters  without  using  wail  lamping  functions. 

EVALUATION  OF  THE  KINETIC  DIFFUSION  TERM 

Flow  f.  has  been  used  for  evaluating  the  modeled  triple  correlations  and 
diffusion  term,  since  triple  velocitv  correlation  measurements  are  not 
available  for  the  other  three  AP(J  flows  examined  here.  In  Figures  wa  and  4b 

respectively,  comparison  is  presented  of  experimental  and  modeled  u^v  and  v'* 
correlations  at  station  x  =  66cm.  These  correlations  are  chosen  as  the  best 
and  worst  examples.  Comparison  of  the  total  diffusion  term.  Equation  6  i  HL 
model!,  with  experimental  data  and  the  scalar  gradient  representation. 
Equation  3,  is  shown  in  Figure  5.  Agreement  with  experimental  data  is  observed 
except  for  the  oscillations  in  modeled  terms  around  the  centerline  and  close 
to  the  wall  due  to  differentiation  of  discrete  experimental  values.  The 

3 

asymptotic  variation  of  the  unmodeled  diffusion  term  is  0(y*  );  whereas  the 

4 

scalar  gradient  and  HL  modeled  diffusion  terms  were  found  to  have  0(  y*  )  and 
6 

0(  y"  )  variations,  respectively.  Similarly,  the  HL  modeled  triple  correlations 

vary  as  0(y*  )  higher  than  their  asymptotic  equivalents  as  y  -*0.  Since  the 
rate  of  turbulent  diffusion  close  to  the  wall  is  negligible  compared  to  the 
rate  of  viscous  diffusion  and  dissipation,  the  incorrect  near-wall  behavior 
has  been  found  not  to  affect  k  and  £  predictions  here. 

V.  COMPARISON  OF  PREDICTED  ^  AND  ^  WITH  EXPERIMEKTAL  DATA 

A  turbulence  model  which  can  predict  turbulence  quantities  well  is 
expected  to  predict  the  mean  field  equally  well,  if  not  better.  Hence,  only 
the  k  and  e  transport  equations  are  solved  here  by  inputting  the  necessary 
mean  data.  The  equations  are  solved  radially  by  inputting  the  axial  gradients. 
Control  volume  approach  is  used  with  Patankar's  power  law  scheme  (Patankar, 
1980).  Grid  and  initial  guess  independence  has  been  verified. 

The  computations  were  carried  out  first  for  a  fully  developed  pipe  flow. 
The  Reynolds  number  based  on  the  centreline  velocity  was  139,000  ( Turan , 1 988 ) . 
This  flow  at  the  inlet  of  Flow  TU  was  chosen  as  a  simple  test  case.  For 
comparison  with  the  present  model,  an  eddy  viscosity  k-e  model  was  also  used. 
Out  of  the  several  model  constants  tried,  the  constants  derived  from  the 
re-normalization  group  (RNG)  methods  by  Yakhot  and  Orszag  (referred  to  as  Y-0 
hereafter,  Speziale  1991)  gave  the  best  results.  These  model  constants  are, 

=  0.7179;  =  0.7179;  =  0.0837;  =  1.42;  =  1-7215. 

The  pipe  results  are  presented  in  Figures  6a  and  6b.  As  can  be  seen  from  these 
plots,  both  k  and  e  predictions  are  within  experimental  error. 

The  computations  failed  to  converge  when  the  eddy  viscosity  k-e  model  is 
used  with  the  same  constants  in  the  diffuser  flow.  Flow  TI',  along  with 
the  e-equation  to  account  for  the  enhanced  dissipation  due  to  irrotational 
strains.  Slight  modifications  to  these  coefficients  gave  good  prediction  of 
experimental  results  both  in  the  pipe  and  diffuser  flows,  as  can  be  seen  in 
Figures  7a  to  10b.  In  these  figures,  the  k  and  c  predicted  by  the  present 
modified  k-e  model  and  by  the  eddy  viscosity  k-e  model  with  the  modified  Y-0 
constants  are  compared  with  the  experimental  data.  The  modified  Y-0  constants 
are  as  follows: 

=  0.7319;  <Tg  =  0.7319;  =  0.0730;  =  1.42;  =  1  .  7235. 
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iRodi  and  Sch^uerer.  1986)  was  used  in  the  diffuser  flow 
predictions.  These  modified  constants  were  calculated  with  a  minimum  nodal 
res  idua  1  '  r  ■.  f  e  r  i  on  . 

The  constints  of  the  present  model  are  as  follows; 

=  0.11;  Cj.  =  0.15;  Cg,  =  1.395;  =  1.92. 

These  coefficients  are  similar  to  Hanjalit  and  Launder's  (1972).  Here.  is 
derived  from  C^.,  and  C^.  by  using  the  following  expression;  3 .  5C^.  as 
derived  by  Hanjali<f  and  Launder  (1972)  for  a  constant  shear  layer.  A  ^  of 
2.5  was  used  by  Hanjalic  and  Launder  (1980).  This  value  was  modified  to  4.4* 
and  5.6,  respectively,  by  Rodi  and  Scheuerer  (1986)  and  Henau  et  al.  (1990). 
In  the  present  study,  the  following  range  is  calculated  as  the  optimum  values 
for  Flow  TL’;  3.5  S  s  6.5. 

From  a  comparison  of  Figures  6a  and  6b  with  Figures  7a  and  7b,  it  can  be 
seen  that  the  eddy  viscosity  k-t  model  with  the  unmodified  Y-0  constants  gives 
better  prediction  of  both  k  and  e  in  the  fully  developed  pipe  flow.  This 
result  is  expected,  since  the  eddy  viscosity  k-c  model  and  the  Y-O  constants 
were  developed  for  simpler  turbulent  flows.  In  the  APG  diffuser  flow  as  seen 
from  Figures  8a  to  10b,  an  improvement  can  be  observed  in  the  predicted  k  and 
e  when  the  present  modified  model  is  used,  in  comparison  with  the  predictions 
obtained  with  the  eddy  viscosity  k-c  model  with  modified  Y-0  constants.  The 
improvement  is  in  that  the  predicted  slopes  are  closer  to  the  experimental 
ones  when  the  present  model  is  used.  Since  the  gradients  of  Reynolds  stresses 
calculated  by  using  structural  parameters  are  needed  in  the  averaged  mean 
equations,  the  present  model  is  expected  to  give  better  prediction  of  the  mean 
flow  field  for  engineering  applications. 

The  improvement  obtained  in  predicting  k  and  c  with  the  present  model  is 
less  than  expected  with  the  improved  representation  of  Reynolds  stresses  and 
kinetic  diffusion.  This  discrepancy  can  be  attributed  to  the  poor  modeling  of 
the  terms  of  the  e-equation,  as  also  indicated  by  the  lack  of  generality  of 
the  model  constant  Experimental  results  from  complex  cases,  or  direct 
numerical  simulation  data  of  simple  flows,  are  needed  of  the  terms  of  the 
exact  c-equation  for  testing  the  modeled  terms.  Thus,  measurement  of  these 
terms  in  an  APG  diffuser  flow  is  the  direction  of  further  research  in  this 
work . 

VI. CONCLUSIONS 

A  third  structural  parameter,  a^,  is  introduced  to  account  for  the 
production  of  k  due  to  lateral  strain  for  conical  cases.  The  development  of 
structural  parameters  a^,  a^  and  a^  is  examined  in  four  APG  plane  and  conical 
diffuser  flows.  It  is  shown  that  the  structural  parameters  are  not  constant  in 
these  flows.  A  four-region  three-layer  description  is  proposed  for  each 
structural  parameter,  which  includes  the  limiting  behavior  for  y*  <  10 
followed  by  a  logarithmic  region  and  a  constant  region.  Near  wall  limiting 
behavior  of  a^,  a^  and  a^  is  derived  from  the  asymptotic  behavior  of  Reynolds 
stresses. 

A  modified  k-e  model  is  developed  which  uses  structural  parameters  instead 
of  the  Boussinesq  approximation  in  estimating  Reynolds  s'.resses.  The  rate  of 
kinetic  diffusion  of  k  is  derived  from  the  expansion  of  triple  correlations  by 
using  the  HL  model  which  reduces  to  the  conventional  scalar  gradient  diffusion 
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form  if  isotropy  is  dssumeii.  Similarly,  the  rate  of  kinetic  diffusion  of  e  of 
the  full  Revnolds  stress  model  of  HL  is  introduced  in  conjunction  with  the 
structura,.  parameters  into  the  ‘--equation.  With  these  changes,  the  modified 
model  enaP.es  better  prediction  of  k  and  e  m  an  APG  turbulent  diffuser  flow. 
The  present  results  indicate  the  need  for  further  improvement  of  the 
€-equation  modeling. 
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Figures  1,  2  and  3.  The  four-region  representation  of  the  structural 

parameters  a^,  a^  and  a^,  respectively,  given  by  Equations  10a,  10b  and  10c. 

The  experimental  data  from  the  last  station  of  Flow  TU  are  shown  as  an 
example . 
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and  experimental  triple  velocity 
correlations  u  u  u,  in  the  last 

‘  j  >■ 

station,  x  =  66cm,  of  Flow  TL’. 
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Figure  6.  Comparison  of  the  predicted 
k  and  e  with  experimental  data  from  a 
fully  developed  pipe  flow  (inlet  of 
Flow  TU.  Re  =  139,000.  Turan  19881. 


Figure  5.  Comparison  of  the  HL  modeled 
rate  of  kinetic  diffusion  of  k 
(Equation  6)  with  experimental  data 
and  with  isotropic  scalar  gradient 
diffusion  model  (Equation  3)  of  the 
eddy  viscosity  k-t  model.  The 
experimental  data  are  from  the  last 
station,  x  =  66cm,  of  Flow  TL'. 


The  eddy  viscosity  k-e  model  was  used 
in  the  prediction  with  the  unmodified 
Y-0  constants. 


Figure  7.  Comparison  of  the  k  and  e 
variations  predicted  with  the  eddy 


viscosity  k-£  model  using  the  modified 
Y-0  constants  and  the  present  model 
with  experimental  data  from  the  same 
fully  developed  pipe  flow  as  in  Figure 
6. 
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Figures  8,  9  and  10.  Comparisons  of  the 
k  and  e  variations  predicted  with  the 
eddy  viscosity  k-e  model  using  the 
modified  Y-0  constants  and  the  present 
model  with  experimental  data  from  x  = 
30cm,  42cm  and  66  cm  of  Flow  TU. 
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Abstract 

Two  new  turbulence  models  (fc  -  e-5  and  k-kr-e)  based  of  the  fc-c  model  of  turbulence 
have  been  implemented  and  tested  on  simple  wall  bounded  flows  at  various  Reynolds  numbers. 
Encouraging  results  have  been  obtained  and  preliminary  plots  of  mean  and  turbulence  quan¬ 
tities  are  presented.  The  consistency  of  the  constants  over  a  wide  ramge  of  wall  bounded  flows 
in  both  models  is  immediately  apparent,  although  the  constants  still  need  to  be  adjusted  to 
achieve  accurate  predictions  of  the  flows  considered. 


Introduction 

The  k  ~  f  model  was  used  as  a  basis  for  the  development  of  two  new  turbulence  models. 
These  models  are  being  tested  to  provide  a  novel  way  of  calculating  wall  bounded  turbulent 
flows.  In  particular,  the  i:  -  €  -  5,  Lumley  [1]  and  the  k-  kr  -€,  Zeierman  and  Wolfshtein  [2] 
and  Arad  and  Wolfshtein  [3]  models  are  further  developed.  The  motivation  behind  this  work 
is  to  obtain  a  relatively  simple  yet  widely  applicable  model  for  turbulent  flow  which  could  be 
used  in  an  industrial  setting. 


Model  1:  k  -  e  -  S,  Lumley  [l] 

In  the  search  for  a  non-local  model  for  turbulence,  Lumley  [1]  has  scrutinized  the  dissipation 
equation  in  the  k  -  €  model  of  predicting  turbulent  flow.  Lumley  has  proposed  an  auxiliary 
equation  and  a  new  time  scale  for  the  modelling  of  the  dissipation  of  the  turbulent  kinetic 
energy. 

The  new  time  scale,  T  has  the  following  form; 

T  =  C,.me2(^)(l-1.29i?7’)  (1) 


Where  Cume  is  a  constant  to  be  determined,  t  is  the  turbulent  length  scale,  u  is  the  integral 
velocity  scale  and  Rt  =  lu/v.  The  resulting  dissipation  equation  is  then: 


dW  _  .dUi.UiUj  .€ 


(2) 


The  time  scale  is  derived  only  for  the  dissipation  equation.  It  is  intended  to  more  accurately 
model  the  time  associated  with  the  dissipation  of  the  turbulent  kinetic  energy  from  small  wave 
numbers  through  to  the  high  wave  numbers,  the  latter  of  course  being  associated  with  the 

‘Graduate  student,  all  others  appear  in  alphabetical  order 
^To  whom  all  correspondence  should  be  addressed 


A29-1 


Kolmogorov  scales.  The  time  scale  incorporates  a  time  lag  for  the  dissipative  scales  to  receive 
all  of  their  energy  from  higher  wave  numbers. 

Bousinessq  appro.ximations  are  employed  for  the  time-averaged  fluctuating  correlations  (uTc 
and  uTuJ)'  course,  other  practices  could  be  employed.  The  resulting  dissipation  rate  equation 
is  of  the  form: 


r  ^  +  _  ^/uml 


i^2Sij  - 


(3) 


Where  Ciumi  and  Ciumi  are  Lumley  constants,  the  values  of  which  need  to  be  determined. 
The  generation  term  in  the  dissipation  rate  equation  {i/r2Sij)  is  now  replaced  by  the  auxiliary 
variable  (5),  which  takes  into  account  an  avera^ng  of  the  magnitude  of  the  mean  strain  rates 
in  areas  from  which  the  fluid  is  advected  to  the  point  in  question.  The  rate  at  which  energy 
enters  the  spectral  pipeline  should  be  determined  by  the  local  value  of  the  energy  and  the 
local  value  the  time  scale.  The  auxiliary  equation  gives  a  spreading  Gaussian  average  with 
a  fading  exponential  memory  of  scale  ^  (again,  O  being  the  local  time  scale)  back  along  the 
mean  streamline  [1]. 

The  auxiliary  (5)  equation  has  the  following  form; 


,  dS  _  -  S) 

’Wr^ — 5 — 


+  t/T 


d^s 

dxjdxj 


where: 

A:*  k 

UT  =  C^—,  y  =  ci- 

The  resulting  e  equation  is; 


,,  di  ,  dh  -  Clum2( 

-  T - 


(4) 

(5) 

(6) 


The  new  time  scale  is  also  incorporated  into  the  turbulent  viscosity.  Since  the  turbulent 
viscosity  is  proportional  to  a  turbulent  length  scale  multiplied  by  a  turbulent  velocity  scale, 
the  turbulent  viscosity  must  also  be  revised  to  account  for  the  new  turbulent  time  scale.  This 
is  done  as  follows; 

t'ri*)  ~  =  ^2^tuTh^  (^) 

Where  Vturi  is  the  turbulent  velocity  scale.  As  the  Boussinesq  approximation  is  employed,  the 
turbulent  viscosity  is  approximated  by  the  square  root  of  the  turbulent  kinetic  energy  [Prandtl, 
1945;  Kolmogorov,  1942],  resulting  in: 


2^ 

^T(<)  =  ■^C^C2kT 

final  form  of  the  dissipation  equation  is: 


d€  d^€  Cluml^  —  Clum2f 


(8) 

(9) 


Due  to  the  multiple  time  scale,  the  new  model  also  contains  multiple  viscosities.  These  two 
changes  introduce  many  new  constants  to  be  evaluated.  A  summary  of  the  constants  for  the 
three  flow  fields  are  given  in  Table  1. 

To  our  knowledge,  the  use  of  k-e-5  has  never  been  applied  to  wall  bounded  flows  and  the 
new  time  scale  has  not  been  used  in  conjunction  with  the  auxiliary  (S)  equation.  Preliminary 


A29-2 


U/U< 


Table  1:  Preliminary  values  of  the  constants  for  the  k  —  (  —  S  model 


Constant 

Channel  Flow  -  Re=5600 

Pipe  Flow  -  Re=50000 

Pipe  Flow  -  Re =330000 

1.2 

1.2 

1.2 

1.2 

1.2 

1.2 

1.0 

1.0 

1.0 

C2 

0.1 

0.1 

2.0 

C/uml 

0.1 

0.1 

0.1 

^/urri2 

1.0 

1.0 

1.0 

C, 

0.625 

0.625 

0.625 

Mean  Axial  Velocity.  Pf«ii<k)«P, «(«£).<  2.c„-a.«2S 
R«>S60a.  Ccxa'Cuwt  0.  CfCuni  -0.1 


Turbulent  Kinetic  Energy.  Pt(H(l()>PrDi(;  )>l  .2.  Cu*0.S2S 
R9*5600.  C«MaCMn2«t  -0.  C}*C««ni  *0.1 


Figure  1:  The  k-(-S  model  compared  to  channel  flow  simulations  [7]  at  a  Reynolds  number 
of  5600;  (a)  Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 


results  for  channel  flow  at  a  Reynolds  number  of  5600  and  two  pipe  flows  at  Reynolds  numbers 
of  50000  and  380000  are  given  in  figures  1,  2,  and  3.  These  results  are  compared  against  data 
from  Laufer  [4],  Lawn  [5],  Nikuradse  [6],  and  the  direct  numerical  simulation  data  of  Kim  et 
al.  [7]. 

The  consistency  of  the  constants  for  the  various  flow  fields  is  very  encouraging  for  a  robust 
model  of  turbulent  flow.  The  model,  however,  over-predicts  the  turbulent  kinetic  energy  in  the 
core  of  the  flow  field  away  from  the  walls  and  under-predlcts  the  diffusion  of  the  mean  flow 
variables. 
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Figure  2:  The  k  -  e  -  S  model  compared  to  pipe  flow  data  [4]  at  a  Reynolds  number  of  50000; 
(a)  Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 
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Figure  3:  The  k~€  —  S  model  compared  to  pipe  flow  [5]  at  a  Reynolds  number  of  380000;  (a) 
Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 
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Model  2:  k  -  kr  -  Zeierman  and  Wolfshtein  [2]  and  Arad  and  Wolfshtein  [3] 

The  basic  k  -  t  model  uses  a  single  local  turbulent  time  scale  to  model  the  flow  field.  The 
problem  with  the  fc  -  f  model  of  turbulence,  recognized  by  Wolfshtein  and  Arad  [3],  is  that  the 
energy  carrying  and  dissipative  scales  are  not  the  same,  yet  the  same  scale  is  used  to  model 
both  the  energy  production  and  the  energy  dissipation.  Using  two  scales,  one  for  the  energy 
producing  scale  and  one  for  the  dissipative  scale,  ought  to  permit  better  prediction  of  turbulent 
flow  fields  than  standard  two-equation  models. 

The  k-kT-€  model  uses  a  turbulent  time  scale  based  upon  the  integral  scale  of  turbulence 
to  model  the  flow  field,  where  the  new  time  scale  is  determined  explicitly  in  the  solution 
algorithm  from  its  own  conservation  equation.  This  multiple  time-scale  approach  recognizes 
that  dissipation  occurs  in  the  smallest  scaJes  of  turbulence;  thus,  the  dissipation  is  modelled 
bctsed  on  locad  values  for  the  dissipation  time  scale  [2]. 

To  implement  this  model,  the  energy  content  of  the  small  eddies  is  assumed  to  be  negligible 
compared  to  that  of  the  larger  eddies  so  that  in  the  outer  domain  of  the  flow  (away  from  walls) 
the  integral  time  scale  is  used  to  model  the  production  of  energy.  The  new  turbulent  viscosity 
has  the  form: 

ft  =  C^kr  (10) 

where  r  is  the  integral  time  scale. 

The  turbulent  kinetic  energy  equation  and  the  momentum  and  continuity  equations  have 
the  same  form  as  noted  previously  except  that  the  turbulent  viscosity  has  incorporated  into  it 
the  new  time  scale.  The  integral  time  scale  is  solved  via  [2]: 


Dkr  d 


Ht.dkT 


The  dissipation  rate  equation  then  becomes: 


Di  _  d  .  ,Ht.d€.  €p€ 

^Dt  ~  k  k 


(11) 


(12) 


where  €p  =  Cgi^. 

The  dissipation  rate  responds  slowly  to  the  applied  mean  strain  (this  gives  a  better  represen¬ 
tation  of  a  rapidly  changing  turbulence  field  [3]);  however,  the  decay  term  of  the  dissipation 
rate  equation  depends  on  the  high  wave  number  turbulence  scales. 

Near  solid  walls,  where  the  turbulence  and  mean  flow  quantities  have  the  largest  gradients, 
very  high  spatial  resolution  is  required.  Wolfshtein  and  Arad  [3]  avoid  this  problem  by  using 
the  two  layer  method  (see  Wolfshtein  [8]  or  Chen  and  Patel  [9])  to  bridge  the  core  region  of 
the  flow  to  that  in  the  near  wall  region.  The  turbulent  kinetic  energy  equation  is  solved  to 
the  wall  and  the  i  and  kr  equations  are  only  solved  in  the  outer  domain.  In  the  inner  domain 
(the  region  close  to  the  wall)  both  kr  and  t  are  solved  using  algebraic  equations.  These 
algebraic  equations  are  matched  to  the  outer  domain  values  and  used  as  boundary  conditions 
for  the  outer  domain.  Chen  and  Patel  [9]  recommend,  and  this  has  been  confirmed  in  more 
complicated  flows,  Waddington  [10],  that  the  interface  between  the  two  domains  be  taken  at 
a  turbulent  Reynolds  number  of  250  {Rcy  =  y/kyiv).  It  has  been  found  however,  that  the 
matching  interface  can  not  be  taken  at  a  constant  turbulent  Reynolds  number  in  o<  der  for 
the  matching  interface  to  remain  outside  the  viscous  sublayer  and  yet  still  be  inside  the  one 
dimensional  zone  adjacent  to  the  wall.  Using  the  wall  coordinate  or  Rt  =  k'^lvf.  to  set  the 
location  of  the  matching  interface  may  be  a  more  appropriate  variable.  The  turbulent  kinetic 
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Table  2:  Preliminary  values  of  the  constants  for  the  k  -  kr  -  t  model 


Constant 

Channel  Flow  -  Re =5600 

Pipe  Flow  -  Re=50000 

Pipe  Flow  -  Re =380000 

Ok 

1.2 

1.2 

1.2 

1.2 

1.2 

1.2 

0.000006 

0.0006 

0.0002 

0.05 

0.05 

0.05 

60 

65.0 

540.0 

energy  is  still  integrated  down  to  the  wall  using  the  time  and  length  scales  calculated  from  the 
algebraic  equations. 

The  algebraic  equations  are  derived  from  known  asymptotic  behavior  of  the  length  scales 
near  the  waU.  For  the  low  wave  number  scales: 


-ur 

(13) 

and  for  high  wave  number  scales: 

I 

(14) 

Substitution  of  a  Taylor  series  expansion  of  the  velocities  into  the  above  equations  yields  the 
following  relations  for  the  two  length  scales: 

=  (y)my(l  -  expi-a^Rcy)) 

(15) 

Lf  =  (~)my(l  ~  ^^P{~OtR^y)) 

(16) 

Where  (^)m  and  (^)m  are  the  values  of  the  length  scale  at  the  matching  interface  between 
the  inner  and  outer  domains,  and  Rcy  is  the  turbulent  Reynolds  number  based  on  the  distance 
from  the  wall. 

In  the  inner  domain  the  turbulent  viscosity  is  calculated  using: 

Ht  =  pL^k^  (17) 


and  the  dissipation  is  calculated  using  the  dissipative  length  scale: 


€  = 


k± 

Lc 


(18) 


Some  preliminary  results  of  the  k  -  kr  -  e  model  for  channel  flow  at  a  Reynolds  number  of 
5600  and  for  two  pipe  flows  at  Reynolds  numbers  of  50000  and  380000  are  compared  to  those 
data  sets  noted  above  and  are  given  in  Figures  4,  5,  and  6.  For  a  summary  of  the  constants 
used,  see  Table  2. 

The  constants  in  the  k-kr  —  e  model  are  consistent,  implying  that  the  model  of  turbulence 
is  robust.  For  the  simple,  parabolic  flows  considered,  the  value  used  for  normalisation  of  the 
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Figure  4:  The  k  -  kr  -  €  model  compared  to  channel  flow  data  [7]  at  a  Reynolds  number  of 
5600;  (a)  Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 
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Figure  5:  The  k-kr-t  model  compared  to  pipe  flow  data  [4]  at  a  Reynolds  number  of  50000; 
(a)  Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 
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Figure  6:  The  k-kr-e  model  compared  to  pipe  flow  data  [5]  at  a  Reynolds  number  of  380000; 
(a)  Mean  axial  velocity;  (b)  Turbulent  kinetic  energy. 
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distance  from  the  wall  in  the  inner  wall  region  apparently  should  be  the  turbulent  Reynolds 
number  based  on  the  distance  from  the  wall.  It  can  also  be  seen  that  the  various  Reynolds 
numbers  e.xamined  have  different  values  of  the  turbulent  Reynolds  number  for  the  matching 
interface  indicating  that  the  parameter  that  should  be  used  for  finding  the  matching  interface 
should  be  the  normalized  wall  coordinate,  y'*'. 

Summary 

The  k-t-  S  and  k-kr-e  models  of  turbulence  have  both  been  implemented  and  applied 
to  simple  wall  bounded  flows.  Preliminary  results  have  been  presented  and  it  is  obvious  that 
further  work  needs  to  be  done.  The  k  -  €  —  S  model  works  for  a  variety  of  flow  fields  with 
no  change  in  any  of  its  constants;  however,  it  is  apparent  that  these  constants  still  need  some 
adjustment  to  account  for  the  over  prediction  of  the  turbulence  quantities  in  the  core  region 
of  the  flow  field  and  the  under  prediction  of  the  diffusion  of  the  time-averaged  flow  variables. 

The  k  -  kr  -  (  model  predicts  the  flow  field  well  when  the  inner  layer  algebraic  equations 
relfect  the  near-waJl  behavior.  However,  the  inner  layer  equations  do  not  accurately  predict  a 
variety  of  flow  fields  for  a  given  set  of  constants.  A  more  robust  set  of  algebraic  equations  for 
the  inner  wall  layer  is  required  for  the  k  -  kr  —  €  model  to  perform  well. 
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Abstract 

The  dynamic  subgrid  model  is  implemented  in  the  frame  of  a  finite  difference  Large  Eiddy 
Simulation  (LES)  solver  and  used  to  investigate  turbulent  flow  in  a  square  duct  at  equilibrium. 
The  results  show  a  much  improved  agreement  with  available  experimental  data,  in  comparison 
with  the  standard  Smagorinsky  model. 


1.  INTRODUCTION 

For  many  applications  LES  appears  to  be  a  most  attractive  compromise,  which  avoids  both  the 
prohibitive  cost  of  the  Direct  Simulation  [1]  and  the  forever  increasing  complexity  of  the  full  Reynolds 
Stress  Transport  model  [2].  However,  the  lack  of  suitably  general  boundary  conditions  and  subgxid 
scale  models,  as  well  as  the  difficulty  of  developing  flow  solvers  of  sufficient  accuracy  and  efficiency,  has, 
up  to  now,  restricted  the  applicability  of  LES  to  quite  simple  flow  geometries  at  moderate  Reynolds 
numbers. 

In  particular,  for  a  long  time  relatively  small  effort  has  been  devoted  to  the  development  of  SGS 
models,  and  the  Smagorinsky  model  [3]  has  remained  at  present  the  standard  tool  in  LES.  Although, 
modifications  of  this  model  have  been  successfully  applied  to  LES  of  transitional  and  turbulent  flows,  it 
remains  fundamentally  handicapped  by  the  need  to  use  one  single  "universal  constant”  to  relate  resolved 
and  modelled  part  of  turbulence,  which  is  unlikely  to  be  a  realistic  representation  of  the  wide  variety 
of  flow  phenomenologies  which  can  be  encountered  in  nature.  Moreover,  the  subgrid  scale  viscosity 
produced  by  this  model  does  not  vanish  in  laminar  flows,  does  not  have  the  correct  limiting  behavior 
close  to  sohd  boundaries,  and  cannot  account  for  energy  transfer  from  small  to  large  scales  (backscatter). 

Diffierent  new  models  (4, 5j  have  attempted  to  overcome  these  limitations.  A  particularly  promis¬ 
ing  new  approach  is  the  "dynamic  SGS  model”  proposed  by  Germano  et.  al.  [6]  which  is  based  upon 
the  idea  of  calculating  locally  the  model  coefficient,  function  of  the  instantaneous  resolved  velocities. 
This  model  has  already  been  successfully  applied  (6,  7j  to  some  cases  of  simple  turbulent  flows.  Here 
the  model  has  been  extended  to  the  fully  3D  case  of  equihbrium  duct  flow,  with  impressive  results,  as 
will  be  discussed  below. 

2.  GOVERNING  EQUATIONS 

The  LES  approach  is  based  on  the  application  of  a  filtering  process  to  the  dependent  flow 
variables,  in  order  to  decompose  them  in  a  large  scale  contribution  to  be  resolved  numerically,  and  a 
small  scale  contribution  to  be  modeled. 
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Applying  the  filtering  operation,  signified  by  the  overbar,  to  the  continuity  and  Navier-Stokes 
equations,  the  corresponding  equations  for  the  large  scales  are  obtained: 
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where  Re  is  the  Reynolds  number  based  on  average  shear  velocity  <  w  >  and  half  height  6  of  the  croM 
section  and  Fi  =  (Fi,0,0)  is  a  forcing  term  representing  the  average  pressure  drop  in  the  longitudinal 
direction.  The  influence  of  the  small  scales  upon  the  resolved  part  of  turbulence  appears  in  the  SGS 
stress  term  : 

-  «<  BJ  (3) 

The  basic  assumption  of  the  LES  technique  is  that  the  subgrid  part  of  turbulence  is  itotropie  and  can, 
therefore,  be  modeled  in  terms  of  a  fictitious  diffusivity  coefficient,  the  tubgrid  vtscossfy  v,,  relating 
the  subgrid  streu  tensor  to  the  strain  rate  Sij  of  the  resolved  scales,  giving  the  srell  known  Smagotinsky 
model  [3]  : 


Tij  —  “  2cS  “5  Sif 
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were  |?|  is  : 

|3|  =  (25;' ]!:■)*  (5) 

and  A  is  the  length  scale  associated  with  the  filtering  procedure.  In  a  finite  difference  discretisation 
the  size  of  the  filter  is  determined  by  the  mesh  itself.  Therefore: 

A  =  (A.AsAs)^  (6) 


and  c  is  the  coefficient  relating  mesh  sise  to  filter  sise. 

As  it  was  mentioned  in  the  previous  paragraph,  in  the  above  model  c  is  a  constant,  theoreti¬ 
cally  universal  and  practically  a  function  of  the  discretisation,  [8].  Germano  [6]  proposed  a  dynamic 
estimation  of  this  coefficient  obtained  sampling  the  smallest  resolved  scales  and  using  this  information 
to  model  the  SGS.  To  this  end,  a  coarser  spatial  filter,  denoted  by  a  tilde  over  the  overbar,  is  applied 
to  the  equations  and  the  SGS  strew  is  redefined  as: 

(7) 


Using  the  same  approach  as  in  (4)  Tif  is  approximated  by: 

Tii  -  =  -2c3f 


(8) 


Consistency  between  (4)  and  (8)  depends  on  the  proper  choice  of  c,  which  can  be  found  by  substracting 
the  tect  scale  average  of  Tij  from  Tij  : 

Lij  =  Tif  —  (9) 


where  Ltj  are  the  resolved  turbulent  stresses  representing  the  contribution  to  the  Reynolds  stresses 
by  the  scales  whose  length  is  intermediate  between  the  grid  and  the  test  filter.  Lij  can  be  explicitly 
computed  and  compared  to  the  rhs  of  (9)  FVom  equations  (3),  (7)  and  (9)  it  is  ; 
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where 


A/ii  =  (11) 

Equation  (11)  represents  six  independent  equations  in  one  unknown,  and  there  is  no  unique  value  of  e 
which  satisfies  all  six.  Lilly  [9]  proposed  to  derive  c  minimising  the  square  of  the  error  of  (10),  which 
yields: 

c(*.y.*.0  =  Mij*  (12) 

3.  NUMERICAL  ASPECTS 
3.1  Numerical  scheme 

The  integration  of  the  equations  in  time  it  done  using  an  Adams- Bathfort  fractional  step  method: 
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where  H  includes  all  the  right  hand  side  terms  minus  the  contribution  of  the  pressure.  All  spatial 
derivatives  are  approximated  with  second-order  central  differences. 

Equation  (14)  is  solved  using  a  Direct  Poisson  Solver  based  on  Fast  Fourier  Transform.  The 
constraints  imposed  by  the  Direct  Poisson  solver  lead  to  choose  a  staggered  discretisation  with  uniform 
mesh  spacing  in  the  three  coordinate  directions  s<.  At  each  time  step  the  step  sise  at  all  mesh  points 
was  chosen  to  respect  the  advective  and  diffusive  stability  limits.  Following  Horiuti  [10],  the  advection 
term  is  recast  in  the  Arakawa  form  which  offers  optimal  conservation  properties  close  to  the  walls. 

It  has  been  shown  [8]  that,  when  using  a  staggered  mesh,  it  is  important  to  compute  the  Si,  and 
!/( in  such  a  way  as  to  minimise  averaging  between  different  mesh  points  and  the  consequent  smoothing 
of  the  perturbations.  Following  this  argument  three  different  turbulent  viscosities  were  defined  :  Vi  is 
computed  at  the  same  location  as  Si  and  is  used  in  the  corresponding  momentum  transport  equation. 
The  Sij  are  computed  at  their  physical  locations  as  shown  in  fig.  1;  in  this  way  (he  absoiiUe  minimum 
of  averaging  operations  is  used  in  all  three  momentum  equations. 

The  values  of  e(e,y,s,()  were  derived  using  equation  (12).  The  test  filter  was  represented  by  a 
grid  with  spacing  twice  that  actually  used  to  solve  equations  (13)  to  (15),  (1  coarse  cell  for  8  fine  cells, 
fig.  2).  An  test  filter  quantities  in  (12),  assumed  to  be  constant  over  one  coarse  cell,  were  obtained  by 
averaging  the  corresponding  resolved  quantities  over  the  8  fine  cells.  A  value  of  c  was  then  obtained  for 
each  coarse  cell  and  transferred  to  the  appropriate  position  of  the  fine  mesh  by  interpolation.  Practically, 
it  was  found  that,  following  this  procedure,  c  can  occasionally  become  quite  large  at  some  grid  points,  or 
a  considerable  number  of  negative  values  can  occur,  possibly  leading  to  computational  iiutability,  (see 
also  Germano  et.  al.  [6]  and  Lilly  [9],  who  discuss  the  occurrence  of  similar  problems).  The  approach 
here  taken  to  overcome  this  difiiculty  was  to  define  an  upper  and  a  lower  bound  for  e(e,y,  z,t)  and 
truncate  accordingly  the  computed  values. 
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3.2  Initial  conditiona  and  boundary  condition! 


The  initial  aolution  was  obtained  takmg  the  experimental  mean  velocity  profile!  from  [11]  and 
!upehmpo!ing  to  them  a  divergence  free  perturbation. 

Periodic  boundary  condition!  are  uaed  for  the  atreamwiae  direction,  while  a  more  critical  problem 
lie!  with  the  modeling  of  the  region  cloae  to  the  wall.  In  fact,  getting  cloaer  to  a  wall  the  acalea  of 
turbulence  become  progreaaively  amaller  and  a  prohibitive  number  of  meah  point!  would  be  needed  to 
maintain  the  reiolution  required  by  the  LES  approach,  [12|. 

For  thia  reaaon  moat  author!  adopt  wall  conditiotu  baaed  upon  the  aaanmption  that  the  firat 
internal  meah  point  ia  located  within  the  logarithmic  layer  and  that  local  velocity  and  average  wall  ahear 
atreaa  r.  are  related.  In  a  previoua  atudy  [13],  the  preaent  authora  fonnd  that  the  ejeetion  boundary 
condition  [14]  which  takea  into  account  the  influence  of  the  velocity  normal  to  the  boundary  ( turbulent 
filament!  moving  towarda  the  wall  increaae  the  ahear  atreaa  in  the  longitudinal  direction  and  filament! 
moving  away  from  the  wall  decreaae  it  )  givea  the  beat  reaulta  for  the  aquare  duct  problem.  For  xt  =0 
the  reaulting  formulation  ia: 


ni(*i,0,Za)  =  <  r.  >  -CttTC,(zi  -1-  hi,hj,Z3) 

(16) 

5a(*i.0.*a)  =  0 

(17) 

(18) 

where  hi  =  Aact^O  repreaenta  the  ahift  in  the  correlation  between  velocity  and  wall  atreaa,  h}  ia  the 
diatance  from  the  wall  xj  =  0  to  the  firat  internal  meah  point,  and  £7  ia  a  coefficient  of  order  1.  Due  to 
the  lack  of  apedfic  data  to  optimiae  6  for  the  duct  problem,  in  the  preaent  aimnlation  the  value  0  waa 
taken.  The  average  ahear  velocity  and  wall  ahear  atreaa  are  determined  for  each  meah  line  aaanmiag  the 
logarithmic  law  to  be  valid  : 

(19) 


4.  RESULTS  AND  DISCUSSION 
4.1  Teat  conditiona 

The  equationa  were  integrated  over  a  rectangular  domain  of  aiae  4ir  x  x  2^,  in  Zi,  zi,  zj, 
directiona  reapectively.  The  aimnlation  waa  performed  at  Reynolda  number  Acr  =  1125.  The  adoption 
of  approximate  wall  boundary  conditiona  makea  poaaible  the  nae  of  relatively  coarae  meahea  and  a  meah 
of  40  X  20  X  20  waa  naed  for  the  parametric  atudy.  Moreover,  previoua  teata  [13]  had  ahown  that  a  50% 
refinement  of  the  meah  in  the  directiona  normal  to  the  walla  doea  not  affect  aignificantly  the  reaulta. 

In  all  compntationa  6  non-dimenaional  time  unita  =  UrtlS)  were  neceaaary  for  the  initial 
perturbation  to  diaappear.  Then  the  mean  valnea  of  the  reaolved  quantitiea  {U„,  V„,  W^,),  the  rma  of 
the  turbulent  fluctuationa  (umui  Vmu,  Wnu)  ud  the  Reynolda  atreaa  SV  were  obtained  averaging  both 
in  time  over  10  non-dimenaional  time  atepa  and  in  apace  over  the  homogeneoua  atreamwiae  direction. 
In  Fig.  3  contoura  of  mean  atreamwiae  velocity  and  aecondary  velocity  vector!  at  a  croaa  aection  are 
ahown  and  it  ia  clear  that  the  preaent  averaging  ia  auffident  to  obtain  a  fair  degree  of  aymmetry  over 
the  quadrant!.  Further  integration  in  time  waa  found  to  have  amall  effect  on  the  computed  average!. 
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For  the  compahsons  with  experimental  or  other  LES  data,  all  the  cro««  lectional  averaged 
variablei  were  further  averaged  over  the  four  quadrant*.  Following  thi*  procedure  the  sample  stse 
i*  effectively  quadruped.  All  the  flow  quantities  shown  in  the  following  figure*  are  normalised  with 
respect  to  the  centerline  velocity  and  all  distance*  are  normalised  with  respect  to  half  the  duct  height. 
Moreover,  taking  into  account  the  symmetry  of  the  flow  field,  all  profiles  are  given  only  for  one  of  the 
wall  bisectors. 

4.2  Comparison*  with  Smagorinsky  model 

Several  tests  with  different  values  for  the  upper  and  the  lower  bound  for  c(z,y,z,t)  were  done. 
In  a  first  approach  the  upper  bound  was  the  computed  mean  value  and  the  lower  bound  was  set  to  0.01, 
(boundl).  Then  the  range  was  increased  and  the  upper  bound  was  set  to  0.05  and  the  lower  to  0.004, 
(bound  2).  Both  combinations  gave  good  results,  without  causing  instabilities  in  the  computation. 
Isoline*  of  c  averaged  in  space  and  in  time  over  the  different  cross  section*  for  both  cases  are  given  iu 
fig.  4.  The  build  in  damping  properties  of  the  model  are  evident  in  the  smooth  decrease  of  c  close  to 
the  walls,  while  in  the  core  of  the  flow  c  is  nearly  a  constant. 

Isoline*  of  the  mean  streamwise  velocity  and  the  Reynolds  stress  Sir,  compared  with  the  corre¬ 
sponding  experimental  data  [11],  are  given  in  fig.  5  and  fig.  6  respectively.  The  agreement  is  fairly 
good,  taking  in  to  account  that  the  experimental  data  available  refer  to  a  higher  Reynold*  number 
(Re,  =  1900). 

In  fig.  7  proftle*  of  turbulent  intensities  (iumt,  VnooWnu)  nad  Reynolds  stress  Sii  along  the 
left  wall  bisector  are  shown,  in  comparison  with  the  corresponding  profile*  obtained  with  the  standard 
Smagorinsky  model  and  experimental  data  [15|.  The  optimum  value  of  e  for  the  Smagorinsky  model 
was  found  to  be  c  =:  0.15.  To  demonstrate  the  sensitivity  of  the  model  to  the  value  of  c,  another 
computation  with  c  =  0.18  is  also  presented.  It  is  evident  that  even  for  this  15%  change  in  c  all 
turbulent  quantities  are  affected,  specially  close  to  solid  boundaries.  For  both  turbulent  intensities  and 
the  Reynolds  stress,  the  predictions  with  the  new  dynamic  SGS  model  are  much  improved  compared 
with  those  obtained  with  the  standard  Smagorinsky  model.  Espedally  in  the  region  close  to  the  wall, 
in  most  of  the  cases,  the  data  obtained  with  the  new  model  are  following  fairly  well  the  slope  of  the 
experimental  data,  due  to  the  fact  that  the  model  can  provide  the  correct  asymptotic  behavior  close  to 
solid  boundaries.  Moreover,  the  limiting  bound*  of  c  were  found  to  have  a  small  effect  on  the  results. 
Modest  improvement  can  be  observed  for  some  of  the  statistics  when  the  larger  bounds  are  used. 

5.  CONCLUSIONS 

The  dynamic  eddy  viscosity  subgrid  scale  model  has  been  applied  to  the  fully  3D  case  of  equi¬ 
librium  flow  in  a  square  duct.  Very  good  agreement  was  obtained  between  LES  prediction  and  experi¬ 
mental  data.  However,  the  bounds  presently  applied  to  c  in  order  to  avoid  computational  instabilities 
also  eliminate  the  the  possibility  of  backscatter  whose  importance  is  a  quite  important  property  of  the 
original  model.  A  detailed  study  of  the  best  formulation  for  the  bounding  of  c  is  progressing  together 
with  the  investigations  of  alternative  ways  of  extracting  information  from  the  smallest  resolved  scales. 
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Figure  1:  Positions  of  «/<  and  Ui  on  staggered  mesh  2:  Relation  between  fine  and  coarse  grid 
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Figure  6:  Reynolds  stress  uv  isolines  in  a  quadrant,  nondimensionalised  with  respect 
to  the  centerline  velocity,  a)  Computed,  Rcr  =  1125,  b)EzperiiDental  data  (11),  Rtr 
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Figure  7:  Profiles  of  a)«rm«,  b)vrm«,  d)iM>,  nondimensionalised  with  respect 

to  the  centerline  velocity,  along  the  right  wall  bisector 
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abstract 

A  new  wall  shear  stress  approximation  has  been  formed  using  stochastic  estimation  for  fUture  use  in  large  eddy 
simulations.  The  stochastic  estimation  tnethod  resolves  the  coherent  structures  of  the  wall  layer  using  empirical  correlation 
functions,  and  will  be  used  to  provide  an  accurate  estimation  of  the  wall  shear  stress  in  channel  flow.  Initial  a  priori 
calculations  show  that  the  method  is  mote  accurate  than  previous  wall  shear  stress  models.  The  method  has  also  been 
used  to  approximate  shear  stress  boundary  conditions  in  direct  numerical  simulations  with  promising  results  as  compared 
to  previously  published  no  slip  results. 


I .  INTRODUCTION 

In  large  eddy  simulation  (LES),  only  the  large  energy  containing  scales  of  motion  are  predicted  accurately,  while 
the  energy  transfer  to  the  smaller,  sub-grid  scales  (SGS)  of  motion  is  paiameterixed.  For  wall  bounded  flow, 
computational  efficiency  also  dictates  that  tire  wall  layer  be  unresolved,  and  thus  forces  the  use  of  approximate  boundary 
conditions  and  near  wall  SGS  models  that  ^tproximate  the  effects  of  the  boundary  layer  on  the  large  scale  flow.  These 
models  must  implicitly  contain  infotination  on  the  unresolved  coherent  structures  that  are  thought  to  be  responsible  for 
much  of  the  momentum  and  energy  transfer  from  the  boundary  layer.  Conventionally,  this  has  been  handled  through  wall 
shear  stress  boundary  conditions.  Of  course,  accurate  wall  shear  stress  estimation  is  also  important  in  the  analysis  of  fluid 
machinery  as  it  is  the  fluctuating  lift  and  drag  force  on  the  solid  body.  Previous  models  have  typically  been  based  only  on 
the  sutistically  first  order  law  of  the  wall,  with  little  knowledge  of  the  structural  characteristics  of  the  wall  layer 
turbulence. 

It  would  be  useful  to  incorporate  nxne  of  the  recent  knowledge  gained  in  coherent  strucnne  studies  to  model  the 
effect  of  the  solid  wall.  The  present  study  seeks  to  develop  a  new  approximation  to  the  wall  shear  stress  using  the 
coherent  structure  information  contained  in  stochastic  estimation.  Previous  results  (Adrian  er  n/.  1987;  Adrian  et  al.  1988) 
confirm  that  the  two-point  spatial  conelation  tensor  contains  enough  information  to  specify  the  average  character  of  the 
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wall  layer  sr  such  as  hairpin  vortices  and  near  wall  streaks.  Thus,  multi-point  stochastic  esonuuion  could  be  used 

to  factor  co!  j^ture  information  into  the  near  wall  LES  models. 

Here,  an  approximate  wall  shear  stress  boundary  condition  is  fmmulated  for  direct  numerical  simulations  (DNS) 
of  channel  flow.  Results  of  these  initial  calculations  show  that  the  method  is  more  accurate  than  previous  wall  layer 
models  in  a  priori  tests  and  is  capable  of  emulating  the  wall  condition  when  applied  as  a  boundary  condition  to  the  DNS. 
Although  the  method  is  more  reliant  on  empirical  knowledge  than  previous  estimates,  it  is  potentially  useful  if  the 
correlation  tensor  can  be  obtained  and  expanded  to  general  geometries  and  Reynolds  numbers. 

2 .  LARGE  EDDY  SIMULATION  Vv  ALL  SHEAR  STRESS  MODELING 


In  large  eddy  simulation,  only  t  lergy  containing  scales  of  motion  are  computed  accurately,  in  order  to 

save  computational  time  and  mem<^.  The  tcchniqi :  relies  on  a  snadal  filtering  formalism  (Leonard  1974;  Schumann 
1975)  that  separates  the  flow,  f,  into  a  resolved  scale  field,  f,  to  be  calculated  on  the  numerical  grid,  aixl  a  sub-grid  scale 

field,  f ,'  whose  effect  on  the  resolved  scales  must  be  muscled,  rurreni  SGS  models  generally  take  the  form  of  algebraic 
equations  of  state  (Germano  et  al.  1991;  Smagorinsky  1963),  d'ailar  to  the  zero-equation  models  for  the  Reynolds  stress 
found  in  the  Reynolds  averaged  Navier-Stokes  equations.  A  more  comprehensive  levi^v'  of  LES  modeling  may  be  found 
in  Rogallo  and  Moin  (1984). 

This  formalism  wotks  well  for  homogeneous  flow,  or  for  inhomogeneous  flow  far  from  solid  boundaries,  where 
the  SGS  stresses  are  more  nearly  isotropic  and  easier  to  model.  However,  in  the  vicinity  of  the  wall,  the  energy 

containing  eddies  become  smaller  and  mote  anisoiropic.  If  these  scales  of  modon  are  to  be  computed  accurately,  a  large 
number  of  grid  points  must  be  located  in  the  wall  region.  To  ease  this  requirement,  it  becomes  necessary  to  employ 
anisotropic,  near-wall  SGS  models  and  approximate  boundary  condidons  to  model  the  momentum  transfer  to  the 
boundary  layer.  Convendonally.  this  has  been  achieved  mainly  through  the  approximate  boundary  condidons. 

The  most  popular  approximate  boundary  condidons  used  to  date  have  been  shear  stress  boundary  condidons  in 
the  tangential  direcdons  coupled  with  a  zero  velocity  condidon  in  the  normal  direcdon.  An  excellent  review  of  current 
models  is  given  in  Piomelli  et  al.  (1989),  from  which  the  following  summary  is  taken.  Schumann  (1975)  proposed  the 
following  boundary  condidon: 


x,i(x,z)  = 


d  u 


wiU 


<  U  (y.)  > 


u  (x,ye,z). 


(l.a) 


t,3(x,z) « 


3  w 

-5-^(x.z) 


wall 


W  (x.y„z) 

y.-ywui  * 


(l.b) 


V  (x,z)  «  0, 

wall 


(l.C) 


A34-2 


where  y,,  the  event  location,  is  the  first  interior  computational  grid  point  and  the  <>  operator  represents  the  ensemble 
average.  The  directions  Xj,  xj.  and  X3 ;  or  x.  y,  and  z;  will  refer  to  the  streamwise,  wall  normal,  and  spanwise  diiecdons 
respectively.  The  rabo  of  the  ensemble  averages  in  equation  l.a  forms  an  empirical  constant  that  may  be  estimated  using 
the  law  of  the  wall.  For  instance,  in  channel  flow.  <  tvi  >  is  equal  to  the  mean  pressure  gradient  divided  by  the  molecular 
viscosity.  <  u  (y,)  >  can  be  found  using  <  >  and  the  law  of  the  wall. 

Piomelli  er  al.  ( 1989)  extended  the  Schumann  model  by  making  use  of  inclined  structure  information  known  to 
exist  in  the  wall  region.  Experimental  evidence  (Rajagopalan  and  Antonia  1979)  indicates  that  the  wall  shear  stress 
correlates  best  with  the  velocity  condition  taken  downstream.  From  this,  they  formulated  the  shifted  boundary  condition 
by  incorporadng  an  optimal  displacement.  A,,  into  the  Schumann  model; 


X  (x.z) »  <  X  ,1  > 


u  (x-t-A,.y,.z) 
<  u  (y*)  > 


(2.a) 


-  —  w  (x+A,.ye.z) 

X.3(X.Z)-<X,,> 


(2.b) 


v  (x.z)  =  0.0  . 

'wtU 


(2.C) 


Again,  the  teladonship  between  the  ensemble  averages  may  be  taken  empirically  from  the  law  of  the  wall.  The  opdmal 
displacement  is  approximately  equal  to  I  y,  •  y^  I  cot(8®)  for  30  <  y,  <  50-60. 

While  boundary  condidons  of  this  type  are  not  strongly  grounded,  they  do  sadsfy  the  law  of  the  wall  in  the  mean 
and  compare  well  to  experiments  in  the  region  away  from  the  wall.  However,  the  model  should  also  contain  enough 
informadon  to  accurately  emulate  the  fluctuating  effects  of  the  boundary  layer  on  the  cote  flow.  This  is  a  region  of  strong 
anisotropy  and  sudsdcal  inhonwgeneity  in  which  coherent  structures  play  a  crucial  role.  Hence,  a  better  model  would  be 
one  that  accurately  predicts  the  wall's  influence  in  generating  coherent  structures  such  as  wall  streaks  and  streamwise 
vordces. 

3.  LINEAR  STOCHASTIC  ESTIMA'nON 

The  wall  shear  stress  models  employed  to  date  ate  generally  based  on  first  order  stadsdcs.  One  could  also  form  the 
approximadon  by  requiring  that  the  model  be  the  best  mean  square  estimate  given  some  event,  E,  where  the  event  may  be 
obtained  direcdy  from  the  velocities  on  the  computational  grid.  This  best  mean  square  esdmaie  is  the  condidonal  average 
of  x«i,  <  x«i  I  E  >.  Further,  the  condidonal  average  iruy  be  approximated  by  its  linear  stochastic  estimate  (LSE), 

defined  as, 

<  x,i  I  E  >  -  x,i  -  Ljj  Ej  j-UJ . ,N,  (3) 
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where  N  is  the  number  of  events  being  considered,  and  Ljj  is  an  esticnaiion  coefficient  relating  to  Ej.  By  forcing  the 
coefficients  to  satisfy  a  minimum  mean  square  error  between  atKl  a  set  of  linear  equations  can  be  found  for  Ljj  as. 

<t„Ek>  =  <EkEpLij.  (4) 

These  form  the  equations  governing  LSE.  The  main  difficulties  left  are  obtaining  the  correlation  functions,  <  E^  >  and 
<  Ek  Ej  >,  (which  must  be  known  empirically)  and  the  proper  selection  of  the  events  that  best  characterize  the  structure  of 
the  random  wall  shear  stress. 

To  date,  stochastic  estimation  has  been  primarily  a  tool  for  investigating  coherent  flow  structures.  These  coherent 
flow  structures  have  been  termed  conditional  eddies,  to  distinguish  them  ffi>m  actual  flow  structures  that  may  exist. 
Conditional  eddies  display  features  similar  to  actual  flow  structures  found  in  experiment  Using  simple  one  point  events, 
linear  stochastic  estimation  predicts  a  vortex  ring  structure  in  isotropic  flow  (Adrian  1979).  In  homogeneous  shear  flow, 
Adrian  &  Moin  (1988)  found  that  linear  stochastic  estimation,  based  on  local  kinematics  (velocity  plus  deformatior;). 
predicted  a  hairpin-like  structure  in  homogetMous  shear  flow,  thought  to  be  a  dominant  structure  in  shear  flows.  In 
channel  flow  for  example,  a  single-point  Q2  event  specified  at  y*^  >  103,  will  predict  a  fluctuating  flow  field  that  is 
structurally  similar  to  a  hairpin  vortex.  This  is  shown  in  Figure  1.  In  this  figure,  the  large  vector  indicates  the  single-point 
velocity  event,  which  is  located  beneath  the  head  of  the  vortex  and  between  the  two  legs.  The  lines  reside  on  a  surface  of 
constant  fluctuating  vorticity  magnitude,  which  form  the  head  and  trailing  legs  of  the  hairpin-like  vonex.  Although  it  is 
not  evident  from  this  picture,  the  single  point  event  is  also  capable  of  predicting  the  alternating  streak  structure  in  the 
viscous  sublayer.  Hence,  stochastic  estimatioa  may  be  regarded  —  a  technique  that  reorganizes  the  structural  information 
contained  in  the  two  point,  second  order  coneiaiioa  tensor  into  a  realizable  random  vector  field  (Adrian  1988). 

A  logical  extension  to  this  research  is  to  use  averaged  structure  information,  based  on  stochastic  estimation,  to 
predkt  the  statistics  of  the  wall  layer  in  large  eddy  simulations.  This  may  in  general  include  estimating  both  the  sub-grid 
scales  stress  and  approximating  the  boundary  conditions.  In  keeping  with  the  current  wall  modeling  in  LSE,  it  would  be 
useful  to  try  to  emulate  the  effea  of  the  solid  waU,  through  the  wall  shear  stress  boundary  condition.  Although  this  will 
not  eliminate  the  artistry  involved  in  selecting  the  best  form  of  closure  and  the  event  field,  it  is  a  clear  mathematical 
framewoik  one  may  follow  to  minimize  the  error  in  the  mean  square  sense. 

4.  RESULTS 

To  evaluate  its  ability  to  estimate  the  statistics  of  the  wall  layer,  LSE  has  been  used  in  a  direct  numerical  simulation 
(DNS)  of  chatuwl  flow  with  stochastically  estimated  wall  shear  stress  boundary  conditions.  Using  a  well  resolved  DNS 
calculation  with  approximate  boundary  conditions  allows  the  dynamic  impact  of  the  boundary  conditions  to  be  assessed 
without  contaminadon  from  SGS  estimation  error  that  would  occur  in  a  LES.  The  necessary  correlations  for  the  LSE  have 
been  taken  from  an  existing  numerical  database  available  from  NASA  Ames  (Moin  and  Moser  1989).  This  DNS  was  for 
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turbulent  channel  flow  at  Re„  «  5600  (  Re  2  U„  5  /  v,  5  =  channel  half  width). 

The  LSE  of  the  wall  shear  stress  has  been  esdtnated  from  an  event  fleld  consisting  of  all  velocities  at  a  single 
horizontal  plane; 

=  Jdx’  Jdz'  L,i  (x-x',y,.z-z')  u^  (x’.yj.z'),  (5) 

k=l,2,3  i=1.3,  and 
y,  =  event  plane. 


The  stochastic  estimation  coefficients,  L^,  satisfy  a  coupled  set  of  titree  convolution  integrals, 

<x»,(x,z)  Uj(x-r,,ye,z-r,)>  = 

Jdr,'|dr;<Uj(x-r,,ye,z-rj)  Uk(x-r,',y.,2-r;)>  Lik(r,’,ye,rj’),  (6) 

j=I,2,3. 

The  form  of  equation  5  was  chosen  because  it  is  simple  to  implement  in  a  spectral  computation  and  because  it  has  a  form 
similar  to  the  Schumaim  boundary  condition.  Taking  the  Fourier  transform  of  equation  6  results  in  a  set  of  three  linear 
equations  for  each  wave  number, 

<(t^(k,Jc,)  Uj*(k„y,Jc*)>  »  <Uj*(k,.y,jg  Uk(k„y..kj)>  Lik(k„yeJci).  0) 

j=l,2,3. 


where  the  superscript,  *,  refers  to  the  complex  conjugate.  This  linear  set  of  three  equations  may  be  inverted  to  obtain  the 
stochastic  estimation  coefficients  in  wave  space.  In  an  integration  of  a  DNS,  estimating  the  wall  shear  stress  from 
equation  5  is  a  qnaii  computational  burden. 

To  gauge  the  model's  validity,  it  is  useful  to  perform  a  priori  tests  on  the  model.  These  are  tests  that  may  be 
constructed  from  previously  determined  statistics  and  hence  do  not  require  the  model  be  used  in  an  expensive  calculation. 
Both  a  priori  tests  presented  here  were  computed  using  the  correlation  database  of  Moin  and  Moser  ( 1989).  It  should  be 
noted,  however,  that  these  tests  are  not  conclusive  as  they  do  not  take  into  account  dynamic  feedback  between  the 
modeled  wall  shear  stress  and  die  event  field  in  actual  calculations  (Piomelli  1987). 

The  relative  mean  square  error  is  a  suitable  a  priori  reliability  criterion: 


relative  mse  > 


(8) 
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An  exact  model  would  have  zero  relative  mean  square  enor.  Figure  2  compares  the  relative  mean  square  error  for  the 
streamwise  wall  shear  stress  using  the  shifted  model  in  equation  2  to  LSE  models  using  one  and  multiple  planes  of 
velocity  dau  as  events.  On  this  graph,  the  abscissa  refers  to  the  y''  location  of  the  event  In  the  multiplane  LSE,  the  event 
field  consists  of  all  velocity  planes  in  a  channel  core  extending  from  the  indicated  location  to  the  opposite  wall  y,* 
location,  and  hence  is  the  tnost  ac<:urate  possible  LSE.  The  a  priori  test  in  Figure  2  thus  confirms  that  the  stochastic 
estimate  is  more  accurate  in  the  nxan  square  sense. 

,4  priori  tests  may  also  be  formulated  to  give  an  indication  of  the  turbulent  structure  that  will  emerge  when  the 
model  is  used  in  a  simulation.  For  example,  the  mean  streak  spacing,  in  the  wall  layer  may  be  estimated  from  the  first 
minimum  of  the  estimated  wall  shear  stress  correlation: 

0- (x,2)T,,(x+r,,z+ri)>  |r,=0r»=xV2  •  W 

This  estimate  of  the  streak  spacing  has  been  ploned  in  Figure  3  for  the  actual  value,  the  single  plane  LSE,  and  the  shifted 
model  vs.  the  event  distance  from  the  wall.  This  test  indicates  that  the  LSE  will  be  better  able  to  predict  the  mean  streak 
spacing  than  the  shifted  model  The  new  length  scale  information  is  only  available  if  the  event  field  is  mulopoint 

The  a  priori  tests  previously  mentioned  ate  only  one  indication  of  the  model's  validity.  A  more  stringent  test  is  to 
use  the  model  as  a  boundary  condition  in  a  dynamic  simulation.  To  diis  end,  a  DNS  calculation  has  been  performed  using 
the  spectral  code  of  Kim  et  al.  ( 1987),  modified  for  wall  shear  stress  boundaiy  conditions  in  the  horizontal  directions.  No 
penetration  is  still  enforced  in  the  wall  normal  diiecnon.  No  changes  were  made  to  the  solution  algorithm.  The  wall  shear 

stress  was  estimated  using  equation  5,  with  the  velocity  events  taken  from  the  previous  timestep  at  y,*  •  30.  However, 
the  wall  region  is  still  well  resolved  in  the  sense  that  all  computttional  grid  points  were  retained  in  the  region  below  the 
event  plane.  The  channel  was  discretized  on  a  128  X  129  X  128  grid,  the  same  resolution  as  Moin  and  Moser  (1989). 
Mass  flux  boundary  condidons  and  2/3  rule  de-aliasing  conot^  were  used  in  the  homogeneous  directions. 

The  calculadon  was  earned  out  for  4.64  5/a,  time  units,  where  the  last  2.24  5/u,  dme  units  were  used  for 

stadsdcal  sampling.  Due  to  the  computational  expense,  the  stadsdcal  sampling  is  rather  sparse,  resulting  in  an  esrimated 
stadsdeal  error  of  ±5%.  Time  histoiies  (not  shown)  confirm  that  the  boundary  condition  is  capable  of  sustaining  the 
turbulent  kinetic  energy.  The  various  low  order  statistics,  non-dimensionalized  by  the  channel  half  width,  5,  and  wall 
shear  velocity,  u,,  are  plotted  in  Hgures  4  through  7  with  comparisons  to  results  from  Moin  &  Moser  (1989),  where  the 
natural  no  slip  boundary  conditions  were  applied.  Various  global  statistics  are  given  for  comparison  in  Table  1.  Figure  4 
shows  the  mean  velocity  vs.  y*.  While  the  tnean  slip  velocity  at  the  wail  was  8%  of  the  centerline  velocity,  the  velocity 
does  converge  to  the  law  of  the  wall  in  the  log  layer.  The  ims  velocities  ploned  in  Figure  S  show  a  substantial  deviation 
from  the  true  values  for  y^  <  -20.  The  incuiied  rms  slip  velocity  at  the  wail  is  10%  of  the  mean  centerline  velocity.  Figure 
6  shows  the  mean  Reynolds  stress  and  total  shear  stress  profiles.  Theoretically,  the  total  shear  stress  in  the  channel  should 
be  Os-y,  which  is  accurately  predicted  here.  Figures  7  a  and  b  show  the  spanwise  wall  shear  stress  spectra  and 


A34-6 


corrtlanons.  clearly  indicating  the  loss  in  amplitude  prominent  at  high  wave  numbers  that  typically  occurs  when  LSE  is 
used  to  predict  a  field.  Hence,  the  small  scale  structure  will  be  overly  damped.  The  net  result  is  primarily  a  largo  mu  slip 
velocity  from  the  reduced  gradients  at  the  wail.  This  tends  to  drive  down  the  turbulent  kinetic  energy  dissipation  while 
increasing  the  production  in  the  near  wall  region.  The  effea  is  somewhat  negated  by  the  increased  turbulent  Idnedc  energy 
at  the  event  plane,  which  in  turn  increases  the  wall  shear  stress  and  dissinadon.  Hence,  the  model  is  dynamically  stable. 
The  wall  shear  stress  correladon  fields  of  Figure  7.b  indicate  that  the  sneak  spacing  in  the  wall  layer  is  being  accurately 
modeled. 

S.  CONCLUSIONS 

Using  the  coherent  structure  infonnadon  contained  in  linear  stochasdc  esdmadon  offers  many  possibilides  for  use 
in  modeling  turbulence,  such  as  the  wall  shear  stress  model  presented  here.  The  method  is  a  clear  mathemadcal 
framework  from  which  estimates  may  be  constructed  and  is  inexpensive  to  implement  once  the  correladon  data  is  known. 
The  major  expense  of  LSE  is  that  the  correladon  tensor  must  be  kixrwn  empirically,  either  from  experiments  or  from  DNS 
simuladons.  This  factor  will  be  offset  somewhat  if  the  correladon  tensor  can  be  expanded  to  general  geometries  and 
Reynolds  numbers  and  if  a  reliable  estimate  may  be  formed  with  fewer  event  points  than  those  considered  here.  It  would 
be  advanugeous  to  attempt  stochasdc  estimates  that  can  be  obtained  reasonably  from  experiments,  thus  expanding  the 
scope  of  problems  to  be  considered. 

The  LSE  model  is  able  to  capnire  the  salient  features  of  the  wall  shear  stress  enough  to  accurately  account  for  the 
wall  influence  in  DNS.  Oerall,  the  stadsdes  deviate  from  the  true  values  only  in  the  region  of  y*  <  20,  but  agree  well  for 
the  core  of  the  channel,  which  is  what  one  expects  from  an  approximate  wall  boundary  condition. 
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Table  1.  Comparison  of  DNS  statistics  from  LSE  shear  stress  BCs  to  no  slip  BCs. 
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Figure  2.  Relauve  tnse  for  esumaie  vs.  y'  location  of  event. 
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Figure  4.  Mean  velocity  profue  m  wall  coordinates. 


Figure  5.  Rms  velocities  vs.  y.  (-IswaU  ,  0=cenierline) 


.  -<uv>  Moin  A  Moser  (1989) 

.  <t  •  -  - 

‘  -<uv>  LSE  BCi 


14 

/  aa.<uv>« 


dU/dy  l/R, 


• .  r,  Moin  A  Moser  ( 1989) 

.  . 

- -  T,  LSEBCs 
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Figure  7.  A  spanwise  spectrum  vs.  k,. 
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Abstract 

The  fluid  motion  behind  a  rearward  facing  step  is  scrutinised  as  a  function  of 
the  characteristics  of  the  primary  flow  approaching  the  step.  The  flow 
properties  measured  with  optical  anemometers  are  predicted  numerically  with 
a  model  of  turbulence.  The  measured  velocity  values  are  used  to  adjust  the 
numerical  solution  until  satisfactory  simulation  is  obtained.  These  measured 
and  predicted  values  ate  compared  to  each  other  and  to  results  reported  by 
other  woikers. 


1.  Introduction 

Separated  flows  are  of  common  occurrence  in  engineering  applications  and  are  characterised  by  abrupt  changes 
in  pressure  which  invariably  lead  to  oscillations.  These  flows  are  encountered  in  numerous  engineering  devices 
such  as  turbomachines,  heat  exchangers  and  chemical  process  equipments  as  well  as  in  gaps  or  openings  in  moving 
objects,  valves,  sudden  expansion  of  pipes  and  flow  over  hills  and  mountains.  In  fluid  devices,  for  example,  flow 
separation  produces  significant  losses  in  the  performance  of  the  machines. 

Generally,  the  type  of  flow  separation  .studied  is  that  on  a  flat  plate,  behind  a  rearward  facing  step  or  within 
cavities.  In  addition  to  their  practical  applications,  cavity  flows  and  those  downstream  a  step  are  usually  used  to 
test  numerical  techniques  and  mathematical  models  of  turbulence.  The  presence  of  flxed  geometry  with  one  or  two 
free  boundaries  and  the  certain  presence  of  vortices  makes  an  efficient  environment  for  computational  work  and 
the  testing  of  numerical  techniques. 

The  flow  pattern  behind  a  typical  rearward  facing  step  is  shown  in  figure  1.  The  important  features  of  this  flow 
event  are  the  separation  point,  at  the  comer  of  the  step,  the  recirculation  zone  behind  the  step,  and  the  reattachment 
point  The  turbulent  intensities  and  shear  stress  reach  maxima  in  the  reattachment  zone,  and  decay  rapidly  after 
the  reattachment  The  reattachment  length  is  taken  as  the  distance  from  the  back  of  the  step  to  the  reattachment 
point  The  boundary  layer  downstream  of  the  reatuchment  point  interacts  with  the  shear  layer  over  it  and 
approaching  from  upstream.  The  structure  of  the  fluid  motion  resulting  from  this  complex  interaction  between  the 
separated  shear  layer  and  the  adjacent  flow  depends  on  the  characteristics  of  the  approach  flows,  consequently, 
comparisons  of  data  on  the  reattachment  length  must  take  into  account  the  characteristics  of  the  incident  flow. 
The  reattachment  point  is  an  important  property  of  any  reattaching  flow.  Practically  it  may  indicate  deposition  of 


A36-1 


fluid  panicles:  panicularly  in  two  phase  flows.  For  comparison  with  other  work,  the  reattachment  length  gives  a 
quantitative  result  which  is  easier  to  correlate  than  a  general  flow  pattern. 

It  is  how  this  reattachment  length  varies  with  different  inlet  conditions  which  this  paper  investigates 
experimentally,  using  LDA  and  PI V.  and  numerically  using  a  model  of  turbulence.  The  inlet  conditions  specifically 
examined  are  the  velocity,  and  the  degree  of  turbulence  in  the  approaching  flow. 

2.  Literature  review 

The  fluid  motion  behind  rearward  facing  step  has  been  the  subject  of  numerous  studies  in  the  past.  A 
comprehensive  review  of  these  is  given  by  Kim  et  al  (1980).  The  present  survey  examines  more  recent  and 
pertinent  experimental  and  theoretical  work  as  well  as  any  relevant  publication  not  included  in  the  review  by  Kim 
et  al.  The  present  survey  is  split  into  two  sections:  namely  experimental  and  theoretical. 

Experimental  work: 

The  fluid  behaviour  downstream  a  rearward  facing  step  has  been  scrutinised  using  flow  visualisation  and  devices 
such  as  pitot  tubes,  hot  wire  anemometers  pulsed  wire  anemometers,  laser  Doppler  anemometers  and  particle 
imaging  velocimeiers.  For  example,  a  study  by  Moss  and  Baker  (1980)  uses  a  pulsed  wire  anemometer  and  gives 
the  reattachment  length  as  S.2  step  heights,  at  Re^SOOOO.  This  value  of  the  reattachment  length  is  lower  than  the 
6.7  reported  by  Bandyopadhyay  (1990)  also  using  a  hot  wire.  A  similar  device  is  used  in  the  investigation  into 
the  effect  of  inlet  turbulence  and  reported  by  Hanson  and  Al-Ohali  (1988).  A  loudspeaker  is  used  to  induce  a 
varying  intensity  of  pressure  perturbations.  Increasing  the  turbulence  level  causes  the  reattachment  point  to  move 
upstream,  from  7.0  to  S.S  step  heights. 

A  laser  Doppler  anemometer  based  investigation  by  Etheridge  and  Kemp  (1977),  gives  a  reattachment  length 
of  S  step  heights.  However,  Makiola  and  Buck  (1990)  use  a  similar  device  and  report  a  reattachment  length  of  8.3 
step  heights  at  Re=33000.  Armaly  et  al  (1982)  also  using  LDA  repon  an  almost  linear  relationship  between  the 
reattachment  length  and  Re  in  the  laminar  flow  region  (600>Re>70)  and  higher  Re  values  give  higher  reattachment 
lengths.  For  turbulent  flow,  the  reattachment  length  is  found  to  be  more  constant,  slowly  decreasing  to  a  value  of 
about  7  step  heights. 

.Another  laser  based  anemometer,  namely  a  particle  imaging  velocimetry  technique  is  used  by  Grant  et  al  (1990) 
to  study  the  flow  event  at  ReadSOCX)  and  gives  a  reattachment  length  of  7.1.  Various  measuring  devices  are 
employed  by  Kim  et  al  (1980)  to  study  the  flow  at  Resl3(X).  The  authors  find  that  although  the  reattachment  point 
fluctuates  with  dme.  the  mean  reattachment  length  is  7.1. 

The  effect  of  turbulence  on  the  reattachment  length  is  investigated  by  Isomato  and  Honani  (1989),  who  find  the 
reattachment  point  tends  to  move  upstream  with  increases  in  turbulence.  The  study  concentrates  on  a  nubulence 
intensity  range  between  10%  and  12%.  This  is  induced  by  a  rod  or  a  cavity  at  the  inlet 

Theoretical  work: 

Theoretically,  bluff  body  flows  have  been  extensively  investigated.  However,  these  studies  tend  to  differ  in  their 
purpose  and  in  the  techniques  used.  A  vast  number  of  these  invesdgations  choose  bluff  body  flows  purely  as  a 
medium  to  test  their  theoretical  techniques.  Consequently,  the  aim  is  generally  to  predict  the  overall  flow  pattern. 
Some  relevant  publications  from  this  plethora  of  studies  are  reviewed  next 

Analytical  methods.  In  the  past,  theoretical  studies  of  flows  around  bluff  bodies  have  used  conformal  mapping 
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or  the  soluuon  of  the  linearised  equations  of  motion.  The  success  of  these  methods  has  been  limited,  since  the 
streamlines  and  pressure  distributions  obtained,  are  mostly  applicable  to  two  dimensional  flows  with  little 
turbulence. 

Of  the  analytical  work  of  interest  to  this  research,  is  that  of  Tani  et  al  (1961)  on  the  wake  and  re-attachment 
behind  a  backward  facing  step.  The  main  feature  of  such  a  flow  is  the  relatively  steady  vortex  behind  the  rear  face. 
Conformal  mapping  is  used  to  predict  the  downstream  re-attachment  point  at  a  distance  of  1.7  times  the  model's 
height:  this  prediction  has  subsequently  proved  unrealisdc  since  the  range  of  practical  values  is  4  to  18. 

A  study  by  Kim  and  Chang  (1989)  uses  Pronchichs  turbulent  flow  data  to  investigate  the  region  close  to 
reattachment  The  reattachment  length  is  calculated  as  6.S  step  heights. 

Numerical  studies  Back  step  flows  are  often  used  to  test  newly  developed  numerical  techniques  and 
mathematical  models  of  turbulence  in  the  handling  of  re-circulating  flows.  However,  most  of  the  investigations 
reported  have  concentrated  on  the  generation  of  reverse  flow  rather  than  on  the  accuracy  of  the  results  or  on  their 
practical  applications. 

A  soludon  of  the  two  equation  Kc  model  by  a  finite  element  technique  is  reported  by  Sohn  (1988).  The 
reattachment  length  is  given  as  S.S9  step  heights  for  Res69610.  The  author  attributes  the  undetpredicdon  to  the 
possible  unsuitability  of  the  Ke  model,  to  Muff  body  flows,  and  to  numerical  diffusion  in  the  soludon  procedure. 

A  similar  numerical  invesdgadon  of  various  cases  of  differing  Re  and  turbulence  intensity  is  reported  by 
Lovgien  (1985).  For  turbulent  flow  (Re~7000).  the  reattachment  point  moves  downstream  with  the  increasing 
turbulence.  This  contradicts  the  findings  of  AL-Ohali  (1988).  For  a  degree  of  turbulence  of  1%  at  the  inlet,  the 
reattachment  length  is  6.7,  whilst  for  2%  it  is  7.6  step  heights. 

Autret  et  al  (1987)  employ  a  Galerkin  finite  elentient  method  to  solve  the  Ke  model,  providing  a  reattachment 
length  of  5.22  for  Re=420(X).  This  low  value  is  thought  to  be  due  to  the  diffusive  terms  in  the  momentum  equadon. 
The  authors  state  that  improvements  can  be  made  to  the  convendonal  Ke  model  by  expressing  as  a  funcdon 
instead  of  a  constant  This  is  shown  by  Gooray  et  al  (1972),  who  find  the  reattachment  length  changes  from  4.5 
to  5.8  step  heights  by  implemendng  the  funcdon.  Other  models  of  turbulence  have  also  been  used.  For  example, 
Spalding  et  al  (1983).  compare  the  KW  model  with  the  Ke  model.  A  reattachment  length  of  7.2  predicted  by  both 
models,  indicates  a  good  performance  by  both. 

The  Reynolds  stress  model  when  applied  by  Celerligii  and  Mellor  (1985)  gives  a  reattachment  point  at  7.89  step 
heights.  Morinishi  and  Kobayashi  (1990)  use  the  Smagorinsky  model,  with  various  values  for  the  Smagorinsky 
coefficient,  to  determine  the  reattachment  length.  The  most  accurate  result,  compared  to  experimental  work,  is  a 
reattachment  length  of  7.1.  This  is  for  Re=46000. 

To  compute  the  flow,  Kwon  and  Fletcher  (1986).  apply  a  zonal  method.  The  flow  domain  is  divided  into  3 
different  flow  modules,  each  of  which  is  modeled  by  a  different  technique,  namely,  viscous  or  invicid.  Some 
turbulence  modelling  is  still  required,  for  which  the  KL  model  and  L  model  are  used.  These  give  reatuchment 
length  of  7.65  and  7.2  respecdvely. 

Kamiadakis  and  Oszag  devised  a  way  of  modelling  the  flow  based  on  renormalization  theory,  using  spectral 
element  methodology.  Two  cases  are  performed;  when  Re*  4444,  the  reattachment  length  is  9  and  when  doubled 
to  Re38888,  the  flow  reattaches  at  6.8  step  heights. 
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This  short  .-eview  has  shown  the  unreliability  and  the  limited  applicability  of  some  of  the  experimental  work 
and  most  of  the  analytical  methods.  However,  three  numerical  studies  are  found  to  be  particularly  useful  in  respect 
to  the  present  study  in  that  they  review  the  influence  of  turt>ulence  on  the  reattachment  length.  The  study  by 
Isomato  and  Honami  (1989)  is  used  as  a  comparison  with  the  present  results.  The  findings  of  Hanson  and  Al-Ohali 
(1988)  are  presented  in  qualitative  style  and  consequently  are  only  used  for  general  comparison.  However,  the 
results  of  Lovgren  (1985)  are  not  used  since  they  contradict  the  first  two  studies  and  only  cover  a  very  narrow 
range  of  turbulence. 

3.  Experimental  programme 

The  measurements  are  conducted  in  an  open  circuit  wind  tunnel  and  in  a  water  channel.  The  wind  tunnel  has 
a  maximum  speed  10ms '  and  an  adjustable  flow  profile  in  the  working  section.  This  is  made  of  perspex  to  allow 
access  to  the  laser  beams  of  the  LDA  system.  Similarly,  the  flume  has  an  adjustable  flow  to  the  test  section,  but 
the  maximum  speed  is  only  2m$ The  water  is  driven  by  a  submerged  pump  which  provides  a  maximum  flow 
rate  of  90m^h The  working  section  is  built  of  4mm  glass.  In  both  devices,  the  incident  flow  is  controlled  by  the 
introduction  of  screens  upstream  of  the  test  section.  These  are  flow  smoothing  screens  and  slatted  screens  for  the 
generation  of  turbulence.  These  ate  located  downstream  of  the  honeycomb  straighteners.  The  model  of  the  step 
is  made  of  perspex  and  mounted  on  the  floor  of  the  flow  channel.  The  optical  anemometers  used  to  acquire  the 
flow  properties  are  a  two  component  Laser  Doppler  Anemometer  (LDA)  and  a  Particle  Image  Velocimeter  (PIV). 

PIV  is  used  in  conjunction  with  the  water  channel  and  involves  the  recording  of  multiple  images  of  scattering 
particles  on  a  single  photographic  negative.  If  the  displacement  of  separate  scattering  particles  images  and  the  time 
between  consecutive  exposures  can  be  measured,  the  velocity  of  the  flow  local  to  each  such  particle  can  be 
calculated. 

The  light  source  for  the  PIV  system  used  is  provided  by  an  I8W.  continuous  wave.  Argon  Ion  laser.  This  type 
of  laser  is  employed  because  the  light  produced  is  in  the  blue-green  region  of  the  spectrum,  and  has  the  lowest 
absorption-attenuation  characteristics  in  water.  The  arrangement  used  is  such  that  the  beam  passes  through  a 
mechanical  chopper  in  the  form  of  a  rotating  disk  with  a  transparent  segment,  which  allows  the  generation  of  the 
required  discrete  images,  and  then  a  glass  rod  to  produce  a  light  sheet,  2mm  thick,  in  the  investigated  flow  area 
(Fig  2).  The  water  is  seeded  by  a  commercially  acquired  powder  of  naturally  buoyant  particles.  The  analysis  of 
the  flow  images  recorded  by  the  PIV  is  as  shown  in  figure  Fig  3. 

The  second  anemometer  in  the  form  of  a  digital  correlator  based  two  component  LDA  system  is  used  with  the 
wind  tunnel  to  obtain  the  longitudinal  and  vertical  components  of  the  mean  velocity.  This  system  uses  a  ISmW 
HeNe  laser  and  a  back-scatter  arrangement  mounted  on  a  traversing  mechanism.  The  relative  position  of  the  control 
volume  is  determined  to  an  accuracy  of  tO.Smm  and  the  air  flow  is  seeded  with  smoke  generated  by  the 
vaporisation  of  a  light  mineral  oil. 

These  two  techniques  are  shown  to  provide  complementary  information.  LDA  offers  the  opportunity  for  time 
series  (and  thus  spectral)  information  at  various  measurement  stations  while  PIV  enables  the  spatial  distribution 
of  instantaneous  fluctuating  flows  to  be  measured. 

4.  Computational  programme 

The  turbulent  and  recirculating  fluid  flows  generated  downstream  of  the  step  by  the  separation  of  the  free  stream 
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are  elliptic  in  nature.  The  primary  eddy  is  formed  when  the  separated  shear  layer  reattaches  downstream  of  the 
step  after  which  the  flow  returns  to  its  normal  boundary  layer  state.  Between  the  step  and  the  reattachment  point 
a  large  vortex  is  maintained  by  the  energy  in  the  shear  layer  above  it.  As  the  primary  vonex  sweeps  backwards 
it  is  forced  upwards  by  the  vertical  boundary  generating  a  recirculation  zone  in  the  bottom  comer.  These  flow 
features  are  mathematically  approximated  by  most  one  and  two  equation  models  of  turbulence  (Launder  and 
Spalding  1972). 

The  initial  intention  of  this  study  was  to  examine  the  performance  of  three  models  of  turbulence;  namely  the 
Constant  Viscosity  model  (CV),  the  two  equation  Ke  model  and  the  Algebraic  Stress  mo  However,  the 

rigidity  and  to  an  extent  the  uniqueness  of  solution  of  the  CV  model  has  excluded  it  frorr  esent  paper.  On 
the  other  hand  the  flexibility  in  prediction  of  the  Ke  model  and  the  strong  dependence  of  the  solution  on  the  inlet 
boundary  conditions  dictate  a  full  devotion  of  the  present  numerical  work  to  it 

The  aim  is  to  simulate  the  flows  measured  with  the  optical  anemometer  and  assess  the  accuracy  of  the  solution 
of  the  Ke  model  and  evaluate  the  dependence  of  such  a  solution  on  the  inlet  boundary  conditions.  Fuithemiore. 
establish  a  relationship  between  the  degree  of  turbulence  at  the  inlet  boundary  and  the  reattachment  ngth. 

The  Ke  effective  viscosity  model  This  is  the  simplest  mathematical  model  of  nirbulence  in  dealing  with 
elliptical  equations  that  govern  the  recirculating  flow  associated  with  backward  facing  steps  and  rectangular 
grooves.  The  two  dependent  variables  solved  for  are  the  turbulence  energy  K  and  its  dissipation  rate  e.  These  two 
quantities  are  related  by  the  equation 

Co  Jr« 
e  a  _S_ - 


where  Cq  is  a  constant  usually  set  to  unity.  The  Ke  model  expresses  the  Reynolds  shear  stresses  according  to  the 
Boussinesq  hypothesis,  that  is  a  product  of  the  mean  velocity  gradient  and  the  turbulent  viscosity  pi, 


The  turbulent  viscosity  is  calculated  from  the  local  values  of  K  and  E  ; 

It  =  _ ^ 


The  empirical  constant  0.09.  In  many  applications  the  empirical  constant  of  the  Ke  model  are  varied  "to  tune" 
the  predictions  to  fit  the  experimental  results.  However  for  bluff  body  flows,  other  workers  found  that  predictions 
did  not  improve  by  changing  these  constants  (Vasilic-Melling  1977);  therefore  the  values  of  these  constants  have 
not  been  altered  in  this  study  and  are  those  specified  by  Launder  and  Spalding  (1972). 

Treatment  of  wall  regions  The  Ke  turbulence  model  is  designed  to  simulate  flow  regions  of  high  Reynolds 
number.  However,  near  solid  boundaries  a  viscous  sublayer  exists  because  the  mean  velocity  components  and  the 
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turbulent  viscosity  fall  to  zero,  due  to  the  no-slip  condition.  The  Kc  model  does  not  lend  itself  to  the  near  wall, 
low  Reynolds  number  flow.  The  alternative  approach  is  to  use  the  "wall  function"  method  which  connects  the 
sublayer  with  special  functions  which  bridge  the  conditions  at  its  outer  edge  to  those  at  the  wall,  thus  avoiding 
this  low  Reynolds  number  region  (Launder  and  Spalding  1972). 

The  numerical  procedure  used  to  solve  these  differential  equations  involves  an  up-wind  finite  difference 
technique  and  the  algorithm  "SIMPLEST*  of  Spalding  (1983).  This  technique  is  adopted  in  order  to  ensure  stability 
at  high  Reynolds  numbers.  The  grid  used  for  the  solution  is  81x91,  rectangular  and  non-uniform  with  a  fine  mesh 
in  areas  of  steep  gradients,  particularly  in  the  shear  layer  and  close  to  walls. 

5.  Results  and  discussions 

This  study  concentrates  on  the  effect  of  increasing  the  amount  of  turbulence  in  the  flow  approaching  the  step 
on  the  reattachment  length  downstream.  Numerically,  the  turbulence  is  specified  as  a  uniform  profile  at  inlet  just 
above  the  back  face  of  the  ste^  and  covers  a  range  from  1%  to  90%.  Experimentally,  the  turbulence  intensity  range 
at  the  inlet  is  5%  to  40%. 

The  changes  in  flow  pattern  caused  by  increasing  the  inlet  turbulence  are  such  that  at  low  turbulence  intensities 
the  vortex  is  long  and  slender  giving  a  long  reattachment  length,  but  at  high  turbulence  level  the  vortex  shrinks 
in  size,  resulting  in  the  reattachment  point  being  closer  to  the  step.  The  centre  of  the  vortex  is  also  nearer  to  the 
back  face  of  the  step. 

This  is  illustrated  in  the  comparison  of  the  predicted  vertical  profiles  of  the  U-velocity  at  10%  and  90% 
turbulence  intensities  at  the  inlet  (Figs  4  and  S).  Each  of  these  profiles  is  taken  at  a  different  location  downstream 
of  the  step.  At  X/HaO.  which  corresponds  to  the  back  face  of  the  step  the  profiles  show  the  uniform  velocity  stated 
at  inlet.  Obviously  the  velocity  at  the  back  face  of  the  step  is  zero,  since  it  is  a  solid  boundary.  Further 
downstream  the  vortex  is  shown  by  the  fact  that  the  profiles  indicate  positive  longitudinal  velocity  at  high  Y/H 
and  negative  values  at  the  lower  end.  The  end  of  the  vortex  is  indicated  by  a  return  to  a  positive  value  by  the 
whole  of  the  profile.  This  also  defines  the  reattachment  point  From  Figure  4  the  reattachment  point  is 
approximately  6  step  heights  downstream  of  the  step.  Examination  of  the  raw  data  of  the  velocity  in  the  flow 
domain  gives  the  more  accurate  value  of  X/Hs5.8.  Similar  profiles  are  shown  in  Figure  5  for  90%  hirbulence. 
These  profiles  straighten  out  more  quickly  than  the  previous  10%  turbulence  case.  The  cross-over  point  of  the 
profiles  occurs  at  Y/H=l  in  figure  4  and  at  in  figure  S  which  indicates  that  the  flow  develops  more 

rapidly,  due  to  the  high  mixing  forces  within  the  flow.  This  higher  turbulence  level  of  90%  results  in  a  shorter 
reattachment  length,  of  about  4  step  heights. 

At  values  of  Y=0  on  the  floor  of  the  domain,  both  sets  of  profiles,  obtained  numerically,  indicate  a  negative 
velocity.  This  is  impossible  due  to  the  no  slip  condition  at  walls;  the  velocity  at  these  points  should  be  zero.  The 
reason  for  this  error  is  the  poor  treatment  of  the  wall  region.  As  explained  earlier,  the  region  close  to  the  wall  is 
bridged  by  a  "wall  function".  The  distance  coveted  by  the  wall  function  is  taken  as  one  cell  height  Although  die 
profiles  are  shown  to  Y^O,  they  do  in  fact  stop  one  cell  height  short  of  this  level.  The  error  in  these  profiles  is 
due  to  the  dense  grid  close  to  Y=0;  hence  the  wall  function  only  bridges  a  small  gap. 

The  variation  of  the  turbulence  kinetic  energy  gives  an  indication  of  the  flow  development  (Figs  6  and  7).  These 
profiles  ate  taken  at  similar  locations  to  the  velocity  profiles.  At  10%  turbulence  it  is  apparent  that  although  the 
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initial  degree  of  turbulence  energy  is  low.  the  energy  contained  within  the  turbulence  lasts  well  downstreant.  The 
initial  sharp  peak  of  turbulence  energy  spreads  out  due  to  the  mixing  behind  the  step.  The  momentum  of  the  fluid, 
and  thus  its  kinetic  energy  is  conserved  until  well  downstream.  This  contrasts  with  the  case  of  90%  inlet  turbulence 
(Fig  7).  where  the  turbulent  energy  spreads  quickly  across  the  height  of  the  domain  giving  a  flat  profile.  The 
energy  also  decays  rapidly,  shown  by  the  low  values  of  turbulence  energy  at  each  of  the  profiles,  compared  with 
the  initial  energy  at  X/H^. 

To  validate  the  use  of  the  computational  results  over  the  whole  flow  domain,  profiles  of  velocity  and  turbulence 
energy  are  compared  with  present  experimental  results  and  those  reported  by  other  researchers.  For  example,  a 
comparison  of  the  present  vertical  profiles  of  the  longitudinal  velocity  at  10%  turbulence  intensity  are  shown  with 
those  of  Baker  and  Moss  in  Figure  8.  The  profiles  at  X/H=2  give  a  good  correlation,  but  further  downstream  at 
X/Hs4.  the  predictions  compare  favourably  with  the  present  measurements  but  give  lower  velocities  than  Baker's. 

The  profiles  of  turbulent  energy  at  10%  inlet  turbulence  energy  and  at  X/H=2  and  X/H=4  are  compared  with 
the  present  LDA  measurements  and  with  the  hot  wire  results  of  Baker  and  Moss  (Fig  9).  The  shapes  and  maximum 
values  of  the  proftles  compare  well  indicating  that  the  turbulence  energy  is  well  modelled.  The  Ke  is  known  to 
undetpredict  behind  a  step  by  up  to  20%  (Kim  et  al  1980).  Here  it  also  underpredicts  at  X/H=2  and  4.  The 
maximum  error  in  the  present  predictions  in  comparison  to  Baker's  results  at  X/Ha4  is  16%.  There  is  a  larger  error 
between  the  profiles  at  X/H=2  for  low  values  of  Y  (around  O.SH).  This  is  due  to  different  inlet  conditions.  Baker's 
experiment  naturally  produces  a  profile  velocity  inlet,  but  a  uniform  velocity  inlet  is  modelled  here. 

This  project  concentrates  on  determining  a  relationship  between  the  reattachment  length  and  inlet  turbulence. 
By  varying  the  uniform  inlet  turbulence  proftles  from  1%  to  90%  a  relationship  is  obtained.  Oerall.  the  results 
show  that  at  low  turbulence  levels  the  reattachment  point  decreases  rapidly  with  increasing  inlet  turbulence.  As 
the  turbulence  increases,  the  reattachment  length  decreases  more  slowly  in  an  exponential  form.  At  60%  turbulence 
a  steady  state  is  reached.  Even  with  increasing  turbulence  the  reattachment  length  remains  at  3.S  step  height 
downstream  of  the  step.  The  present  LDA  results  cover  the  inlet  turbulence  rate  5%  to  40%  only.  The 
measurements  compare  extremely  well  to  the  predictions  and  also  show  an  exponential  decay  of  the  reatiachment 
length  with  increases  in  the  turbulence  energy.  These  findings  are  plotted  against  the  experimental  results  obtained 
by  Isomota  and  Honami  (1989),  (Fig  10).  Their  study  examines  the  effect  of  inlet  turbulence  between  10%  and 
12%  on  the  reattachment  length.  A  very  strong  linear  relationship  between  turbulence  and  the  reattachment  length 
is  indicated.  Increasing  the  turbulence  by  2%  moves  the  reattachment  point  upstream  by  two  step  heights.  Although 
the  present  study  does  indicate  a  lower  value  of  reattachment  length  at  10%  turbulence,  the  values  at  12%  compare 
well.  If  the  results  of  Isomota  and  Honami  are  interpolated  to  slightly  high  turbulence,  the  curves  indicated  by 
present  predictions  and  those  of  Isomota  would  join  to  form  a  reasonably  smooth  curve  of  exponential  form.  This 
shows  that  the  present  predictions  closely  agree  with  the  trend  indicated  by  the  experiments,  and  the  exponential 
form  of  the  graph  is  correct 
5.  Conclusions 

This  study  demonstrates  that  higher  inlet  turbulence  results  in  great  mixing  in  the  flow.  This  causes  the  profiles 
of  the  variables  to  become  uniform  more  quickly  in  high  turbulence  flows  and  the  reattachment  point  can  form 
further  upstream.  At  very  high  turbulence  the  flow  is  saturated  with  mixing  and  an  increase  in  the  inlet  turbulence 
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has  no  effect  on  the  re-atuchment  length. 

In  modelling  the  rearward  facing  step  some  simplifications  have  been  made.  All  the  cases  which  have  been 
considered  have  modelled  2-dimensional  effects  only.  In  any  practical  situation  of  flow  behind  a  step,  the  step 
would  have  a  finite  width  and  it  is  known  that  cyclic  three  dimensional  effects  exist  in  the  flow.  These  have  been 
found  to  affect  the  reatcachment  length.  A  second  simplification  made  in  this  study  is  the  use  of  a  uniform  inlet 
velocity  profile.  In  practical  situations,  the  flow  will  have  developed  a  boundary  layer  before  reaching  the  back 
face  of  the  step. 

This  study  concentrates  on  the  effect  of  varying  the  inlet  turbulence.  To  fully  investigaie  how  the  leattachment 
point  changes  with  inlet  conditions,  other  flow  parameters  need  to  be  investigated.  A  more  comprehensive  study 
of  the  effect  of  inlet  velocity  is  needed.  It  is  shown  here  that  the  leanachment  length  decreases  with  increasing 
turbulence.  This  indicates  that  the  rate  of  decay  of  turbulence  e  may  also  affect  the  reattachment  length. 


NOMENCLATURE 


u 

longitudinal  velocity 

P 

Density  of  fluid 

U. 

Free  stream  velocity 

K 

Turbulence  kinetic  energy 

V 

Vettical  velocity 

e 

Kinetic  energy  dissipation  rate 

lit 

turbulent  viscosity 

H 

Step  height 

X.Y 

Longitudinal  &  vertical  directions 
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Fig  1 :  Flow  regime  behind  a  rearward  facing  step 


Fig  2:  Transmitting  optics 


Fig  3:  Image  processing  system 


A36-9 


A36-10 


QUASI-TWO-DIMENSIONAL  TTJRBLi-ENCE  AND  STOCHASTIC  TRAVELING 
WAVES  IN  THE  STRATOSPHERE  AND  IN  THE  LABORATORY 


H.  Branover,  A.  Bershadskii,  A.  Eidelman.  and  M.  Nagorny 
Center  for  MHD  Smdies 
Ben-Gurion  University  of  the  Negev 
P.O.B.  6S3,  Beer  Sheva,  Israel 


Abstract 

On  the  basis  of  data  produced  by  measurements  conducted  in  the 
stratosphere  and  in  laboratory  models  (by  the  authors  and  other 
researchers),  it  has  been  shown  in  this  paper  that  turbulence  in  the 
stratosphere  is  of  a  quasi-two-dimensional  type.  Such  a  turbulence  appean 
as  a  secondary  suble  regime  after  the  loss  of  two-dimensional  turbulence 
stability  because  of  three-dimensional  disturbances  (helical  traveling 
waves).  The  energy  spectra  pertaining  to  this  type  of  turbulence  are 
considerably  different  from  energy  spectra  of  two-dimensional  turbulence. 

Nevertheless,  inverse  energy  transfer  actually  exists,  albeit  it  has  essentially 
a  different  nature  than  in  the  case  of  two-dimensional  turbulence  (transfer 
iiom  vortexes  to  helical  waves). 

I .  Instability  of  Two-dimensional  Turbulence  in  the  Stratosphere  and  the  Laboratory 

Initiai  theoretical  works  on  two-dimensional  turbulence  acknowledged  its  instability  in  three-dimensional 
space  [1].  However,  secondary  turbulent  motions  ensuing  as  a  result  of  two-dimensional  motion-instability  can 
be  stabilized  by  such  external  stabilizing  factors  as  stranfication,  rotation  or  strong  magnetic  fields  if  the  liquid 
has  a  high  conductivity.  These  secondary,  quasi-two-dinrensional  motions,  having  become  stable,  are  actually 
the  ones  which  arise  in  natural  surroundings.  In  some  cases,  the  sttbilizing  factor  is  so  strong  that  it  overwhelms 
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the  instabiLty  of  the  initial  two-dimensional  motion  caused  by  three-dimensional  disturbances,  and  then,  intrinsic 
two-dimensional  nirbulence  can  take  place. 


Instability  of  two-dimensional  turbulence  in  three-dimensional  space  will  primarily  display  itself  by 
exciting  waves  which  bend  the  two-dimensional  motion-planes.  These  travelling  waves  will  bring  about 
fluctuation  of  average  turbulent  energy  dissipation  rates  (t).  As  is  generally  known  [1-3]  the  value  T  plays  a 
major  role  in  spectrum  fcMination  on  such  scales  when  direct  viscosity  influence  can  be  ignored  and  where 
everything  depends  only  on  energy  transfer  between  fluctuations  of  different  scales  in  the  so-called  inertia- 
interval. 

If  the  space-scale  of  the  principle  mode  of  these  waves  L  is  much  larger  than  scale  L*  on  which  energy  is 
injected  into  turbulence,  then  in  the  scale-interval  between  L  and  L*.  e  will  not  be  the  most  important  parameter 
any  mote  the  crucial  one  will  be  average  rate  of  e-fluctuadon,  Le.  a  value  |d  E  /dz|  where  z  is  the  coordinate  along 
the  z  perpendicular  to  the  two-dimensional  turbulence-plane.  Thus,  the  two-dimensional  plane-bending  waves 
will  propagate  specifically  along  axis  in  three-dimensional  space.  In  those  cases  when  T  was  the  only  crucial 
parameter  it  was  decided  on  the  basis  of  dimensional  consideration  [1,3]  to  express  the  energy  spectrum  in  the 
following  way: 

E-djWk-S'J  (1) 

where  E  is  the  spectral  density  of  kinetic  eiwrgy  and  k-  the  wavenumber. 

On  a  scale  interval,  when  L  »  r  »  L*.  where  the  only  crucial  parameter  is  |dE/dz|  dimensional 
consideration  leads  to: 

E-|^|2^k-w  (2) 

As  we  can  see,  the  difTerence  between  the  two  spectral  laws  (1)  and  (2)  is  considerable.  As  to  the 
direction  of  energy  transfer  on  a  scale-range  between  L  and  L*,  it  is  clear  that  energy  exciting  the  three- 
dimensional  oscillations  of  two-dimensional  turbulence  planes  is  supplied  from  the  same  source  as  the  rest  of  the 
energy  generating  two-dimensional  turbulence.  Since  L  >  L*.  the  energy  going  into  motion  on  -  scales  must 
be  transferred  towards  larger  scales  *■  L,  i.e.  from  the  smaller  scales  to  the  larger  ones.  Hence,  in  the  scale-range 
which  obeys  the  spectral  law  (2)  inverse-energy  transfer  will  take  place.  However,  the  nature  of  this  inverse 
transfer  is  essentially  different  from  that  of  two-dimensional  tu^lence  proper  [1-3]. 

Secondary  motion  as  travelling  three-dimensional  waves,  can  be  stabilized  by  external  stabilizing  factors. 
In  this  case  a  quasi-two-dimensional  turbulence  on  a  certain  large-scale  interval  characterized  by  inverse  energy 
transfer  would  be  brought  about 
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Recent  spectral  data  obtained  in  the  framework  of  "Global  Atmospheric  Sampling  Program '  (GASP)  for 
the  stratosphere  is  presented  in  Fig.  1  [2].  Older  data  (4J  is  presented  in  Fig.  2.  The  straight  lines  in  Figs.  1  and 
2  are  included  so  as  to  compare  with  the  dependence  (2).  In  Fig.  3  one  can  see  the  results  of  spectral  energy 
transfer  -  function  measurements  corresponding  to  measurements  shown  in  Fig.  2.  The  negative  values  of  the 
spectral  transfer  function  correspond  with  inverse  energy  transfer.  Similar  results  (a  spectrum  of  the  type  (2)  and 
inverse-energy  transfer  on  the  same  scale  interval)  were  also  obtained  in  the  laboratory  iitcasurements  of  turbulent 
stratified  liquid  flow  generated  by  a  hydrodynamic  grid  [S]. 

The  situation  considered  above  pertains  to  the  case  when  the  initial  two-dimensional  turbulent  spectrum 
was  determined  by  spectral  energy  transfer  (parameter  T).  In  the  case  of  two-dimensional  turbulence  inertial 
spectra  determined  by  enstrophy  transfer  are  also  possible  [2,3].  For  the  case  when  the  only  crucial  external 
parameter  in  the  inertial  interval  is  £«i  again  from  dimensional  considerations,  the  following  spectral  law  was 
established  [2,3] 

E  >  k -3  (3) 

And  in  this  case,  the  instability  of  two-dimensional  turbulence  in  three-dimensional  space  leads  to  changes 
.  in  the  spectral  law.  Similarly  to  the  transformation  of  law  (1)  to  law  (2),  formula  (3)  is  also  transformed  to  the 

"  following: 

(4) 

As  to  the  inverse  energy  transfer,  all  the  previous  discussions  remain  valid.  However,  the  structure  of 
travelling  waves  bending  the  two-dimensional  turbulence  surface  in  this  case  will  be  different.  This  interesting 
issue  will  not  be  discussed  in  detail  here.  We  will  just  note  that  probtems  relevant  to  wave  structure  distinction  in 
the  first  and  second  cases  depend  on  different  types  of  breaking  reflexion  symmetry  and  are  related  to  such 
fundamental  concepts  as  helicity  and  superhelicity  [6]. 

Spectral  energy  data  shown  in  Fig.  4  was  obtained  in  labtxatoiy  where  quasi-two-dimensional  turbulence 
was  generated  by  a  grid-ban  parallel  to  uniform  magnetic  field  B[7].  Straight  lines  are  plotted  in  Fig.  4  so  as  to 
compare  them  with  laws  (2)  and  (4).  The  electrical  conductivity  of  liquid  mercury  is  high  enough  to  allow  an 
external  magnetic  field  to  exert  a  strong  force  influencing  its  motion. 

In  order  to  demonstrate  in  a  direct  manner  the  presence  of  inverse  energy  transfer  in  this  type  of 
turbulence,  the  wake  of  a  separate  grid-bar,  parallel  to  the  external  magnetic  field  was  investigated.  The 
development  of  the  wake  behind  the  bar  in  the  presence  of  magnetic  field  and  in  its  absence  is  shown  in  Fig.  S.  It 
is  evident  that  in  the  absence  of  a  magnetic  field  the  velocity  profile  in  the  wake  behind  the  bar  becomes  flatter  at 
greater  distances  from  the  bar.  This  is  accounted  to  energy  transfer  from  fluctuations  of  large  space-scales  to 
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FIGURE  1.  Spoctra  from  tha  GASP  fllgfila  In  atrato- 
sphara  at  laatt  4M0  km  long:A-klnalle  anargy; 
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fluctuations  of  smaller  space-scales,  and  their  subsequent  dissipation  associated  with  viscosity.  As  to  the  wake 
behind  the  bar  in  the  presence  of  a  magnetic  field  it  behaves  in  quite  an  unusual  manner.  Instead  of  the  velocitv 
profile  getting  flatter  it  preserves  its  convex  form  at  great  distances  away  from  the  bar.  This  is  caused  by  the 
inverse-energy  transfer. 

Fig.  6  demonstrates  that  the  change  of  motion  regimes  described  by  spectral  laws  (2)  and  (4)  are 
associated  with  the  loss  of  stability  and  violation  of  symmetry.  In  this  figure  the  vertical  axis  is  used  for  values 
of  power  in  the  spectral  law  for  the  longitudinal  fluctuations  component  of  the  velocity  field  (E  -  k  “)  and  the 
horizontal  axis  —  for  values  of  parameter  Ha/Re,  (Ha  ~  |B|)  From  Fig.  6  it  can  be  seen  that  the  sharp  change  of 
the  stable  quasi-two-dimensional  turbulence  from  (2)  to  t4)  takes  place  when  the  external  stabilizing  parameter  (in 
this  case-magnetic  field  B)  passes  a  certain  critical  value. 

Measurements  conducted  in  the  stratosphere  indicate  the  validity  of  just  one  formula  (2).  This  fact  shows 
that  factors  stabilizing  the  quasi-two-dimensional  turbulence  in  the  stratosphere  usually  are  not  strong  enough  to 
keep  in  force  the  second  quasi-two-dimensional  regime  (4). 

2 .  Quasi-two-dimensional  Turbulence  DiiTusion  of  Passive  Scalar 

Dimensional  considerations  employed  in  section  1  for  deriving  scaling  spectral  laws  can  also  be  used  to 
obtain  the  dependence  of  the  effective  value  of  diffusivity  K*  on  scale  L.  If,  indeed  the  only  dimensional 
parameter  in  the  inertial  interval  is  the  value  |de  /  dz)|,  then,  taking  into  account  dimensional  considerations, 

obtain 

(5) 

Another  measurable  quantity  characterizing  the  diffusion  of  passive  impurity  is  the  mean  square  relative  velocity 
of  particle  pairs  as  a  fimctional  relative  separation  L: 

<« 

We  should  note  that  for  intrinsic  two-dimensional  turbulence,  K*  '  in  the  energy  transfer  interval, 
and  K*  -  in  the  interval  of  enstrophy  transfer.  At  the  same  time 

|3L  /  dt)|^  -  in  the  energy  transfer  interval  and  |3L  /  dt)|^  -  in  the  interval  of  enstrophy  transfer.  In 
cases  the  laws  are  substantially  different  from  those  of  (5)  and  (6). 

Experimental  data  obtained  in  the  lower  layers  of  the  stratosphere  [8]  for  K*  and  for  (dL/dt)^  are  shown  in 
Figs.  7,8.  The  straight  lines  are  meant  to  be  compared  with  the  laws.  (5)  and  (6).  Similar  results  have  been 
obtained  in  the  experiment  devoted  to  passive  impurity  diffusion  in  a  rotating  liquid  [9]  (Fig.  9). 
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3 .  Fractal  Dimension  of  Surfaces  in  the  Quasi-two-dimensional  Turbulence. 

First  of  all  a  strictly  two-dimensional  turbulence  obeying  spectral  law  (1)  will  be  examined.  The 
expanding  passive  scalar  patch  of  a  turbulized  liquid  is  to  be  monitored.  Approximately  the  boundary  of  the 
patch  formed  by  sections  of  equal  length  Ti(t)  -  Kolmogorov  scale.  Assuming  the  effective  radius  of  the  patch  to 
be  -  R(t),  the  number  of  T|-sections  in  the  broken  line  being  approximated 

N  =  (J)-Dp  (7) 

where  Dp  is  the  fractal  dimension  of  the  patch-boundary.  Determining  the  effective  increase  of  the  patch-area  dS 
during  a  time-period  of  dt,  we  introduce  an  effective  instant  velocity  v(r^,t)  of  the  T|-section  motion  in  a  direction 
perpendicular  to  this  section.  Then 

dSsn(v-dt)N  (8) 

Substituting  (7)  into  (8); 

dS2Ti(vdt)(J)-Dp  (9) 

The  expression  (9)  can  be  written  as: 

dSsF(t)RDpdt  (10) 

where 

F(t)  2ii»-t>pv(Ti,t)dt  (11) 

If  scale  R  belongs  to  the  inertial  interval,  then  F(t)  can  depend  only  on  T  for  Kolmogorov's  turbulence 
and 

dS-c(7)*RDpdt  (12) 

where  c  and  x  are  certain  non-dimensional  constants.  Dp  and  x  can  be  determined  by  dimension  considerations: 

dS  -  Ci(I)-‘'5R4/3dt  (13) 

Consequently,  in  the  two-dimension  case  with  Kolmogorov’s  turbulence.  Dp  4/3.  in  the  inertial 
interval.  This  result  has  been  known  and  experimentally  proved,  see,  for  instance,  the  review  [10]. 

Above  consideration  can  also  be  readily  conducted  in  quasi-two-dimensional  turbulence  for  which  the 
crucial  dimensional  parameter  is  |de/dzj.  In  this  case,  correspondingly,  we  obtain 

ds«  GIVI'S  R^^dt  (14) 

HetKe,  for  turbulence  of  such  kind 

Dp -5/3  (15) 
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The  data  obtained  in  laboratory  simulation  with  stratified  rotating  liquid  [1 1]  is  shown  in  Fig.  10.  Here. 
Dp  =  4,3  at  small  scales,  and  Dp  «  5/3  at  large  scales,  arc  marked  by  straight  lines.  Atmospheric  observations 
conducted  on  scales  i  10^  km  showed  Dp  =  4/3  [10].  One  can  expect  a  value  Dp  =  5/3  on  scales  z  10^  km 
iFig.  1). 

4.  Solitons  in  Quasi-two-dimensional  Turbulence 

Travelling  waves  after  having  lost  their  stability  appear  as  a  secondary  stable  regime,  gain  the  capacity  to 
engender  space-localized  three-dimensional  (helical)  formations  of  a  soliton  nature  (e.g.  [12-14]).  The  physical 
structure  of  these  solitons  can  be  easily  understood,  provided  that  the  vortex  perpendicular  to  the  two- 
dimensional  turbulence  plane  are  teptesented  in  filament  form  [3,12).  The  initially  small  disturbance  of  such  a 
filament  will  bring  about  two  helical  local  formation,  propagating  in  both  directions  [12-14],  Hasimoto  [15]  has 
conducted  an  analytical  study  of  these  helical  solitons  for  a  laminar  case.  The  question  is:  how  will  the  show-up 
of  these  solitons  in  large  scale  turbulence  influence  its  behavior.  It  is  clear  that  these  solitons  are  going  to  act  as  a 
supplementary  sink  of  energy  driven  into  motion  on  smaller  scale  (see  section  1  about  the  mechanism  of  inverse- 
energy  transfer  into  travelling  waves).  However,  these  energy  sinks  are  space-localized,  so  the  energy  spectrum 
corresponding  to  them  would  not  be  determined  by  the  space-density  dissipation  as  in  the  case  of  space- 
distributed  energy  sinks),  but  by  the  total  dissipatiotL 

eo=|e(7)dr’  (16) 

V 

So,  taking  into  account  dimension  considerations,  a  scaling  dependence  of  large  scale  spectral  energy 
density  can  be  presented: 

E-e^o’  k>'3  (17) 

This  would  essentially  be  a  long-wave  energetic  spectrum  of  "turbulence  with  solitons”.  In  the  short 
wave  range  of  the  spectrum,  structures  based  on  discrete  discontinuities  described  by  Saffmen  [16]  will,  most 
likely,  dominate  [  IT],  Accordingly,  in  the  short  wave  range,  the  spectrum  law 1 1/3"  will  tend  to  transfer  to  law 

■'-4". 

The  spectra  shown  in  Fig.  1 1  we  obtained  in  the  same  conditions  as  data  presented  in  Fig.  6  beyond  the 
critical  point.  A  very  broad  low  frequency  range  of  the  spectrum,  corresponding  to  the  soliton  spectral  law  of 
"1/3”  (17)  can  be  noticed. 

It  is  also  evident  that  as  the  subilizing  faemr  (magnetic  field)  grows,  so  the  energy  of  the  longitudinal 
velocity  fluctuations  arise,  mainly  because  of  the  "soliton"  part  of  the  spectrum.  This  was  accompanied  by  a 
growth  of  the  number  of  soliton  states.  A  typical  oscillogram  segment  of  the  longitudinal  velocity  fluctuations  in 
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a  magnetic  field  B  =  IT  is  shown  in  Fig.  12.  Also,  a  "soliton  mode”  was  accomplished  at  high  angular  rotation 

rates  in  a  numerical  nirbulcnce  experiment,  described  in  [18],  see  Fig.  13  and  in  laboratory  experiment  (19). 

One  can  suppose  that  such  phenomena  as  tornado  and  related  atmospheric  cataclysms  can  be,  to  a  certain  extent, 

attributed  to  the  "soliton  mode"  of  a  quasi-two'dimensional  turbulence. 
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Abstract 

The  development  of  coherent  structures  formed  between  coflowing  vertical 
Jets  at  moderate  Reynolds  numbers  has  been  studied  experimentally.  By  means  of 
LDV  and  flow  visualization  It  has  been  possible  to  produce  data  enough  to 
describe  the  flow  subjected  to  the  effects  of  axial  forcing.  Flow  napping 
Includes  axial  and  radial  phase-averaged  velocity  profiles,  vortlclty  maps  and 
streamlines.  Vortlclty  dynamics  Inferred  from  these  data  shows  a  good  agreement 
with  numerical  simulations.  Mixing  between  the  streams  Is  also  analyzed. 
Improving  with  higher  levels  of  forcing  amplitude. 

1  Introduction 

The  axlsymmetrlc  Instability  of  a  cylindrical  laminar  shear  layer  is  well 
understood,  both  from  a  theoretical  and  experimental  point  of  view  (  Becker  and 
Massaro  (1968),  Beavers  and  Wilson  (1970),  Crow  and  Champagne  (1971),  Mlchalke 
(1984)).  This  Instability  produces  the  roll  up  of  the  cylindrical  vortlclty 
sheet  Into  periodic  vortex  rings.  The  evolution  has  also  been  detected  In 
transitional  and  turbulent  Jets  (  Yule  (1978),  Tso  amd  Hussain  (1989)). 

Some  authors  (  Yule  (1978)  have  shown  that  the  transition  to  turbulence  In 
Jets  Involves  a  relatively  orderly  three-dimensional  deformation  of  the  Initial 
vortex  rings.  This  suggests  that  a  global  comprehension  of  the  growth  and 
development  of  the  Initial  and  round  vortex  rings  formed  at  the  Jet  exit  nozzle 
can  give  the  key  to  understand  some  aspects  of  the  transition  to  turbulence. 

The  actual  Investigations  of  axlsymmetrlc  coflowing  jets  are  focused 
meanly  on  flow  visualization  due  to  Its  simplicity  to  produce  results  faster 
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than  other  experleental  techniques  (  Agui  and  Hessellnlc  11988),  Chao  et  al 
11 ?90i.  Lasheras  et  al  (1990))  although  soae  nunerlcal  simulations  are  found  ( 
Acton  11980),  AgUi  and  Hessellnk  (1988),  Martin  and  Melburg  (1991)).  Being 
these  works  very  Interesting,  It  Is  clear  that  detailed  quantitative 
experimental  results  of  velocity  profiles,  vortlcity  and  mixing  are  needed.  The 
experiment  described  In  this  paper  Is  an  attempt  to  characterize  the  flow 
topology,  using  LOV  to  obtain  quantitative  data  of  velocity  and  vortlcity 
distributions  and  mixing  evolution.  In  coflowing  Jets  that  are  axially  forced 
to  lock  to  a  given  value  the  frequency  and  wavelength  of  the  Jet's  vortex  rings 
and  to  Increase  the  periodicity  which  allows  a  phase  locking  of  the  measuring 
systems.  The  effects  of  more  Intense  structures  due  to  perturbation  on 
vortlcity  and  mixing  are  also  reported. 

2  Experimental  Apparatus  and  Equipment 

The  experiments  were  conducted  In  a  high  versatile,  atmospheric  pressure, 
open  return  and  vertical  wind  tunnel  where  either  non-reacting,  heat  transfer 
or  combustion  experiments  can  be  conducted.  A  layout  of  the  flow  facility  In 
shown  In  Figure  1.  The  wind  tunnel  consists  of  three  coflowing,  low-speed 
axlsymmetrlc  streams  Independently  created.  The  Inner  stream  Is  produced 
through  a  circular  nozzle  with  an  outer  dlaamter  of  24. 3  am.  This  Jet  Is 
surrounded  by  a  coflowing  concentric  gas  stream  which  discharges  Into  the  test 
section  through  a  round  nozzle,  160  mm  In  diameter.  The  tertiary  coflowing  Jet 
Is  formed  by  atmospheric  air  drawn  Into  the  square-cross  test  section,  through 
the  ejectlon-llke  effect  produced  by  these  coflowing  streams  discharge.  A 
detailed  description  of  the  experimental  apparatus  can  be  found  elsewhere 
(Lasheras  et  al  (1990)). 

The  periodic  streamwlse  forcing  is  produced  through  a  vibrating  membrane 
located  In  the  settling  chamber  of  the  Inner  flow.  At  the  base  of  a  small 
chamber,  a  loudspeaker  fed  with  a  sinusoidal  wave  generates  pressure  pulses 
that  result  In  the  periodic  displacement  of  the  membrane  In  a  plston-llke  type 
fashion.  The  membrane  fluctuation  adds  a  streamwlse  velocity  perturbation  of  a 
given  amplitude  and  frequency  to  the  Inner  Jet. 

Velocity  measurements  have  been  carried  out  with  a  two-component,  Ar-Ion 
LDV  system  arranged  In  forward-scatter  mode.  A  counter-type  processor  was  used 
for  laser  signal  handling.  Two  Bragg  cells  were  Installed  to  detect  reverse 
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flew  produced  by  the  forcing  external  perturbations.  Incense  saoke  and  oil 
drops  have  been  the  kind  of  particles  used  for  seeding  the  flow. 

Flow  visualization  has  been  the  first  step  before  the  LDV  study  and  a 
helpful  tool  to  understand  the  dynamics  of  the  structures.  Images  of  the  forced 
flow  have  been  obtained  visualizing  with  a  laser  sheet  TIO^  particles  at  the 
interface  of  the  two  Jets.  These  particles  appear  in  the  reaction  between 
TlCl^.  present  In  the  dry  air  of  the  inner  Jet.  and  the  atmospheric  air  of  the 
surrounding  Jet.  More  detailed  descriptions  of  the  LDV  and  visualization 
systems  can  be  found  elsewhere  (  Lasheras  et  al  (1990),  Cuerno  (1992)). 

3  Results  and  Discussion 

As  a  preliminary  study,  LDV  data  from  the  unforced  flow  have  been 
processed  to  obtain  mean  axial  velocity  profiles  and  turbulence  levels  up  to 
2/D  3  8  (  Cuerno  (1992),  Cuerno  and  Vledma  (1992)).  These  profiles  show  that 
the  mixing  layer  Is  not  completely  developed  and  the  flow  Is  still  dominated  by 
the  nozzle  wake  effect  showed  by  a  loss  of  momentum  In  the  mean  axial  velocity 
profiles  and  a  peak  In  the  turbulence  levels.  The  turbulent  fluctuations  at  the 
exit  in  the  primary  Jet  are  about  1%,  as  In  other  experiments  (  Crow  and 
Champagne  (1971),  Hussain  and  Zaman  (1981)).  and  2%  for  the  secondary  Jet.  The 
exit  boundary  layer  shape  factor  for  the  primary  Jet  Is  H  «  6^/9  »  2.49  close 
to  the  Blaslus  profile  for  the  laminar  boundary  layer,  and  Re^  ■  1000. 

Also,  the  Instability  frequencies  of  this  configuration  have  been  studied. 
Through  the  estimation  of  autocorrelations  and  power  spectra  of  axial  velocity 
data  In  the  primary  and  secondary  Jets  have  been  detected  two  values,  10  and  16 
Hz.  Each  value  Is  associated  to  a  zone  of  the  flow.  The  frequency  of  16  Hz 
appears  up  to  z/D  >  6  where  coexists  with  10  Hz.  For  z/D  >  6  the  spectrum  is 
dominated  by  10  Hz.  So  It  seems  that  16  Hz  Is  associated  to  some  Initial 
Instability  and  10  Hz  to  other  process.  The  Strouhal  number  based  on  the 
Initial  momentum  thickness  Is  0.019  for  16  Hz  and  the  Strouhal  number  based  on 
the  Jet  diameter  Is  0.36  for  10  Hz.  These  values  fall  In  the  range  of  St  for 
the  Initial  Instability  (  which  depends  on  the  Initial  velocity  profile  and 
vortlclty  distribution)  and  the  preferred  node  (or  Jet  column  mode,  which  Is 
defined  as  the  most  amplified  mode  at  the  end  of  the  potential  core  and  Is 
related  to  some  global  Jet  Instability)  for  axlsymmetrlc  Jets  (  Cutmark  and  Ho 
(1983)).  The  first  one  was  selected  as  the  forcing  frequency  because  locking 
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the  excitation  at  that  value  the  generation  of  structures  In  the  flow  Is  sore 
repetitive,  enabling  the  use  of  phase-locked  analysis. 

Once  this  value  being  obtained,  the  flow  has  been  forced  streaawlse  with 
a  single  sinusoidal  wave  at  16  Hz  and  two  different  amplitudes  of  forcing 
corresponding  to  28  and  54  X  In  velocity  (  X  amplitude  of  forcing  ■  ( 
y  .  /  y  *  y  .  J  x  lOO).  the  lower  one  Is  the  most  common  condition  found 

ZBiil  XMIMX  ZBin 

In  other  works  and  the  higher  one  was  selected  due  to  the  apparition  of  small 
counter-rotating  vortex  rings.  Figures  2  and  3  show  phase-locked 
visualizations  of  the  selected  excitation  conditions.  Phase-locked  LOV 
measurements  of  axial  and  radial  velocity  have  been  obtained  at  four 
downstream  distances  z/0  >  0.16,  1,  2  and  3  In  order  to  get  a  detailed 
description  of  the  forced  near  field,  measuring  up  to  59  radial  positions 
along  29  mm  at  each  profile. 

Applying  phase  average  processing  to  these  measurements  has  been  possible 
to  up  the  response  of  the  flow  along  the  cycle  of  perturbation.  The  details 
about  the  scheme  used  to  Interpolate  the  axial  velocity  for  z/D  <  3,  the 
estimation  of  the  convection  velocity  of  the  structures  and  the  estimations  of 
the  phase-averaged  streamlines  and  vortlclty  can  be  found  elsewhere  (  Cuerno 
(1992),  Cuerno  and  Vledma  (1992)).  As  a  first  qualitative  result,  at  every 
downstream  station  where  we  measured  and  in  both  conditions  of  amplitude  of 
forcing,  velocity  naps  as  the  one  showed  In  Figure  4  have  been  obtained.  In 
this  nap  we  present  simultaneously,  In  a  reference  system  moving  with  the 
convection  velocity,  radial  and  axial  phase-averaged  velocities  In  terms  of 
radius  and  phase.  This  kind  of  figures  allow  a  prellnlnar  Identification  of 
structures  In  the  flow. 

More  complete  Information  about  the  evolution  of  the  structures  can  be 
found  In  the  study  of  the  streamlines  due  to  Its  strong  linking  with  the  flow 
visualization.  As  the  flow  Is  periodic,  axlsymmetrlc  and  Incompressible  the 
phase-averaged  stream  function  can  be  estimated  In  moving  or  fixed  reference 
systems,  which  allow  to  obtain  phase-averaged  streamlines  for  the  whole  flow 
(z/D  a  3  )  Just  Interpolating  the  axial  velocity  profile  using  (1).  Figure  5 
shows  the  evolution  of  the  streamlines  for  the  higher  excitation  case  In  moving 
reference  system  for  six  phase  positions  along  the  cycle  of  perturbation  (  one 
cycle  Is  subdivided  Into  30  Intervals),  giving  a  clear  Image  of  a  section  of 
the  vortex  rings  and  their  downstream  evolution  along  the  cycle. 
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The  next  step  Is  going  to  be  the  study  of  the  phase-averaged  vortlclty 
."igures  6  and  7  show  the  vortlclty  maps  at  z/D  «  0.  16.  1,  2  and  3  for  the  lower 
and  hlg.her  excitations  cases.  At  z/D  >  0.  16  for  the  lower  case  the  positive 
vortlclty  Is  distributed  along  the  Interface  between  the  streams  In  a  way  like 
the  unforced  flow.  With  Increasing  values  of  z/D  the  positive  vortlclty 
concentrates  forming  vortex  rings  with  almost  circular  section.  For  the  higher 
case,  the  effect  of  the  Increasing  amplitude  of  excitation  can  be  seen  as  a 
greater  concentration  of  positive  vortlclty  to  form  rings  even  from  z/D  =  0.  16. 
From  z/D  =  1  there  are  secondary  negative  vortlclty  zones  between  consecutive 
vortex  rings  and  seem  to  be  associated  to  the  counter-rotating  small  vortex,  as 
the  ones  showed  In  Figure  3,  that  appear  when  the  excitation  levels  grows  ( 
Lasheras  et  al  (1990)). 

In  both  cases  of  excitation  the  positive  vortlclty  distribution  In  terms 
of  radius  and  phase  Is  conical,  being  the  levels  of  the  maximum  almost  double 
for  the  higher  case  than  for  the  lower.  The  behavior  of  these  distributions  are 
analogous:  the  maximum  decreases  with  Increasing  downstream  distances  and  the 
vortlclty  concentrates  to  form  rings  although  the  perturbation  level  Intensify 
this  effect. 

These  results  have  been  compared  with  recent  works  on  numerical  simulation 
of  Jets  subjected  to  axlsymmetrlc  perturbations  (  Martin  and  Melburg  (1991)) 
showing  a  great  agreement  specially  with  the  lower  excitation  case:  the 
evolutions  of  vortlclty  distributions  are  analogous,  the  free  stagnation  points 
(  In  moving  reference  system)  do  not  form  at  the  center  of  the  region  between 
consecutive  vortex  but  are  shifted  towards  the  Jet  axis  (  see  Figure  4)  and  as 
a  result  the  upstream  neighborhood  of  the  vortex  rings  becomes  depleted  of 
vortlclty  more  rapidly  than  the  downstream  side  (  see  Figure  6). 

Finally  the  variation  In  mixing  between  the  two  streams  Is  going  to  be 
analyzed  using  Information  from  visualization  together  with  streamlines. 
Comparing  phase-locked  photographs  taken  In  several  phase  positions  with  the 
streamlines  In  moving  reference  systems  Is  possible  to  measure  the  radial 
position  of  the  Interface  separating  mixed  from  unmlxed  primary  flow  for 
different  downstream  distances  at  several  phase  positions  along  the  cycle. 
Taking  these  parameters  Inco  the  streamlines  maps  In  fixed  reference  system, 
the  phase-averaged  unmlxed  primary  flow  can  be  estimated  In  terms  of  downstream 
distance  because  there  Is  a  proportionality  between  the  flow  rate  through  a 
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section  and  the  values  of  the  streaafunctlon  at  the  borders  of  that  section. 
Figure  3  shows,  for  both  excitation  cases,  the  evolution  of  the  unaixed  prlaary 
flow  with  downstream  distance.  In  the  near  region  and  for  the  higher  values  of 
z  analyzed  the  mixing  levels  are  analogous,  but  the  great  difference  Is  In  the 
Intermediate  zone.  For  0.8  s  z/D  s  2. 5  mixing  Is  much  more  effective  with 
Increasing  levels  of  forcing  amplitude,  for  Instance,  at  z/D  *  1.6  a  70  X  of 
primary  flow  Is  mixed  for  the  lower  case  and  92  X  for  the  higher.  Another  fact 
Is  that  the  non-linear  behavior  grows  with  amplitude  levels,  as  was  expected. 
Although  the  quantitative  data  are  not  completely  accurate,  this  process  allow 
to  compare  the  mixing  efficiency  with  Increasing  levels  of  forcing  and  to  show 
how  mixing  grows  with  structures  having  greater  concentrations  of  vortlclty. 

4  Conclusions 

Using  LDV  and  flow  visualization  we  have  been  able  to  produce  data  enough 
to  obtain  a  detailed  quantitative  description  of  the  vortlclty  and  mixing 
dynamics  In  the  flow  formed  between  axially  forced  axlsymmetrlc  coaxial  Jets  at 
moderate  Reynolds  numbers.  This  study  takes  flow  visualization  Images  of  the 
flow  as  a  first  aid  to  generate  a  complete  quantitative  velocity  and  vortlclty 
description  using  LDV  data,  that  can  be  used  to  complete  theoretical  models  for 
the  behavior  of  axlsymmetrlc  Jets. 

First  of  all,  the  unexcited  configuration  has  been  analyzed  being 
comparable  to  other  works.  Also,  the  values  of  the  Strouhal  numbers  obtained 
for  the  Instability  frequencies  are  confirmed  with  the  ones  presented  in  other 
works  (  Gutmark  and  Ho  (1983),  Ho  and  Huerre  (1984)). 

The  forced  flow  has  been  documented  with  phase-averaged  axial  and  radial 
velocity  profiles,  phase-averaged  streamlines  and  vortlclty.  Basically  this 
configuration  is  characterized  by  ring  shaped  structures  associated  to  positive 
vortlclty  that  are  formed  from  the  exit  plane  and  are  converted  while  develops. 
An  Increase  In  the  forcing  amplitude  means  greater  Intensity  of  the  structures 
and  also  the  formation  of  small  counter-rotating  vortex  rings  with  negative 
vortlclty  between  consecutive  mean  structures.  The  vortlclty  distributions 
obtained  for  the  lower  excitation  case  show  a  very  good  agreement  with 
numerical  simulations  (  Martin  and  Melburg  (1991))  not  only  In  the  shape  but  In 
the  dynamics. 

Finally,  the  study  about  the  effect  of  the  amplitude  of  pertur)>atlon  on 
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mixing  gives  the  expected  conclusion:  mixing  improves  with  increasing  leveis  of 
fencing  due  to  the  more  intense  structures  that  produces  faster  and  higher 
vcrtlclty  concentrations. 
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Fig.  1.  Schenntlcs  of  the  experlaental  set-up. 

1,  2;  horizontal  and  vertical  traversing 
systeas;  3;  loudspeaker;  4,  6:  prlaary 
and  secondary  settling  chaabers;  S,  7: 
prlaary  and  secondary  flow  Inlets:  8: 
tertiary  flow  Inlet;  9:  nozzles;  10:  test 
section:  11:  exhaust  fan. 


rig.  2.  Phase-locked  laage  of  the 

flow  forced  at  16  Hz  and  28X 
of  perturbation  aaplltude. 


Fig.  3.  Phase-locked  laage  of  the 

flow  forced  at  16  Hz  and  S4X 
of  perturbation  aaplltude. 
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Fig.  7.  Vortlclty  maps  at  z/D  >  0.  16,  1,  2  and  3  for  the  higher  excitation 
case.  The  associated  values  of  u  are  560,  440,  360  and  200  s'V 
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Fig.  4.  Velocity  eap  at  z/D  ■  0. 16 
for  the  higher  excitation. 
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Fig.  8.  Evolution  of  the  unalxed 
primary  flow  in  terms  of 
downstream  distance. 
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Abstract 

This  paper  reports  results  of  experiments  at  Reynolds  numbers  of  12000  and  36000  in  the 
turbulent  channel  flow  in  which  imbedded  longitudinal  vortices  are  generated  by  a  drcu- 
lar  cylinder  placed  with  its  axis  perpendicular  to  the  walls.  Flow  surveys  were  conducted 
in  this  geometry  using  a  quadruple  hot-wire  probe  and  the  wall  shear  stress  vector  was 
measured  "directly"  by  a  sublayer  fence  pair.  The  probe  output  was  processed  to  obtain 
the  development  of  all  the  Reynolds  stress  terms  in  this  complex  flow.  The  results  show 
that  the  Reynolds  stress  terms  containing  the  spanwise  vdodty  component  dominate 
over  others  in  this  disturbed  flow.  Analysis  aS  the  time  dependent  n'  w'  -  signals  indicate 
the  possibility  of  a  significant  clustering  of  events  around  a  characteristic 
nondimensional  time  TU^/D  of  2.7. 


Nomendatnze 


D' 

u,v,w 

u'  ,v'  ,w‘ 

’ll 

T 

VITH 

var(f(t,T)) 


semi  channel  height 

centre  line  velocity  of  fiilly  developed  undistnrbed  channel  flow 
cylinder  diameter 

streamwise,  crosswise  and  q>anwite  coordinates, 

origin  located  at  centre  of  cylinder  on  one  of  the  channel  walls 

mean  vdodty  components 

fluctuating  velocity  components 

friction  vdodty  derived  from  the  pressure  gradient  measurement  of 

the  wall  shear  stress  in  the  undisturbed  fully  developed  channel  flow 

denotes  incremental  stress  in  (  )  normalised  with  u.,* 

averaging  time  in  VlTA-algorithm 

thrahhold  in  VITA-tlgorithm 

variance  of  f(t)  averagM  over  the  time  T 

ratio,  var(f(t,T))/vax(f(t,oo)) 


1.  Intndvctkm 

Large  scale  longitudinal  vortices  imbedded  in  a  turbulent  shear  flow  are  a  prominent 
feature  of  many  flows  in  engineering.  They  are  invariably  present  in  current  aeronautical 
applications  where  wing-sweepback  and  wing-fuselage  junctions  are  the  more  immedi¬ 
ately  obvious  sources  of  longitudinal  vortices,  see  eg.  Bradshaw  and  Cutler  (1987). 
Longitudinal  vortices  are  also  purposely  generated  in  heat-transfer  augmentation  de¬ 
vices,  see  eg.  Eibeck  and  Eaton  (1985),  Fiebig  et  al.  (1991),  Zhu  et  al.  (1991)  and 
Tiggelbeck  et  al  (1992),  and  as  corrective  meuures  for  stabilisation  and  improvement  of 
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diffusor  performance,  see  eg.  Senoo  and  Nishi  (1974).  Streamwise  vortices  are  certain  to 
have  been  present  in  the  experiments  of  Anderson  and  Eaton  (1989)  in  the  boundary 
layer  profile  skewed  by  a  wedge.  Their  attention  is  however  focussed  mainly  on  the  three 
dimensional  boundary  layer  outside  the  region  of  imbedded  longitudinal  vortices.  All 
these  studies  show  a  strong  departure  of  the  turbulence  structure  of  the  three  dimen¬ 
sional  shear  layer  from  that  in  the  more  conventional  kinds  of  shear  layer.  Since  most  of 
the  turbulence  models  of  the  present  day  are  based  on  experimental  data  on  the  more 
conventional  kinds  of  shear  layer,  the  flow  with  imbedded  longitudinal  vortices  presents 
a  challenge  to  turbulence  models.  Here,  the  quantity  of  primary  interest  whose  accurate 
prediction  is  often  regarded  as  the  test  for  a  turbulence  model,  is  the  wall-shear  stress 
vector.  Clearly  there  is  a  need  for  experimental  data  on  the  evolution  of  Reynolds 
stresses,  on  other  details  of  the  turbulent  motion  and,  not  the  least,  on  the  wall  shear 
stress  in  flows  with  imbedded  longitudinal  vortices.  The  motivation  for  the  present  work 
has  been  to  provide  these  experimental  data  in  a  flow  configuration  that  is  relatively 
simple,  yet  retaining  the  essential  features  of  these  flows.  Earlier  flow  investigations  in 
the  configuration  of  a  drcular  cylinder  with  axis  placed  perpendicular  to  the  walls  of  a 
large  aspect  ratio  channel  at  the  moderatdy  high  Reynolds  number  of  75000,  were 
reported  by  Schulz  and  Vasanta  Ram  (1989),  see  also  Schulz  (1989).  In  the  present  study 
we  have  conducted  experiments  in  the  same  geometry  at  Reynolds  numbers  of  12000  and 
36000.  These  are  lower  than  in  the  study  of  Schulz  (1989)  and  are  closer  to  the 
transitional  flow.  The  wall  shear  stress  vector  has  been  measured  directly  by  a  sublayer 
fence  pair.  Instantaneous  values  of  the  local  mean  velocity  vector  and  of  all  the  six 
components  of  the  Reynolds  stresses  have  been  obtained  with  a  specially  fobrlcated 
quadruple  hot-wire  probe,  see  Schulz  (1989). 

2  Experiments 

A  schematic  diagram  of  the  experimental  facility  is  shown  in  fig.  1.  The  dimensions  of 
the  channel  are  40mm  «  720mm  «  7550mm.  The  large  aspect  ratio  of  1:18  ensured  two- 
dimensionality  of  the  oncoming  flow.  The  diameter  D  of  the  cylinder  spanning  the 
channel  walls  with  its  axis  perpendicular  to  the  walls,  was  the  same  as  the  channel 
height  2H,  with  Ds2Hs40mm.  The  experiments  were  conducted  at  centerline  vdodties 
of  the  fully  developed  oncoming  channd  flow  of  9m/s  and  27m/s,  which  corrapond 
to  Reynolds  numbers  based  on  the  semi-channel  height  H,  ResU^/i/,  of  12000  and 
36000  respectively. 

The  V-pattemed  sublayer  fence  pair  for  measurement  of  the  wall  shear  stress  vector  is 
sketched  in  fig.  2a.  The  pressure  difference  across  the  fence  was  measured  by  a 
commercially  available  pressure  transducer  (Baration  of  MKS  Instruments  Inc., 
Andover,  Massachusetts,  USA)  of  the  range  0-lmbar  or  O-lTorr  as  required.  The  fence 
height  was  0.03mm  which,  in  our  experiments,  gave  rise  to  Reynolds  numbers  based  on 


A40-2 


the  wall  friction  velocity  and  the  fence  height  in  the  range  of  1-3.  The  device  was 
calibrated  for  both  magnitude  and  direction  of  the  wall  shear  stress  vector  in  the 
undisturbed  fully  developed  channel  flow,  a  state  that  could  be  realised  with  ease  in  our 
facility  by  removing  the  cylinder.  The  calibration  map  of  our  sublayer  fence  pair  is 
presented  in  fig.2c. 

A  dimensioned  sketch  of  our  quadruple  hot-wire  probe  with  a  wire-arrangement  as  in 
Eckelmann  et  al.  (1984)  fabricated  in  our  laboratory  is  shown  in  fig.  2b.  The  four  wires 
of  the  probe  were  driven  independently  of  each  other  by  commercially  marketed  constant 
temperature  hot-wire  sets  without  linearizer  (make  of  AA-Labs,  Tel  Aviv,  Israel).  Since 
the  "cosine  law"  method  of  accounting  for  the  angular  response  was  found  to  be 
unsatisfactory  for  the  individual  wires  in  the  quadruple  probe  arrangement,  the  probe 
was  calibrated  for  its  behaviour  with  respect  to  the  velocity  vector  at  77  pairs  of  angles 
within  the  region  of  a  cone  of  semi-apex  angle  25°.  The  calibration  data  were  arranged 
in  a  computer  readable  look-up  table. 

The  four  signals  from  the  quadruple  hot-wire  probe  were  recorded  for  a  duration  of  two 
seconds  after  passing  them  through  an  analog/digital-converter  of  12-bit  resolution 
(make  of  Keithley-Instruments,  Munich,  Germany)  installed  in  a  386  MS-DOS 
computer.  2000  samples  per  channel  were  acquired  in  the  sample-4c-hold  mode  with  a 
sampling  rate  of  1  kHz.  Discrete  time  series  of  the  three  components  of  the  instantaneous 
velocity  vector  were  therefore  available  from  which  long-time  averages  and  correlations 
of  the  fluctuating  quantities  could  be  obtuned  in  a  straightforward  manner. 

The  profile  measurements  were  conducted  over  half  the  channel  height  at  21  points  in 
the  y-direction  (perpendicular  to  the  channd  walls)  at  18  x-z-locatiors  in  the  ’near 
field’  which  we  define  here  to  be  the  region  2<x/D<7.5,  0<z/D<1.5,  see  Schulz  (1989). 
Here,  x  and  z  are  streamwise  and  spanwise  distances  respectively  from  the  center  of  the 
cylinder,  see  fig.3. 

3.  Data  analysis 

The  disturbance  generated  by  the  cylinder  to  the  channel  flow  is  of  a  highly  complex 
nature  influencing  the  turbulent  motion  over  a  broad  range  of  time  and  length  scales. 
The  long-time  averages  of  the  mean  and  fluctuating  quantities  as  well  as  the  spectra  and 
other  details  of  the  fluctuating  motion  are  all  therefore  affected.  In  order  to  keep  the 
length  of  this  communication  within  set  limits,  we  restrict  ourselves  in  this  paper  to 
reporting  the  results  of  data  analysis  from  two  points  of  view,  one  with  respect  to  the 
long-time  averaged  stresses  and  the  other  to  the  search  of  structures,  if  any,  in  the  flow. 
Insofar  as  the  long-time  averaged  quantities  are  concerned  we  have  examined  the 
departures  of  these  quantities  from  those  in  the  undisturbed  fully  devdoped  channel 
flow.  In  our  search  for  structures  the  time-dependent  quantities  have  been  analysed  with 
the  VITA-algorithm. 


Fig.  4  shows  the  conventiouUy  nonnalised  U-component  meuured  with  our  quadruple 
hot  wire  probe  in  the  fully  developed  flow  with  the  cylinder  removed.  The  friction 
velocity  for  normalisation  in  this  plot  has  been  obtained  from  the  pressure  drop 
measurement.  The  measured  mean  velocity  data  are  well  represented  by  a  logarithmic 
law,  with  a  slope  of  2.43  and  1.64  at  Reynolds  numbers  of  36000  and  12000  respectively. 
This  difference  in  slope  is  consistent  with  observations  in  literature,  which  show  a 
departure  of  the  Karman  constant  from  a  value  of  0.41  at  lower  Reynolds  numbers.  The 
agreement  with  the  log-law  also  provides  a  test  of  confidence  for  the  technique  of 
measurement  by  the  quadruple  hot-wire  probe. 

Fig.  5  is  a  plot  of  the  "directly"  measured  local  wall  shear  stress  vector  for  Rew36000. 
From  the  measurement  of  the  instantaneous  velocity  vector,  the  various  long-time 
averaged  quantities  of  interest  that  enter  turbulence  models,  vis.  the  mean  velocity,  the 
Reynolds  stresses  and  triple  correlations  of  the  fluctuating  velocity  components  may  be 
obtained.  To  preserve  clarity  of  presentation  in  the  midst  of  the  voluminous  data  we 
reproduce  here  a  selection  of  results  which  exhibit  salient  features  of  the  departures  from 

the  fully  developed  flow  .  These  are  in  the  Reynolds  stresses  w'^,  u'w‘.  It  is  also 
meaningful  to  view  these  quantities  in  terms  of  their  differences  from  their  profiles  in  the 
fully  developed  channel  flow.  We  refer  to  these  differences  as  incremental  Reynolds 
stresses. 

Figs.  6  and  7  show  the  streamwise  evolution  of  the  incremental  Reynolds  stresses  at  the 
channel  centre  and  at  y/HsO.S,  nondimensionalised  with  respect  to  the  friction  velocity 
of  the  undisturbed  channel  flow.  We  draw  the  reader’s  attention  to  the  following  points 
in  this  figure. 

1.  The  inaemental  Reynolds  stresses  that  contain  the  spanwise  component  w’ 
dominate  over  the  others.  The  stress  term  containing  the  cross  component  (V)  is 
generally  lower  than  the  others. 

2.  The  location  of  the  maximum  disturbance  at  a  certain  wall  distance  shifts 
downstream  as  the  observer  moves  aaoss  spanwise  away  from  the  plane  of 
symmetry.  This  feature  is  retained  at  all  wall  distances. 

3.  At  the  location  given  by  the  normalised  x-  and  ■-  coordinates  (2,  0.75),  which,  in 
the  two-dimensional  flow  past  a  drcolar  cylinder  of  long  span  would  lie  in  the 
region  of  the  wake,  there  is  hardly  any  departure  from  the  fully  devdoped 
undisturbed  channd  flow  discernible.  Clearly,  the  reason  for  this  is  the  strongly 
confining  effect  of  the  channd  walls  on  the  wake  past  the  cylinder.  The  gradual 
spreading  of  the  disturbance  into  the  adjacent  fully  devdoped  region  is  evident  on 
comparing  the  streamwise  plots  of  the  incremental  Reynolds  stresses  at  different 
values  of  z  with  each  other. 

4.  The  incremental  Reynolds  stresses  at  the  different  wall  distances  dearly  pass 
through  a  turning  point  at  the  locations  given  by  the  normalised  x-,  t- 


The  complete  measurement  data  are  obtainable  from  the  authors  on  request. 
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coordinates  (3.2S,  0.75)  and  (4.5,  1.5),  downstream  of  which  they  decay.  The 
streamwise  evolution  of  the  incremental  stresses  downstream  of  the  cylinder  is 
therefore  not  monotonic 

Analysis  of  the  time  series 

The  discrete  time  signals  of  the  instantaneous  Reynolds  stress  u'  w'  at  a  few  selected 
stations  were  analysed  both  by  FFT-methods  and  by  a  VITA-algorithm.  We  present 
here  the  results  obtained  at  the  point  x/Dw3.2S,  y/H*  0.5  and  s/DaO.75.  The 
significance  of  this  location  may  be  seen  on  referring  to  Fig.  7.  It  lies  just  within  the 
border  of  the  disturbed  region  at  x/Dw3.2S  and  half  way  between  the  wall  and  the 
channel  center.  Straightforward  spectral  analysis  of  both  u'  *  and  n'  w'  by  standard 
FFT^ethods  showed  that  the  spectrum  of  the  disturbed  flow  is  broadbanded,  but 
discrete  frequencies  with  a  significantly  higher  energy  content  are  indeed  discernible  at 
nondimensional  frequencies  (DfV^  of  0.18  and  0.36,  the  former  being  more  dominant  for 
u'  w'  and  the  latter  for  u' 

Signals  of  both  u'  ^  and  u'  w'  were  subjected  to  analysis  by  the  VITA-algorithm  for  a 
range  of  averaging  times  and  threshholds  along  lines  laid  out  by  Blackwelder  and  Kaplan 
(1976),  Narasimba  and  Kailas  (1987)  and  Morrison  et  al.  (1989).  This  analysis  was  done 
for  both  the  undisturbed  fully  developed  channel  flow  and  the  flow  disturbed  by  the 
imbedded  longitudinal  vortices.  Fig  8a,b  shows  a  perspective  view  of  the  count  of  events 
in  the  two  flows  as  a  function  of  the  averaging  time  and  the  threshhold.  We  have 

adopted  the  following  as  the  criterion  for  detecting  an  event: 

var(f(t,T)) 

The  quantity  <r  - -  should  exceed  the  threshhold  VITH,  (cf. 

var(f(T=oo)) 

Narasimha  and  Kailas  (1987),  Morrison  et  al.  (1989)),  with  the  additional 
constraint  that  the  duration  over  which  a  exceeds  the  threshhold  VITH  is  not  less 
than  50%  of  the  longest  duration  encountered  within  the  data  set. 

A  comparison  between  the  two  shows  that  whereas  in  the  undisturbed  fully  developed 
flow  a  large  number  of  events  occur  around  a  nondimensional  averaging  time  U^T/D  of 
around  2  in  the  flow  disturbed  by  the  cylinder,  not  only  is  the  count  of  events  around 
this  averaging  time  considerably  larger  but  also  they  occur  at  several  other  averaging 
times  too.  Noteworthy  here  is  that  the  nondimensionai  averaging  time  of  2.7,  at  which 
there  is  a  large  number  of  events,  is  consistent  with  the  location  of  the  peak  of  the 
spectrum  with  the  nondimensional  frequency  of  0.36. 

4.  Conduding  remarks 

Measurement  of  the  components  of  the  Reynolds  stress  tensor  and  of  the  wall  shear 
stress  vector  has  been  conducted  in  the  turbulent  channd  flow  with  imbedded 
longitudinal  vortices  generated  by  a  cylinder  placed  with  axis  perpendicular  to  the 
channel  walls.  The  results  shed  light  on  tome  salient  features  of  the  Reynolds  stress 
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development  and  stnictures  in  this  flow. 
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Fig. 6;  incremental  stresses  at  y/H=1 

,  z/D=0;a  z/D=0.75;  *  z/D=1.5 
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Fig. 8:  perspective  view  of  event  counts  against 

averaging  time  T  and  threshhold  VliH  at  Re*  12000 

a]  undisturbed  turbulent  channel  flow 

b)  channel  flow  disturbed  by  the  cylinder 
at  x/D*3.25,  y/0=0.5.  2/0*0.75 
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ABSTRACT 


Two- point  velocity  correlation  measurements  were  made  in  the  anisotropic  flow  field  of  an  axisymmetric 
sudden  expansion  using  two  single  component  LOV  systems.  Both  longitudinal  and  lateral  spatial  correlations 
were  measured.  The  integral  length  scales  and  Taylor  microscales  were  estimated  and  compared  with  those 
obtained  from  autocorrelation  measurements  in  conjunction  with  Taylor’s  hypothesis.  The  agreement  of  the 
integrsil  scales  was  within  20  %  and  the  values  obtained  scale  well  with  the  flow  geometry.  Agreement  of  the 
microscales  was  within  43  %.  however,  the  classical  parabolic  shape  near  zero  separation  was  not  found  in  any  of 
the  comilations.  This  may  be  due  to  insufficient  resolution  of  the  correlation  functions  near  zero  separation  and 
possible  spatial  integration  effects  of  the  probe  volume  length 

1.  INTRODUCTION 

Few  two-point  velocity  correlation  measurements  have  been  made  using  laser  Doppler  velocimetry(LDV) 
primarily  due  to  the  difficulty  in  obtaining  suitable  optical  access  when  the  laser  probes  are  separated  by  large 
distances.  In  general,  two  independent  single  component  LDV  systems  are  required  to  make  completely  general 
two-point  measurements.  One  LDV  probe  volume  must  be  movable  relative  to  the  other  in  a  very  precise  fashion. 
In  addition,  it  may  be  difficult  to  collect  the  scattered  light  &om  each  probe  volume  at  all  probe  locations  due 
to  space  or  optical  access  limitations,  possible  signal  cross-talk,  and  stray  reflections  from  windows  and  lenses. 
Because  of  these  difficulties  and  also  because  the  LDV  is  a  relatively  new  instrument,  most  spatial  correlation 
measurements  reported  in  the  literature  have  been  obtained  using  either  hot  wire  or  hot  film  probes.  Spatial 
correlation  measurements  have  been  made  in  a  variety  of  flows  using  hot  wires  including;  free  jets,  grid  generated 
turbulence  flows,  wake  flows  behind  bluff  bodies  and  boundary  layer  flows.  Of  course,  hot  wire  correlation 
measurements  require  wake  corrections(Champagne  et  al  (1970))  whereas  LDV  measurements  do  not.  In  contrast, 
autocorrelation  measurements  using  LDV  are  numerous  due  to  the  fact  that  a  single  component  LDV  system  with 
time  recording  capability  is  all  that  is  required  to  make  these  measurements.  Theoretical  discussions  of  turbulent 
correlation  functions(spatial  and  auto)  and  their  physical  interpretation  can  be  found  in  the  texts  by  Batchelor 
(1953),  Bradshaw  (1971),  Tennekes  and  Lumley  (1972),  Hmze  (1975),  and  Townsend  (1976)  to  name  a  few. 

Morton  and  Clark  (1971)  were  among  the  first  to  make  spatial  correlation  measurements  using  LDV.  They 
used  two  single  component  reference  beam  LDVs  to  make  both  longitudinal  and  lateral  correlation  measurements 
in  turbulent  pipe  flows  using  water  for  Reynolds  numbers  ranging  from  slightly  above  transition  to  18,100.  Their 
measurements  agreed  well  with  other  published  turbulent  pipe  flow  measurements.  Pfeifer  (1986)  has  written  a 
rather  complete  review  paper  on  the  topic  of  correlation  measurements  using  LDV  and  thus  is  a  good  general 
reference.  Lateral  spatial  correlation  measurements  using  LDV  were  made  by  Fraser  et  al.  (1986)  on  the  centerline 
of  fully  developed  pipe  flow  (Rep  =  11,800  baaed  on  centerline  velocity).  An  elongated  probe  volume(  A  =  514.5pm) 
oriented  such  that  the  axial  velocity  component  could  be  measured  was  used.  Axial  velocity  measurements 
separated  by  as  much  as  9  mm  in  the  radial  direction  could  be  made  with  this  system.  Two  photo  detectors 
oriented  90”  from  the  forward  scattering  direction  were  used  to  collect  the  signals.  The  apertures  of  the  two 
photo  detectors  were  mounted  on  a  traversing  mechanism  and  thus  determined  the  separation  distance  of  the  two 
axial  velocity  measurement  points.  Correlation  measurements  at  separation  distances  closer  than  1  mm  were  not 
possible  with  this  system  due  to  signal  cross-talk  problems.  In  another  study,  Absil  (1988)  made  lateral  spatial 
correlation  measurements  in  the  wake  of  a  circular  cylinder  using  a  single  LDV  probe  volume  (A  =  514.5pm). 
Correlation  measurements  were  made  at  three  radial  locations  at  a  plane  125  diameters  downstream  of  the  circular 
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cylinder.  The  probe  volume  in  this  study  was  600  fitn  in  diameter  and  31  nam  in  length.  The  two  signals  were 
detected  urine  a  setup  similar  to  the  one  mentioned  above.  Autocorrelation  measurements  were  also  made  in 
this  study.  Cenedese  et  al.  (1991)  investigated  the  validity  of  Taylor's  hypothesis  in  a  channel  flow  at  a  Reynolds 
number  of  -t.iOO.  The  turbulence  intensity  ranged  from  20  %  at  the  entrance  of  the  tunnel  (close  to  a  honeycomb 
grid)  to  7  %  at  the  e.xit.  The  optical  set  up  allowed  spatial  correlation  measurements  to  be  made  both  in  the  axial 
and  transverse  directions  at  a  maximum  separation  distance  of  1  cm  corresponding  to  half  the  minimum  channel 
dimension.  The  spatial  correlations  were  compared  to  autocorrelations  transformed  using  Taylor's  hypothesis 
They  concluded  that  Taylor's  hypothesis  was  valid  even  in  the  high  turbulence  regions  when  the  separation 
distance  was  small.  Agreement  between  the  spatial  correlation  coefficient  and  the  transformed  autocorrelation 
coefficient  deteriorated  as  sepairation  distance  increased. 

2.  EXPERIMENTAL  APPARATUS 

2.1  Flow  Geometry 

.An  axisymmetric  sudden  expansion  flow  geometry  was  produced  by  joining  a  101.6  mm  (4  in.)  inside  diameter 
entry  pipe  to  a  152.4  mm(6  in.)  inside  diameter  clear  acrylic  test  section.  The  entry  pipe  was  3.5  m  long  so  that 
a  fully  developed  pipe  flow  velocity  profile  existed  at  the  entrance  to  the  sudden  expansion.  The  step  height  for 
this  geometry  was  25.4  mm(l  in.).  The  entry  pipe  and  sudden  expansion  face  were  mounted  on  a  movable  table 
and  thus  could  be  positioned  at  various  axial  locations  in  the  rigidly  fixed  test  section  as  shown  in  Figure  1.  This 
arrangement  allowed  for  measurements  at  various  downstream  positions  within  the  sudden  expansion  flow  field 
without  having  to  move  the  LDV  probe  volume  location  in  the  axial  direction.  The  face  of  the  sudden  expansion 
was  moved  to  position  the  probe  volume  at  a  new  x/ H  location;  hence  optical  access  was  accomplished  using  a 
relatively  small  window  with  this  apparatus.  A  felt  gasket  was  used  to  seal  the  small  gap  between  the  sudden 
expansion  face  and  the  inside  diameter  of  the  test  section. 

Air  was  provided  by  well  regulated  shop  air  compressors  and  was  monitored  using  a  calibrated  orifice  plate 
located  upstream  of  a  large  settling  chamber  which  preceded  the  entrance  pipe.  Flat  quartz  windows  50  mm  x 
152  mm  x  3.2  mm(2  x  6  x  .125  in)  were  mounted  in  flanges  on  both  sides  of  the  152.4  mm  diameter  test  section 
such  that  the  inner  flat  surfaces  were  flush  with  the  inside  diameter  of  the  test  section. 

2.2  LDV  System 

Two  TSI  single  component  dual-beam  LDV  systems)  both  operating  in  backscatter  mode,  were  used  in  this 
study.  Both  systems  were  oriented  to  measure  the  axial  velocity  component  on  the  diameter  of  the  test  section 
as  shown  in  Figure  2.  The  stationary  LDV  system  was  adjusted  so  that  the  probe  volume  was  located  on  the 
diameter  of  the  test  section(z  =  0)  and  at  the  required  axial,  z,  and  radial,  r,  measurement  location.  Once  this 
'‘home”  position  was  located,  this  LDV  system  was  locked  in  place.  The  514.5/im  laser  line  &om  a  Model  2025 
Spectra  Physics  argon  ion  laser  was  used  in  this  system.  A  Bragg  cell  shifted  the  frequency  of  one  beam  by  40 
MHz  causing  the  fringes  to  move  in  the  downstream  direction.  Fringe  spacing  and  half-angle  were  measured  and 
found  to  be  1.886  nm  ±.006  and  7.838®  ±  .025,  respectively.  A  second  LDV  system(TSI  Model  9277  190  mm  fiber 
optic  probe),  mounted  on  a  precision  xyz  positioning  table  with  resolution  of  ±2.5^m  in  each  axis,  was  located  on 
the  opposite  side  of  the  test  section(see  Figure  2).  The  488pm  laser  line  from  a  Model  165  Spectra  Physics  argon 
ion  laser  was  used  in  this  system.  A  frequency  shift  of  40  MHz  was  used  causing  the  fringes  of  this  system  to  move 
in  the  upstream  direction.  Fringe  spacing  and  half-tmgle  were  measured  and  found  to  be  1.728  pm  ±.006  and 
8.117°  ±  .025.  respectively.  Both  LDV  systems  employed  3.75x  beam  expansion  optics  and  gave  probe  volumes 
approximately  60pm  in  diameter  and  450pm  in  length. 

A  20pm  diameter  pinhole  mounted  on  a  fixture  supported  on  a  spare  test  section  window  was  used  to  And 
the  position  where  both  laser  beam  probe  volumes  overlapped.  This  fixture  was  used  prior  to  each  test  sequence, 
thus  ensuring  that  both  probe  volumes  overlap  at  the  zero  separation  distance  point.  Specially  designed  beam 
blocks  were  fabricated  to  block  reflections  from  the  LDV  focusing  lens(they  face  one  another)  and  from  test 
section  windows.  Narrow  bandpass  filters  were  placed  in  front  of  each  photomultiplier  tube  to  eliminate  cross-talk 
between  the  two  channels. 

Two  TSI  Model  1990C  counter  processors  interfaced  to  a  custom  built  coincidence  timing  unit  were  used  in 
the  data  collection  and  processing  system.  High  and  low  pass  filters  were  set  to  10  MHz  and  50  MHz,  respectively, 
for  the  stationary  LDV  system,  and  20  MHz  and  100  MHz,  respectively,  for  the  fiber  optic  LDV  system.  Both 
processors  were  set  to  make  a  single  measuretj:ient  per  burst,  count  16  fringes  and  use  a  1  %  comparator.  A 
hardware  coincident  window  was  set  at  20ms  for  all  of  the  tests.  Data(two  velocities  and  the  running  time  for 
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each  realization :  were  transferred  through  two  DMA  ports  to  a  Micro Vax  minicomputer  and  later  uploaded  to  a 
\’AX  8650  for  analysis. 

The  flow  fleid  was  seeded  using  titanium  dioxide(TiO))  particles  generated  by  reacting  dry  titanium  tetra- 
chloride^TiCU;  with  the  moist  shop  air.  Craig  et  al.  (1984)  measured  the  particle  sizes  generated  by  this  device 
and  found  that  they  were  fairly  uniform  and  in  the  0.2  —  1/im  diameter  range.  Data  validation  rates  varied 
between  5000  and  500  per  second  on  each  counter  processor  and  depended  mainly  on  how  well  the  chemical 
reaction  proceeded.  This  seemed  to  be  very  sensitive  to  shop  air  temperature  and  relative  humidity.  Coincident 
data  validation  rates  ranged  from  1000  to  50  measurements  per  second. 

3.  EXPERIMENTAL  PROCEDURE 

All  flow  conditions  were  maintained  at  near  constant  values  throughout  the  testing  procedure.  The  inlet 
centerline  velocity,  Ud,  was  maintained  at  18.0  m/s  ±  0.1  m/s{59  ft/s  ±  0.3  ft/s)  giving  Reo  =  114,000  based 
on  centerline  velocity  and  inlet  diameter.  Spatial  correlation  statistics  sind  histograms  were  formed  by  using  5000 
individual  realizations  for  each  velocity  channel  at  each  measurement  point.  Autocorrelations  were  formed  by 
using  50000  individual  realizations  from  the  stationary  LDV  system. 

A  two  step  process  was  used  to  eliminate  noise  &om  the  data  prior  to  computing  statistical  turbulence 
parameters.  In  the  first  step,  a  3%  threshold  level  was  applied  to  the  raw  velocity  data  in  an  effort  to  estimate  the 
standard  deviation  of  the  valid  data.  This  estimate  was  made  by  creating  a  histogram  of  the  raw  velocity  data 
with  100  equally  spaced  bins  bounded  by  the  actual  maximum  and  minimum  velocity.  Next,  the  bin  containing 
the  maximum  number  of  samples  in  it  was  found.  Finally,  all  bins  having  at  least  5%  of  the  number  of  samples 
found  in  this  ‘‘maximum”  bin  were  located.  The  width  of  the  data  which  met  this  threshold  criteria  was  then 
used  to  estimate  the  standard  deviation  of  the  “good”  data.  Upper  and  lower  cutoff  limits  were  then  set  by 
adding  and  subtracting,  respectively,  2.5  times  the  half-width  of  the  data  which  met  this  5%  threshold.  Applying 
this  technique  to  a  Gaussian  distribution  is  equivalent  to  setting  cutoff  limits  which  correspond  to  ±4.1  standard 
deviations  and  thus  this  first  step  is  used  only  to  remove  spurious  data.  This  method  is  a  variation  of  the 
method  suggested  by  Meyers  (1988)  and  is  used  to  eliminate  spurious  data  which  if  not  removed  would  give  an 
abnormally  large  value  for  the  standard  deviation  and  thus  wider  cutoff  limits.  In  the  second  step,  the  mean  and 
standard  deviation  of  the  remaining  data(spurious  data  removed)  were  calculated.  This  data  was  then  further 
filtered  to  remove  data  which  deviated  more  than  3  standard  deviations  from  this  new  mean.  Finally,  revised 
statistics  were  calculated  once  these  additional  outliers  ^re  discarded.  For  a  properly  operating  LDV  system 
very  few  points  are  removed  during  the  first  step  (typically  less  than  10  out  of  5000)  and  less  than  1%  of  the 
data  should  be  discarded  after  both  steps.  It  should  be  noted  that  ensemble  averages  were  used  to  calculate 
statistical  parameters  in  this  study  and  that  no  effort  was  made  to  account  for  velocity  bias(McLaughlin  and 
Tiederman  (1973),  Edwards  (1987),  Gould  et  al.  (1989)). 


4.  DEFINITIONS  OF  TURBULENCE  PARAMETERS 


Two- point  axial  velocity  correlation  measurements  were  made  at  three  locations  in  the  axisymmetric  sudden 
expansion  flow  field  as  shown  in  Figure  3.  The  first  two  spatial  correlation  measurements  were  made  at  an 
axial  location  of  ten  step  heights(z/Ff  =  10)  downstream  of  the  sudden  expansion  plane,  one  on  the  centerline 
of  the  flow(r/ff  s  0)  and  the  other  at  the  same  radial  location  as  the  step{r/H  =  2).  The  third  spatial 
correlation  measurement  was  made  at  an  axial  location  of  six  step  heights  and  at  the  same  radial  location  as 
the  step(z/Ff  s  6,  r/H  =  2).  These  locations  are  where  the  stationary  LDV  probe  volume  remained  fixed  for 
each  set  of  correlation  measurements.  Spatial  correlations  were  obtained  by  positioning  the  movable  LDV  probe 
volume(fiber  optic  system)  at  various  separation  distances  from  the  stationary  probe  volume. 


Longitudinal  spatial  correlations  defined  by, 


R„(Az)  =  f(r)  = 


u'(x)u*(x  Az)  _ 

+  Azf 


(1) 


were  made  at  two  locations  in  both  the  plus  and  minus  Ax  directions  and  at  one  location  in  the  plus  Ax  direction. 
In  this  equation  the  prime  denotes  a  fluctuation  about  the  mean(i.e.  U|  s  27|  -f-  u',),  the  overbar  denotes  time 
averaging,  and  Ax  is  the  separation  distance  in  the  axial  direction.  The  notation  used  in  the  right  most  formula 
of  Equation  (1)  shows  that  the  spatially  separated  velocities  are  simply  two  independent  measurements(aoalogous 
to  the  axial  and  radial  velodties  obtained  with  a  standard  two-component  LDV  system)  and  thus  standard  LDV 
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software  and  existing  coincidence  timing  hardware  were  used  to  obtain  this  correlation  coefficient.  Lateral  spatial 
correlations  defined  by. 


~  )  ~  /  V  ■  •  —  “ 

v“'*(y)v“  (v v^v*? 


(2) 


were  made  at  two  of  the  locations(x//f  =  6,  r//f  s  2  and  xjH  =  10,  rjH  =  2)  in  both  the  plus  and  minus 
Ayisame  as  Ar)  directions.  Both  directions  (plus  and  minus)  were  considered  in  this  study  to  determine  the 
homogeneity  of  the  flow.  It  should  be  noted  that  turbulent  flows  are  three-dimensional  and  that  these  measure¬ 
ments  give  only  the  one-dimensional  correlation  coefficient.  In  addition  to  these  spatial  correlation  measurements, 
autocorrelation  measurements  were  also  made  at  the  two  x//f  =  10  locations. 


Longitudinal  spatial  correlation  measurements  were  made  with  a  minimum  separation  distance  equal  to  254 
/^m(0.010  in)  and  a  maximum  separation  distance  equal  to  101.6  mm(4.0  in).  The  same  minimum  separation 
distance  was  used  for  lateral  spatial  correlation  measurements,  but  different  maximum  separation  distances, 
depending  upon  whether  the  direction  was  toward  the  wall(where  Ayna*  =  22.86  mm(0.9  in))  or  toward  the 
centerline( where  Ay„„  =  -50.8  mm(2.0  in)),  were  used.  The  spatial  correlation  data  were  fit  to  a  curve  having 
the  form  R(r)  =  Cexp(-r/A),  where  r  is  the  separation  distance,  using  a  weighted  “least  squares”  error  criteria. 
These  curve  fits  are  shown  on  each  figure  by  a  solid  or  dashed  line  and  show  that  a  higher  weighting  was  given  to 
the  data  with  small  separation  distance. 


The  integral  length  scales  defined  as, 

A/  =  tix)dx  or 

give  a  measure  of  the  longest  coimection,  or  correlation  distance,  between  velocities  at  two  points  in  the  flow 
field.  This  is  because  for  a  given  separation  distance,  r,  only  eddies  larger  than  r  will  contribute  to  the  correlation 
function  while  eddies  smaller  than  r  will  not.  If  the  data  can  be  fitted  with  the  simple  exponential  function  given 
above  then  Equation  (3)  gives  the  integral  length  scale  as  equal  to  the  coefficient.  A,  in  the  exponential  curve  fit. 

Dissipation  or  Taylor  length  scales  were  estimated  by  performing  a  Taylor  series  expansion  on  the  correlation 
coefficient  curve  near  zero  separation  distance(see  Hinze,  1975).  The  dissipation  length  scales.  A/  and  A,,  which 
result  from  fitting  a  parabola  to  the  appropriate  correlation  functions  near  x  or  y  =  0  were  obtained  from, 

R(x)  **  1  ^  ^  ^  (♦) 

These  length  scales  give  an  estimate  of  the- average  dimension  of  the  smallest  eddies  in  the  flow  which  are 
responsible  for  viscous  dissipation.  The  practice  of  “fitting”  a  parabola  to  the  discrete  spatial  correlation  functions 
involves  anchoring  the  parabola  at  Aii(O)  and  using  the  next  mea8urement(i.e.  iZit(x  s  Ax)  or  Ati(y  =  Ay))  to 
find  A/  or  A,.  An  estimate  of  the  isotropic  turbulent  viscous  dissipation  rate  can  be  made  once  these  microscales 
and  the  turbulence  intensity  are  known(see  Hinze,  1975)  using: 


n't  tpy 

e  =  30«/p-  or  e  *  (5) 


Discrete  autocorrelation  measurements  were  made  using  the  slotting  technique  described  by  Jones  (1972) 
and  Mayo,  et  ai.  (1974).  The  lag  time  axis  was  divided  into  bins  of  equal  width  and  the  exact  lag  products  of  all 
points  up  to  the  maximum  lag  time  were  acctimulated  in  appropriate  bins.  The  discrete  autocorrelation  function. 


Reir) » 


tt'(t)«'(t  +  ’■) 


(6) 


evaluated  at  the  midpoint  of  each  bin,  was  found  by  summing  the  autoproducts  in  each  bin  and  dividing  each 
of  these  values  by  the  number  of  autoproducts  in  each  corresponding  bin.  The  data  was  first  filtered  using  the 
previously  described  method  to  eliminate  noise  before  the  discrete  autocorrelation  was  estimated.  Slot  width 
and  segment  length  were  then  varied  parametrically  to  study  the  effect  of  these  parameters  on  the  discrete 
autocorrelation  function.  In  addition,  the  zero-lag  autoproducts  were  not  included  in  the  first  bin  in  order 
to  minimize  the  ambiguity  spectrum  due  to  uncorrelated  noise(Gaster  and  Roberts,  (1975),  Srikantaiah  and 
Coleman,  (1985),  Lau,  (1988),  Absil,  (1988)).  The  Eulerian  integral  scale  was  estimated  by  findffig  the  area  under 


A41-4 


the  autocorrelation  curve  as  given  by, 


RE{t)dt 


(7) 


The  Eulenan  dissipation(inicro)  time  scale  was  estimated  by  applying  a  Taylor  series  expansion  to  the  au¬ 
tocorrelation  function  near  t  s  0.  The  equation  for  an  osculating  parabola  at  the  vertex  of  the  Rsit)  curve 

is, 

«£(ti)  *  1  ^  (8) 

Here  the  Eulerian  micro  time  scale,  r£,  is  a  measure  of  the  most  rapid  changes  that  occur  in  the  fluctuations  of 
U(t).  Taylor's  hypothesis,  which  is  valid  only  if  the  flow  field  has  uniform  mean  velocity,  0,  and  small  turbulence 
intensity,  gives  a  relationship  between  temporal  and  spatial  quantities(*.e.  z  =  Ct).  If  Taylor’s  hypothesis  applies 
the  relations.  A/  =  UTe  and  X/  =  Ute,  result.  Note  that  only  the  longitudinal  length  scales  can  be  estimated  with 
Taylor's  hypothesis.  Taylor’s  hypothesis  was  applied  to  the  autocorrelation  functions  at  the  z/ff  =  10,  r//f  =  0 
and  x/H  =  10.  rlH  =  2  locations.  The  resulting  spatial  correlation  functions  were  then  compared  to  the  measured 
spatial  correlation  functions. 

5.  EXPERIMENTAL  RESULTS 

3.1  Single-Point  Turbulence  Measurements 

Before  correlation  measurements  were  made,  axial  velocity  measurements  at  three  axial  planes(z/^  s 
1,  6,  10)  were  made  using  the  moveable  fiber  optic  LDV  system.  This  was  done  in  an  effort  to  viilidate  that  the 
flow  was  symmetric  and  to  ensure  that  the  flow  was  what  was  expected.  Turbulence  statistics  were  calculated 
using  3000  samples  for  each  measurement  point  and  the  filtering  procedure  described  al/ove.  The  inlet  mean 
velocity  profile  was  found  to  be  similar  to  that  of  a  fully  developed  turbulent  pipe  profile.  This  data,  presented 
in  Gould  et  al.  (1992),  indicated  that  the  spatial  correlation  measurements  made  at  r/ff  s  2  were  in  regions 
of  large  velocity  gradient  and  high  turbulence.  The  turbulence  intensities(TI  »  ^/v^/C)  at  this  radial  location 
and  at  xJH  s  10  and  xJH  ^  6  were  found  to  be  45%  and  264%,  respectively.  The  turbulence  intensity  at 
x/H  =:  10,  r/H  3s  0  was  found  to  be  approximately  8%.  A  more  complete  experimental  mapping  of  this  flow 
field  is  given  by  Gould  et  al.  (1990). 

An  estimate  of  the  turbulent  kinetic  energy(TKE)  was  made  by  assuming  that  k  s  y/u^  +v^  +  as 
which  was  found  to  be  a  good  approxiination  for  this  flow  field(Gould,  et  al.  (1990)).  The  Kolmogoroff  length  scale, 
rj  =  was  estimated  by  assuming  that  the  turbulent  viscous  dissipation  rate,  e,  equaled  three-fourths  the 

production  of  TKE(t.e.  not  quite  in  local  mechanical  equilibrium).  The  other  one-fourth  of  the  turbulent  kinetic 
energy  produced  was  assumed  to  be  either  convected  or  di^ised  in  the  flow.  Gould,  et  al.  (1990)  noted  that  the 
production  of  TKE  in  this  flow  field  occurs  primarily  from  the  u'v'dC /dr  term.  An  estimate  of  the  production 
of  TKE  in  this  flow  was  obtained  by  using  Bradshaw  et  al.’s  (1967)  model  (i.e.  uV  as  0.351;)  for  the  shear  stress 
and  the  measured  znean  velocity  gradient  in  the  above  equation.  Single  point  turbulence  statistics  obtained  from 
direct  meastirements  and  these  estimates  of  k,  e,  and  q  are  included  in  Table  1  below. 


Table  1.  Single-Point  INirbulence  Statistics. 


1  Location 

WBim 

15.69 

7.54 

1.35 

yu^(m/s) 

1.35 

3.36 

3.93 

TI 

0.08 

0.45 

2.64 

*  (mV*') 

1.82 

11.29 

12.74 

10 

740 

1340 

1  V  (/<ni) 

200 

50 

40 

3.2  Correlation  Measurements 

Figures  4  through  8  show  the  measured  spatial  corrdation  coefficients  and  autocorrelation  coefficients  trans¬ 
formed  to  the  spatial  domain  by  using  Taylor’s  hypothesis  as  a  function  of  separation  distance  at  the  three 
measurement  points  mentioned  above.  Figures  4, 5  and  7  show  the  longitudinal  spatial  correlations  while  Figures 
6  and  8  show  the  lateral  spatial  correlations.  Values  for  the  estimated  integral  length  scales  based  on  the  spatial 
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correlation  measurements  are  summarized  in  Table  2.  Numbers  appearing  in  brackets  in  this  table  refer  to  length 
scales  obtained  with  negative  separation  distances. 


The  integral  length  scales  were  found  to  vary  between  23  and  35  mm  in  both  separation  directions  for  the 
longitudinal  spatial  scale  and  were  found  to  vary  between  approximately  8  and  15  mm  for  the  lateral  spatial 
scale.  These  results  indicate  that  the  flow  appears  reasonably  homogeneous  in  the  stxial  flow  direction  but  is  non- 
homogeneous  in  the  radial  direction  where  the  wall  influences  the  flow  field.  Also,  the  lateral  integral  length  scales. 
\j.  were  found  to  be  approximately  one-half  the  value  of  the  longitudinal  integral  length  scales,  A/,  indicating 
strong  anisotropy  of  the  large  scales. 


By  definition  all  correlation  coefficients  should  equal  one  when  the  separation  distance  is  zero.  However, 
when  measuring  spatial  correlations,  the  signal  to  noise  ratio  in  the  two  ssunpling  volumes  determines  a  practical 
maximum  correlation  coefficient  less  than  unity  (Morton  and  Clark,  (1971)).  So  as  not  to  affect  the  integral  and 
microscales,  all  spatial  correlation  measurements  presented  here  were  normalized  to  unity  at  zero  separation.  The 
same  normalizing  factor  was  then  used  to  correct  all  measured  values  for  varying  separation  distance.  Actual 
measured  maximum  values  for  .Ai((0)  varied  between  0.92  and  0.98.  It  should  also  be  noted  that  low  values  of 
correlation  coefficient  could  occur  if  the  sample  were  to  include  measurements  of  velocities  separated  by  distances 
greater  than  the  actual  probe  volume  separation  distance.  This  could  occur  if  seed  particles  passed  through 
opposite  ends  of  each  probe  volume.  The  effective  separation  distance  could  be  as  large  as  ^(Az)*  P,  where  f 
is  the  probe  volume  length  and  is  assumed  to  be  the  same  for  both  probe  volumes  in  this  simple  formula.  Note 
that  the  effective  probe  volume  separation  approaches  the  actual  probe  volume  separation  as  Az  or  Ay  become 
large.  Placing  the  photo  detectors  90“  to  the  forward  direction  wou' '  minimize  this  spatial  integration  effect  by 
making  the  effective  probe  volumes  smaller. 


Dissipation  or  Taylor  length  scales  were  estimated  using  the  method  discussed  above  and  are  also  summarized 
in  Table  2.  The  longitudinal  and  lateral  microscale  measurements  were  found  to  scale  according  to  Equation  (5) 
(t.e.  Af  =  0.707A/)  reasonably  well  suggesting  that  the  measurenoents  are  self-consistent.  However,  the  dissipation 
rates  obtained  by  using  these  microscales(see  Table  2)  in  Equation  (5)  were  found  to  be  approximately  a  factor 
of  5  lower(for  the  r/H  «  2  cases)  when  compared  to  the  estimates  of  dissipation  rate  obtained  by  assuming 
they  equaled  three-fourths  the  production  of  TKE.  The  dissipation  rates  obtained  from  the  turbulent  kinetic 
energy  balance  are  believed  to  be  more  correct  as  this  flow  field  is  not  isotropic.  The  effects  of  the  probe  volume 
length(giving  an  erroneous  value  for  Au(z))  and  the  practice  of  fitting  a  parabola  to  discrete  spatial  correlation 
data  which  may  not  be  as  highly  resolved  near  Az  -»  0  as  needed  add  uncertainty  to  the  estimates  of  the 
microscales.  Of  course,  this  is  also  true  when  using  hot  wires.  Browne  et  al.  (1991),  using  a  single  hot  wire  probe 
and  recording  du'/dt,  shovred  that  the  correct  viscous  dissipation  rate  can  be  obtained  only  if  the  probe  length 
is  smaller  than  approximately  five  times  the  J(olmogoroff  scale.  For  the  hardware  used  in  this  study  this  limit 
requires  that  the  Kolmogoroff  scale  be  greater  than  100  pm. 


Table  2.  Spatial  Correlation  Results. 


Location 

ITiTBIiIiyifBtl 

A/  (mm) 

1  27.5(-)  1 

A,  (mm) 

- 

■UftItUJfll 

A/  (mm) 

7.0 

6.9 

5.5 

- 

4.2 

3.7 

Figures  4  and  5  also  show  the  autocorrelation  functions  transformed  to  spatial  correlations  using  Taylor's 
hypothesis  (solid  symbob).  Table  3  gives  a  summary  of  the  temporal  and  spatial  scales  obtained  from  these  auto¬ 
correlation  measurements.  Comparisons  of  the  integral  length  scales  obtained  from  autocorrelation  measurements 
with  those  obtained  directly  from  spatial  correlation  measurements  show  that  the  autocorrelation  method  gives 
an  integral  length  scale  «  17  %  too  large  at  the  low  turbulence  location  and  gives  an  integral  length  scale  ap¬ 
proximately  20  %  too  small  at  the  location  in  the  shear  layer.  Considering  the  limitations  of  Taylor’s  hypothesis 
the  spatial  conelation  integral  length  scale  estimates  are  believed  to  be  more  reliable. 

The  microscales  obtained  using  the  autocorrelation  measurements  along  with  Taylor’s  hypothesis  gave  a  value 
43  %  higher  than  the  spatial  correlation  microscale  estimate  at  the  low  turbulence  location  and  gave  a  value  16 
%  lower  than  the  spatial  correlation  microscale  estimate  in  the  shear  layer.  Large  values  of  microscales  can  result 
from  poor  resolution  of  transformed  autocorrelation  functions  near  zero  separation.  When  using  the  slotting 
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technique  of  Jones  ^  1972)  and  Mayo  (1974)  one  is  free  to  choose  slot  widths  as  small  as  needed,  however,  care 
must  be  used  tc  assure  that  each  slot  contains  raough  lag  products  to  accurately  estimate  the  autocorrelation 
coefficient  at  that  lag  time.  Thus,  there  is  a  compromise  between  high  resolution  and  statistical  accuracy  of  the 
autoproduas 


Table  3.  Autocorrelation  Results. 


Loc&tion 

x/H=l0.  t/H=0 

x/H=10.  r/H=2 

L-  (m/s) 

15.69 

7.54 

Teh) 

.0022 

.0035 

’•£  (s) 

.00064 

.00077 

A/  (mm) 

34.8 

26.3 

X,  (mm) 

10.0 

5.8 

Figures  9  and  10  illustrate  one  of  the  concerns  associated  with  decreasing  the  slot  width  arbitrarily.  Slots 
40  MS  in  width  at  the  low  turbulence  location  each  contained  approximately  6000  lag  products  and  gave  statistical 
scatter  o{±  3%.  In  the  shear  layer,  40  /is  slots  each  contained  approximately  3000  lag  products  giving  a  statistical 
uncertainty  at  each  delay  time  of  ±  6  These  values  of  uncertainty  are  consistent  with  the  uncertainty  in 
determining  the  mean  of  the  quantity  t7t7  as  estimated  &om  the  sample  size  and  standard  deviation  of  the  sample 
in  each  slot  (Yanta,  (1973)).  Evidently,  an  overall  sample  size  of  50,000  at  the  mean  data  validation  rate  present 
in  the  data  of  this  study  is  insufficient  to  temporally  resolve  this  flow  with  an  uncertainty  leas  than  3  %.  Since  the 
statistical  uncertainty  decreases  as  l/\/iV,  it  is  recommended  that  each  slot  contain  20,000  or  more  autoproducts. 

•As  the  slotting  technique  is  widespread,  but  often  taken  for  granted,  the  authors  would  like  to  offer  some 
additional  commentary  on  the  method.  Often,  the  suggestion  is  made  that  data  sets  might  be  broken  up  into 
segments  to  speed  implementation  of  the  slotting  algorithm.  This  practice  can  be  dangerous  as  the  block  means 
determined  from  the  individual  segments  may  have  large  variance  as  was  found  in  this  study.  This  effect  results 
in  larger  uncertainty  of  the  slot  autoproduct  values.  It  has  long  been  noted  that  inclusion  of  zero  lag  products 
in  the  first  slot  leads  to  a  spiking  effect  in  the  autocorrelation  at  zero  time.  This  effect  has  been  attributed 
to  “uncorrelated"  noise  in  typical  LDV  data  sets  (Mayo  (1974),  Lau  (1980)),  however,  a  similar  albeit  smaller 
effect  was  noticed  as  the  slot  width  approached  zero  although  autoproducts  with  zero  lag  time  were  excluded 
(Figure  11).  This  may  suggest  a  slight  oorrdation  of  noise  in  LDV  data.  Researchers  making  multiple  sample 
measureosents  per  burst  should  be  aware  that  this  tends  to  amplify  this  effect.  In  general,  it  should  be  noted  that 
the  slotting  technique  is  a  statistical  process  with  inherent  subtleties  that  must  be  used  with  caution. 

6.  CONCLUSIONS 

Successful  two-point  velocity  correlation  measureoMnts  were  msule  in  the  anisotropic  flow  field  of  an  axisym- 
metric  sudden  expansion.  Both  longitudinal  and  lateral  spatial  correlations  were  measured.  The  integral  length 
scales  and  Taylor  microscales  were  estimated  and  compared  with  those  obtained  from  autocorrelation  measure¬ 
ments  in  conjunction  with  Taylor’s  hypothesis.  The  agreement  of  the  integral  scales  was  within  20  %  and  the 
values  obtained  scale  well  with  the  flow  geometry.  Agreement  of  the  microscales  was  within  45  %,  however,  the 
classical  parabolic  shape  near  zero  separation  was  not  found  in  any  of  the  correlations.  This  may  be  due  to 
insufficient  resolution  of  the  corrdation  functions  near  zero  separation  and  possible  spatial  integration  effects  of 
the  probe  volume  length. 
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Figure  1.  Axisymmetric  sudden  expansion  geometry. 


Figure  4.  Longitudinal  spatial  correlation  and  transformed 
autocorrelation  measurements  (x/H=10,  r/HsO). 
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Figure  2.  LDV  orientation.  Figures.  Ungitudinal  spatial  corrdation  and  transfOTio^ 

autocorrelation  measurements  {x/H=10,  r/H*2). 


I — ►  X 


Figure  3.  Measurement  locations(top  view). 
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Figure  6.  Lateral  spatial  correlation  measurements  Figure  9.  Autocorrelation  function  resolved  with  40 
(x/H=10,  r/H=2).  and  200  ms  sbts  (x/H=10,  r/H=0). 
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Abstract 


A  theoretical  approach  is  presented  for  predicting  the  compress¬ 
ible  turbulent  fluid  flow  through  labyrinth  seals  of  high  speed  turbines 
and  rotary  high  performance  compressors  .  The  treatment  is  based  on  the 
assumption  that  adiabatic  conditions  exist  and  that  the  height  of  the 
seal  to  the  radius  of  the  shaft  ratio  is  small  as  is  always  the  case 
in  turbomachines  .  The  theoretical  work  is  capable  of  handling  single 
or  multi-cavity  labyrinth  seals  of  arbitrary  geometrical  configurations 
and  takes  into  account  the  shaft  lateral  misalignment  .  The  analysis 
is  restricted  to  subsonic  flow  and  the  proposed  theoretical  model  has 
the  advantage  of  being  free  from  any  uncertainty  associated  with  assuming 
a  mean  kinetic  energy  carry  -over  coefficient  for  the  seal  . 

Performance  curves  for  single  cavity  seals  are  presented  for 
different  height  to  width  ratios  ,  eccentricity  ratios  and  rotational 
inlet  Mach  numbers  .  Performance  curves  for  multi-cavity  seals  are 
also  given  . 
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Effective  sealing  in  turbomachines  is  required  in  order  to 
minimize  tne  lealcage  of  high  energy  working  fluid  ,  thus  reducing  the 
adverse  effects  of  seal  leakage  on  overall  engine  performance.  To  increase 
the  sealing  effectiveness  and  to  reduce  leakage  rates  it  is  necessary  to 
improve  and  develop  the  labyrinth  seal  design  both  from  the  theoretical 
and  experimental  point  of  view  .  Advancement  in  labyrinth  seal  design 
will  lead  the  turbomachine  cycles  to  continue  to  advance  toward  higher 
operating  temperature  and  pressure  ratios  .  Some  of  the  early  design 
methods  available  in  the  literature  are  purely  analytical  [1-31  and  others 
are  analytical-experimental [A-71  .  The  large  differences  occured  in  leakage 
predictions  using  these  methods  are  due  to  the  neglection  of  the  effect  of 
Kinetic  energy  carry  over  in  some  cases  and  the  inclusion  of  uncertain 
assumptions  concerning  its  mean  value  in  the  overall  seal  geometry  in  the 
other  cases  .  On  the  other  hand  Benvenuti, Rugger!  and  TomassiniCSl  made 
a  comparative  study  of  these  methods  and  made  some  experiments  to  gain 
better  knowledge  of  the  flow  phenomena  in  the  labyrinth  seal  .  However  , 
StoffC9J  reported  a  theoretical  and  experimental  study  of  the  incompressible 
turbulent  flow  through  a  labyrinth  seal  of  the  straight-through  grooved 
shaft  type  and  was  the  first  to  reliably  include  the  effect  of  shaft 
rotation  in  the  analysis  .  It  was  found  by  Rhode  et  alLIOl  that  labyrinth 
seal  solutions  using  the  differencing  scheme  of  StoffC9I  may  suffer  from 
the  so  called  false  diffusion  numerical  error  depending  on  the  flow  field 
conditions  .  They  however  ,  presented  an  approach  to  overcome  the  difficult¬ 
ies  encountered  when  using  the  scheme  of  Stoff  .  They  also  adopted  for  a 
typical  cavity  configuration  a  simple  stairstep  approximation  to  the  curved 
solid  walls  .  For  the  purpose  of  predicting  the  stiffness  and  damping 
coefficients  for  labyrinth  seals  Wyssmann.Pham  and  JennyLIU  solved  the 
time  averaged  Navier  Stokes  equations  employing  the  k-€  model  of  turbulence. 
The  results  were  used  for  modeling  the  flow  field  for  the  eccentric  seal 
and  to  correlate  the  turbulence  parameters  used  .  An  analysis  for  the 
eccentric  seal  was  also  presented  by  Nelson  and  Nguyen[12]  and  calculated 
its  dynamic  coefficients  .  They  integrated  the  zeroth-order  incompressible 
flow  momentum  equations  together  with  Moody’s  friction  equation  in  order 
to  obtain  the  pressure  distribution  inside  the  seal  .  On  the  other  hand 
Rhode  and  Sobolik[13]  extended  the  method  presented  in  [111  to  Include  the 
effect  of  compressibility  on  the  seal  performance  .  They  computed  the 
pressure  across  a  single  cavity  at  different  leakage  flow  Mach  numbers  and 
then  used  it  to  predict  the  leakage  rate  .  The  computer  code  used  in  the 
analysis  of  [111  and  C131  is  quite  costly  and  cannot  be  applied  directly 
to  multicavity  labyrinth  seals  as  a  whole  .  This  is  because  of  the  unknown 
boundary  conditions  at  the  inlet  of  a  particular  cavity  .  This  has  led  the 
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presen:  i^zr.^r  to  treat  t.te  prooiem  of  tne  compressible  tarbuient  f^ow 
ti-roago  eccentric  labyrinth  seals  of  arbitrary  geometry  maicing  use  of 
the  smallness  of  the  height  of  the  seal  to  shaft  raaius  ratio  as  a 
simplifying  feature  to  the  governing  equations  .  Adiabatic  conditions 
for  tne  flow  are  assumed  and  a  particular  tootned  labyrinth  seal  snape 
is  selected  for  the  numerical  computations  . 


2 .Analysis 

The  geometrical  configuration  of  tne  laoyrinth  seal  selected 
and  the  coordinate  system  usea  in  the  analysis  are  shown  in  Fig.1  . 

5y  making  an  order  of  magnitude  analysis  noting  that  b/Rj<!(o(l)  the 
time  averaged  momentum  and  continuity  equations  may  be  expressed  in 
the  following  form  , 

Hg  de  3y*-  dy 

dp 

^  at  0 

oy  (1) 

dz  ay^ 

1  \  ^(^F) ^ 3(gF)  _  Q 

d©  dy  dz 

Where  the  bars  denote  time  averaged  dependent  variables.  Equations  1 
are  based  on  the  assumption  that  turbulence  is  homogeneous  and  the  radial 
pressure  variation  is  negligible  in  comparison  to  the  relatively  large 
axial  and  tangential  pressure  gradients  .  The  turbulence  model  which 
is  found  suitable  for  tne  present  analysis  is  that  described  in  C14J  . 

The  coefficient  of  eddy  viscosity  may  be  expressed  as  , 

■  ^1  ^c'^^ll 

with  K-.4  and  S*  -10. 7  .  ^ 

where  h*  -(h/*j)  y/{%l/t  ‘  J 

Substituting  from  2  into  equs.l  and  integrating  twice  formally  with 
respect  to  y  we  obtain  in  a  dimensionless  form  the  velocity  distribution  , 

u*»i^  l£ 

.‘.(R/L)  E  -  Vl'  R,  (i/RJ 

F*  3z*  Q2(1) 


Satisfying  the  boundary  conditions  , 
u*(0,O,z*)»1  ,  u*(8,1,z*)»0 

w  (0,0, z  )*w  (0,1, z  )*0 
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Subatitutiag  for  u  and  w  in  equ.ld  and  making  a  spatial  average  for 

the  equation  on  the  grounds  that  we  obtain  , 

dy 

l£*l  ♦(a  /L)^  i  1  .  (5) 

96l)i*k  3e  J  *  5zLji*k  dz*J  3© 


where  1/k  «//  (4-^)0,  (t)  dJi  d^  ,  l/k  -  /  f  (j-t)G-({;)  dt;  dT 
0  0  0  0 

F*-[l-^,(l)/Q2(1)]/Rg(b/R^ 

Here  G,  (»)). [l-gt^)/ ( 1  ♦  6^/u)] /p*(  1  + 6^/^)  . 

G2(T)*''/ti*(1  +  *m/u)  .  g(n)-4K’l  h*  tanh^(»l  h*/8*) 

Equation  5  is  a  generalization  of  tnat  devised  in  [14]  and  applied  to 
turbulent  fluid  flow  In  journal  bearings  [15]  .  The  solution  to  equ.3 
for  p  requires  the  simultaneous  solution  of  the  energy  equation 
Incorporating  the  evaluation  of  the  time  averaged  density  f*  from  the 
equation  of  state  for  the  ideal  gas  and  introducing  the  viscosity  temp> 
erature  power  law  for  the  gas  (see  Cl 6]  )  .  Assuming  adiabatic  conditions 
to  exist  we  may  therefore  write  in  dimensionless  form  , 

ffu*  2i‘(r-/l)w*  5i!i- e  fu*  1 

L  av.gg  a  av.^^vj 

r~  *  *  * 

♦  (b/RB)(1/R^P^)[gj*(R/L)2  (6) 

P*-  [  (T -1  )/ET]f*  T*  (7) 

*  *0 

p  -  T  ^  (8) 

where  ^  is  the  dimensionless  time  averaged  dissipation  function  . 

«  V  s 

An  expression  for  ia  given  in  Appendix  2  . 

Equation  6  is  spatially  averaged  in  radial  direction  and  is  to  be  solved 
for  the  time  averaged  temperature  T  together  with  equs.  5  ,  1  and  8  . 
it  is  to  be  noted  that  although  the  order  of  magnitude  analysis  shows 
that  the  conduction  terms  in  equ.  6  are  small  compared  to  convection  , 
work  of  compression  and  dissipation  terms  they  are  retained  here  in  order 
to  keep  the  nature  of  the  energy  equation  intact  . 

Equations  3  and  6  are  modified  using  equs.  7  and  8  in  order  to  speed  up 
the  convergence  of  the  numerical  solution  using  iterative  methods  .  They 
may  be  rewritten  in  the  following  forms  , 

(9) 


I 


(W) 


de‘  dz 

#  ^^ 

Expressions  for  f^(e,z  )  and  X^Cb.z  )  are  given  in  Appendix  2 
Equations  9  and  10  are  subject  to  the  boundary  conditions  , 
^*(C,z*)  ^  ^*(2tt,z*)  _  ^*(0,z*)  ^  ^*(2ir,z*) 

de  de  de  de 


0 


p  (9,0; 


p  (9,1 ; 


T  (e,o;  .  1 


d?  (8,i:  ^ 

,  r  V-,'/  -  rg  t  *  -  ■  •  — ,  ■  - 

0  z 

It  remains  here  to  specify  the  geometry  of  the  seal  by  providing  an 

« 

expression  for  h  .  For  the  eccentric  toothed  straight  through  seal 
selected  here  (see  Fig.  1  )  we  may  write  , 


h 


1  -  [  ( ^ 2*^  )  ( 1  ♦  cos  2iTnz*)]  ♦£  c*  cos  S 


(11) 


where  n  and  £  are  the  number  of  cavities  and  the  eccenticity  ratio 
respectively  .  Arbitrary  geometrical  configurations  ,  however  ,  may  be 
used  but  this  has  to  be  subject  to  optimization  techniques  to  search  for 
the  shape  leading  to  minimum  leakage  rate  .  A  problem  worth  considering 
in  a  separate  publication  . 

The  dimensionless  leakage  rate  may  be  calculated  from  , 

^2  u  .rSm  2ir  h* 


(12) 


*  .  , _  b>/RT,  r,"*  ,  , 

m  -  m  /2TTRgp.c  -(^---S-- - i)  j  )  ?  w*  dy*de 

8  0  0 

Solutions  are  obtained  using  mesh  sizes  of  .05  in  z*  and  T  and  TT/36  in  6  . 
The  data  for  the  fluid  and  conditions  of  operation  are  given  in  Appendix  3 


3.  Results  and  discussion 

Figure  2  shows  the  results  obtained  for  three  concentric  single 
cavity  labyrinth  seals  having  height  to  width  ratios  b/a-.5  ,  1.  and  2.  . 
This  in  fact  implies  that  for  a  specific  value  of  the  height  of  the  seal 
to  radius  of  shaft  ratio  ,  taken  in  the  present  work  equal  to  .1  ,  the 
corresponding  values  of  the  ratio  of  the  shaft  radius  to  the  overall 
length  of  the  seal  Rg/L  will  be  equal  to  5  ,  10  and  20  respectively  . 

The  results  clearly  demonstrate  that  the  smaller  the  ratio  b/a  the  better 
the  performance  of  the  seal  especially  at  lower  values  of  the  pressure 
ratio  .  Results  for  concentric  seals  having  b/a>1.  and  with  single  , 
five  and  ten  cavities  are  plottec.  -  Fig. 3  .  The  decrease  in  leakage  rate 
when  increasing  the  number  of  ca\i  v-s  is  more  pronounced  at  lower  values 
of  the  pressure  ratio  .  On  the  other  hand  for  a  given  pressure  ratio  the 
percentage  decrease  in  leakage  rate  resulting  from  Increasing  the  number 
of  cavities  does  not  increase  linearly  .  That  is  by  doubling  the  number 
of  cavities  from  5  to  10  the  percentage  decrease  in  leakage  rate  will 
not  be  doubled  .  Figure  4  shows  the  effect  of  shaft  eccentricity  on  the 
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performance  of  a  single  cavity  seal  having  b/a«1 .  .  The  results  show  that 
increasing  the  eccentricity  ratio  increases  the  leakage  rate  .  This 
increase  is  more  pronounced  at  lower  pressure  ratios  and  higher  values 
of  the  eccentricity  ratio  .  The  plots  presented  in  J'igs.2  ,  3  and  4 
here  pertain  to  inlet  Mach  number  M=.5  .  To  examine  the  effect  of  changing 
M  on  the  performance  of  the  single  cavity  seal  results  are  obtained  for 
b/a-1 .  and  for  M».15  •  .25  ,  .35  #  *40  ,  .45  ,  .50  and  .75  .  The  decrease 
in  M  results  in  an  increase  in  the  leakage  rate  and  this  increase  becomes 
very  small  as  M  approaches  .15  irrespective  of  the  value  of  the  pressure 
ratio  . 

4.  Conclusions 

A  simple  approach  to  the  turbulent  compressible  flow  problem 
through  labyrinth  seals  of  arbitrary  shapes  has  been  developed  .  The 
theoretical  model  enabled  the  effect  of  shaft  eccentricity  on  the 
performance  of  the  seal  to  be  included  .  It  is  found  that  for  eccentricity 
ratios  exceeding  .2  the  leakage  rate  is  greatly  increased  ,  Further  , 
the  model  provided  a  straight  forward  treatment  of  multi-cavity  seals 
without  the  need  to  find  the  unknown  inlet  conditions  for  each  cavity 
in  the  seal  .  The  effect  of  the  height  to  width  ratio  of  the  seal  is 
easily  demonstrated  and  found  that  the  smaller  the  ratio  the  better  the 
performance  of  the  seal  .  It  is  also  found  that  decreasing  the  value  of 
the  rotational  Mach  number  increases  the  leakage  rate  up  to  M».15  where 
the  variations  in  it  become  small  . 


References 

1.  H.M. Martin,  Labyrinth  packings, Engineering,  Jan.  10, 1908, pp  35-36  . 

2.  M.J.Gercke,  Berechnung  der  Ausflusmengen  von  labyrinthdichtungen. 

Die  Warms, N°32,  Aug  1 1 ,l934,pp5l3-517  . 

3.  F.Bollln  and  W.S. Brown,  Flow  of  fluids  through  openings  in  series. 
Engines ring, Aug  27, 1937, pp  223-224  . 

4.  A.Igli,  The  leakage  of  steam  through  labyrinth  seals, Trans.  ASME, 
vol.  57, 1935, pp  115-122  . 

5.  B.Hodkinson,  Estimation  of  the  leakage  through  a  labyrinth  gland, 
Proc  of  Inst.  Mech.  Eng., vol.  141, 1939, pp  283-286  . 

6.  J.Jerie,  Flow  through  straight-through  labyrinth  seals, Proc.  of  the 
7^^  Int.  Conf.  for  Appl.  Mech., vol.  2,1948,pp  70-82  . 

7.  G. Vermes,  A  fluid  mechanics  approach  to  the  labyrinth  seal  leakage 
problem, Journal  of  Engineering  for  power, April  I96l,pp  161-169  . 

8.  E.Benvenuti,G. Rugger!  and  E.P.Tomassini ,  Analytical  and  experimental 
development  of  labyrinth  seals  for  process  centrifugal  compressors, 
ASME, N.Y. ,1979, PP  278-285  . 


BI-6 


ai  lE-i 


9.  H.Stoff,  Incompressible  flow  in  a  labyrinth  seal, J. Fluid  Mechanics, 
vo:..  'X,part  4,1980,pp  817-829  • 

10.  D.l.Rhode, J.A.Deinico,tJ,iC.Traegner,O.L.Morison  and  S.R.Sobolik, 

Prediction  of  incompressible  flow  in  labyrinth  seals, J.  of  fluids 
Engineering, Tol.  108, March  1986, pp  19-25  . 

11.  H.R.Wyssmann,T.G .Pham  and  R.J. Jenny,  Prediction  of  stiffness  and  damping 
coefficients  for  centrifugal  compressor  labyrinth  seals, J.  of  Engineering 
for  gas  turbines  and  power, vol.  106, Oct.  1984, pp  920-926  , 

12.  C.C. Nelson  and  H.T. Nguyen,  Analysis  of  eccentric  annular  incompressible 
seals :Part  2  -Effects  of  eccentricity  on  rotordynamic  coefficients. 
Journal  of  tribology, vol.  110, April  1988, pp  361-366  . 

13.  D.L. Rhode  and  S.R.Sobolik,  Simulation  of  subsonic  flow  through  a  generic 
labyrinth  3eal,J.  of  Engineering  for  gas  turbines  and  power, vol.  108, 

Oct.  I986,pp  674-680  . 

14.  C.W.Ng  and  C.H.T.Pan,  A  linearized  turbulent  lubrication  theory, 

Trans.  ASME.ser.  D,vol.  87,  1965, pp  675-688  . 

15.  A.Z.Szeri,  Tribology .friction, lubrication  and  wear,  Hemisphere  pub.  Co., 
Me  Craw  Hill  book  Co. ,N . Y. , 1979  . 

16.  H.Schlichting,  Boundary  layer  theory, 6^*^ed ., Me  Sraw  Hill  book  Co., 1968  . 


Appendix  1  :  Nomenclature 

a  Width  of  the  cavity  (mm) 

b  Maximum  height  of  cavity  (mm) 

c  Clearance  (mm) 

c  Dimensionless  clearance  (c  ac/b) 

2  2 

E  Eckert  number  iE*wR  /c  T  j 

s  p  o 

h  Cavity  local  height  (mm; 

h  Dimensionless  local  cavity  height  ih*«h/b) 

k^  Fluid  thermal  conductivity  IW  m'^'c”^) 

L  Length  of  seal  (mm; 

m  Mass  flow  rate  (kg  s~^ ) 

M  Inlet  rotational  Mach  number  (  Ma[E/(r-1 )]^  ) 

n  Number  of  cavities 

p*  Fluid  pressure  (  Fa  ; 

p  Dimensionless  pressure  ^  P  ■  p/ R^  ) 

o  s 

P^  Prandtl  number  ^  P^,-  V'o'^p^'^o  ^ 

Rg  Shaft  radius  (mm; 

Rotational  Reynolds  number  (  ) 

Fluid  temperature  (  *C  ) 

#  ^ 

T  Dimensionless  temperature  (  T  ■  T/T^; 
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a,?’,w  Time  areraged  ▼elocity  components  in  ©  ,  y  and  z 
directions  respectively  s“^  } 

u*,w*  uimensionless  time  averaged  velocity  components  in  6  and 
directic  ively  (  u  ■u/u.Rg  ,  w  -w/uiRg  i 

y,z  Radial  ana  <ixxaj.  coordinates  (  mm  ) 

y*,z*  Dimensionless  radial  and  axial  coordinates  (  y  -y/b  ,  z 
/3  Fluid  viscosity  index 

Y  Ratio  of  specific  heats  ( T “Cp/c^  ) 

£,  Eccentricity  ratio  (  £  -e/b  ) 

■*]  Dimensionless  coordinate  (T  •y/h  ) 

oj  Shaft  angular  velocity  (  s“^) 

6  Tangential  coordinate  (  rad  ) 

?  Fluid  density  (kg  m”^  ) 

Dimensionless  density  (f*»f/?Q  ) 
u  Fluid  viscosity  (  mPa  a  ) 

p  Dimensionless  vicosity  (  ^  «  H/Hq  ) 

e  Eddy  diffusivity  (  m^s”^  ) 

p  Fluid  kinematic  viscosity  (ms  ) 


Appendix  2 


:  Expressions  for 


Yq(©,s*)  and  Xp(©,z*) 


Ti;(e,z).y(e,z*)>[Yj(0,z)^Yj(e,z)](-f-i)/EY  ,  xj;©,z*)-x(e,z')-^x(e,z*) 
where  Y^  (0,z*)«|i*kg[Mf*h*  P*)]/P*  h** 


Y2(e,z*)— A* 


-z/L  ) 
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X,(S,z*)- 
XgCS.z  )» 


z^(e,z*)- 

1 

3,(1)-  I 


f±j%’^t>:''>‘Vs>]  /fV’ 

^  bz  ^dz  ^  ^ 

fC  »t'  fr  «.  V»'> 

‘a©  3z  , 

-  f  '"Iv.ipl  Kv.  I  E 

'■  ’ae  Sz 

f(h*iP*-l*)2  .  (a3/L)2(^|P*I  )2]  r2  (b/R^)^ 

L  ae  ji  ®  az-  ^x*  J  ® 

l2  dT 


(i.e^/p) 


Appendix  3  :  fluid  and  seal  data 


Inlet  fluid  temperature 
Fluid  density  at  20  C 
Fluid  specific  heat 
Fluid  viscosity  at  20  C 
Fluid  viscosity  index 
Fluid  thermal  conductivity 
Maximum  height  of  cavity 
Shaft  radius 
Clearance 


Tq-20  ’c 

P^-.123  Rg  m"^ 

®  -1  a  -1 

c  -718  J  kg  C  ^ 
P 

(i^>.018  mfa  s 

&-1. 

k  -.025  W  m'"' V 
o 

b-5  mm 

R  -50  mm 
s 

C-.5  mm 


Fig.1  The  geometrical  configuration  of  the  seal  and 
the  coordinate  system  . 
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i.  2.  3.  4.  S.  6.  7.  8.  I|/|^ 

1.  2.  3.  4.  5.  6.  7.  8. 

Fig. 2  Performance  of  single 

Fig. 3  Performance  of  seals 

cavity  seals  having 

having  different  number 

different  b/a  . 

of  cavities  . 

( 6  *0  ,  M» . 5  ) 

(e-o  ,  M«.5  , b/a-1) 

ri..i5 


1.  2.  3.  4.  5, 


7«  8«  ^'/p 


Fig. 4  Effect  of  eccentricity  on 
the  performance  of  single 
cavity  seals  . 

(  M-.5  ,  b/a-1  ) 


1.  2.  J.  *.  S.  »•  7.  8 


Fig. 5  Effect  of  inlet  Mach 

number  on  the  perform- 
ance  of  a  single  cavity 
3eal.(£a0  ,b/a«1  ) 
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The  Formation  of  Streamwise  Vortices  Around  the  Circumference  of  Underexpanded 
Supersonic  Axisymmethc  Jets 

Amette,  S.A..  Samimy,  M.,  and  Elliott,  G.S. 

Department  of  Mechanical  Engineering 
The  Ohio  State  University 
Columbus,  Ohio  43210 

ABSTRACT 

Pitot  pressure  measurements  and  flow  visualizations  were  used  to  investigate  streamwise  vortices  previously 
observed  in  underexpanded  jets.  A  converging  nozzle  and  a  converging-diverging  nozzle  of  design  Mach  number  1 .5 
were  used  to  generate  jet  flows  of  equivalent  Mach  numbers  up  to  2.5.  By  operating  the  nozzles  fully  expanded, 
overexpanded,  and  underexpanded,  insight  was  gained  into  both  the  occurrence  and  cause  for  formation  of  the 
vortices.  Spatially-stationary  streamwise  vortices  were  found  to  exist  in  the  near-field  region  around  the  circumference 
of  underexpanded  jets  in  the  vicinity  of  the  jet  boundary.  Short  exposure  visualizations  show  the  vortices  persist  much 
further  downstream  without  average  organization.  Visualizations  suggest  adjacent  vortices  have  streamwise  vorticity 
of  opposite  sign,  so  the  action  of  adjacent  vortices  is  to  either  pump  jet  fluid  radially  outward  or  entrain  ambient  fluid 
radially  inward  towards  the  jet.  The  downstream  extent,  strength,  and  number  of  vortices  around  the  jet 
circumference  increase  with  degree  of  underexpansion.  A  large  number  of  vortices  is  found  near  the  nozzle  exit. 
Fewer  vortices  of  larger  scale  are  found  further  downstream,  indicative  of  a  merging  process.  The  absence  of  the 
vortices  in  fully  expanded  and  overexpanded  jets  suggests  the  vortices  result  from  a  Taylor-Gdrtler  instability. 

INTRODUCTION 

The  shock  ceil  structure  of  jets  operated  at  underexpanded  conditions  is  well  known.  Adamson  and  Nicholls' 
found  the  main  characteristics  to  be  those  presented  in  Fig.  1.  Upon  encountering  the  lower  ambient  pressure  at  the 
nozzle  exit,  the  gas  passes  through  an  expansion  fan.  The  expansion  waves  reflect  from  the  jet  boundary  as 
compression  waves,  which  coalesce  to  form  the  intercepting  shock.  At  low  pressure  ratios,  the  intercepting  shocks 
meet  at  the  jet  axis.  Fur  higher  pressure  ratios,  however,  these  shocks  are  connected  by  a  normal  shock,  or  Mach 
disk,  as  shown  in  Fig.  ..  It>:^th  cases,  reflected  shocks  are  formed  which  intersect  the  jet  boundary  and  reflect  as 
expansion  waves.  The  cell  structure  repeats  itself  downstream  until  the  flow  becomes  subsonic  everywhere  in  the  jet. 

Zapryagaev  and  Solotchin^  used  Schlieren  photography  and  pressure  measurements  to  demonstrate  the  presence 
of  stationary  streamwise  vortices  in  an  undetexpanded  jet  issuing  from  a  conical  Mach  l.S  nozzle  at  a  pressure  ratio 
of  10.  The  vortices  are  proposed  to  be  of  the  Taylor-Gortler  type  with  adjacent  vortices  having  streamwise  vorticity 
of  opposite  sign.  A  vortex  merging  process  is  suggested  by  Schlieren  images  which  show  the  number  of  vortices  to 
decrease  with  increasing  downstream  distance.  Novopashin  and  Perepelkin’  used  Rayleigh  scattering  to  generate 
average  cross-sectional  density  maps  of  high '  xpanded  axisymmetric  jets  ($tagnation-to-ambient  pressure  ratio 

of  100)  issuing  from  a  sonic  orifice  and  found  a  ..c  departure  from  axisymmetry.  They  proposed  the  lobed  nature 
of  the  density  maps  was  a  consequence  of  stationary  streamwise  vortices.  Krothapalli  et  al.*  demonstrated  the 
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existence  of  stauonary  streamwise  vortices  in  a  moderately  underexpanded  axisymmetric  jet  issuing  from  a  converging 
nozzle  at  a  pressure  ratio  of  5. 1 .  Pitot  pressure  measurements  show  sinuous  type  variation  of  the  total  pressure  around 
the  Jet  circumference,  suggesting  streamwise  vortices  exist  and  possess  significant  strength.  Laser  sheet  lighting 
visualizations  of  jet  cross-sections  were  obtained  by  collecting  the  scattering  from  condensed  water  particles  formed 
when  the  water  originally  present  in  the  ambient  air  as  vapor  was  entrained  and  mixed  with  cold  supersonic  fluid. 
Indentations  into  the  region  marked  by  the  condensed  water  panicles  suppon  the  presence  of  streamwise  vortices. 

The  main  objective  of  this  study  was  to  further  investigate  streamwise  vonices  in  supersonic  jets  with  methods 
similar  to  those  employed  by  Krothapalli  et  al.'  Jets  covering  a  wide  range  of  pressure  ratios  were  investigated, 
issuing  from  both  a  converging  nozzle  and  a  converging-diverging  nozzle  of  design  Mach  number  1.5.  Unlike  the 
conical  Mach  1.5  nozzle  used  by  Zapryagaev  and  Solotchin^,  the  Mach  1.5  nozzle  in  this  study  was  designed  with 
the  method  of  characteristics  to  generate  uniform  flow  at  the  nozzle  exit.  The  cited  studies  indicate  streamwise 
vortices  are  important  in  underexpanded  jets.  In  this  work,  fully  expanded,  overexpanded,  and  underexpanded  jets 
were  studied  to  draw  more  general  conclusions  concerning  the  relevance  of  the  observed  streamwise  vortices  to 
supersonic  jets. 

EXPERIMENTAL  PROCEDURE 

The  experiments  were  conducted  at  The  Ohio  State  University  Aeronautical  and  Astronautical  Research 
Laboratory.  An  air  storage  capacity  of  41  m’  at  pressures  up  to  16.5  MPa  allows  the  jet  facility  to  be  run 
continuously.  The  stagnation  pressure  of  the  jet  was  maintained  to  within  ±  1%  of  the  set  point.  This  along  with 
the  variation  of  the  ambient  pressure  led  to  a  small  run-to^run  variation  in  the  equivalent  Mach  numbers  about  the 
reported  values. 

Pitot  pressu/r  measurements  and  flow  visual  ations  were  performed  on  sonic  and  Mach  1.5  nozzles  with  exit 
diameters  of  i mn-  and  19.05  mm,  respectively.  Experiments  are  referred  to  in  terms  of  equivalent  Mach  number 
(M,),  which  is  the  Mach  number  that  would  result  in  an  isentropic  expansion  from  a  given  stagnation  pressure  to 
ambient  pressure.  The  cases  investigated,  along  with  the  Reynolds  numbers  based  on  throat  conditions,  are  presented 
in  Table  1 . 

Pitot  pressure  data  was  acquired  with  a  standard  probe  mounted  on  a  three-axis  traversing  system.  The  system 
allowed  positional  accuracy  to  ±  0.013  mm  along  each  axis.  The  probe  sensing  diameter  was  0.76  mm.  A  Bourdon 
tube  pressure  gage  capable  of  measurements  to  within  ±  3.5  kPa  was  used.  Measurements  were  taken  through  180* 
of  the  jet  circumference.  The  number  of  measurement  points  was  determined  by  dividing  the  180*  arc  length  for  the 
given  measurement  radius  by  the  sensing  diameter  of  the  probe.  Adjacent  measurement  points  are  separated  by  an 
arc  length  equal  to  the  sensing  diameter  of  the  probe.  Because  of  the  non-parallel  flow  in  overexpanded  and 
underexpanded  jets,  the  pitot  pressure  measurements  are  not  of  the  true  total  pressure  ahead  of  the  probe.  Only  the 
component  of  the  total  pressure  corresponding  to  flow  velocity  perpendicular  to  the  pitot  probe  face,  which  is  aligned 
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Table  I .  Investigated  flow  conditions. 


Nozzle 

M, 

Ptui  ^  Pimb 

Rcd/IO* 

Sonic 

1.0 

1.89 

0.375 

Sonic 

1.25 

2.59 

0.515 

Sonic 

1.5 

3.67 

0.727 

Sonic 

1.75 

5.33 

1.05 

Sonic 

2.0 

7.82 

1.55 

Sonic 

2.25 

11.6 

2.29 

Sonic 

2.5 

17.1 

4.26 

Mach  1.5 

1.5 

3.67 

1.03 

Mach  1.5 

2.0 

7.82 

2.19 

Mach  1.5 

2.5 

17.1 

4.79 

Mach  1.5 

1.3 

2.70 

0.756 

Mach  1.5 

1.18 

2.36 

0.661 

parallel  to  the  nozzle  exit  cross-section,  is  measured.  However,  since  the  interest  is  in  azimuthal  variation  due  to 
vortices,  the  measurements  are  useful. 

Light  scattered  from  condensed  moisture  in  the  jet  mixing  region  was  used  to  visualize  the  jet  flow.  Sheets 
parallel  to  the  face  of  the  nozzle  were  used  to  obtain  jet  cross-sections.  Some  images  were  recorded  with  the  aid  of 
a  molecular  iodine  filter.  Without  the  filter,  the  technique  is  the  commonly  employed  laser  sheet  lighting.  A  Spectra 
Physics  model  2020  continuous-wave  argon-ion  laser  was  used  in  conjunction  with  a  CCD  camera  set  to  a  "long* 
exposure  time  to  collect  average  cross-sections.  This  technique  is  beset  by  unwanted  reflections  from  the  outer  nozzle 
surfaces  and  scattering  from  stray  particles  in  the  ambient  fluid  outside  the  jet.  For  these  reasons,  the  molecular  filter 
was  employed  in  a  filtered  Mie/Rayleigh  scattering  technique  for  the  collection  of  all  instantaneous  images.  Miles 
et  al.’  demonstrated  that  a  molecular  filter  containing  iodine  vapor  can  be  used  in  conjunction  with  532  nm  Nd;  YAG 
illumination  to  eliminate  unshifted  background  light.  The  illuminating  light  was  provided  by  a  frequency-doubled 
Spectra  Physics  Nd:YAG  laser  at  532  nm,  injection-seeded  to  provide  a  narrow  linewidth  and  approximately  50  GHz 
tuning  capability.  The  pulse  duration  was  9  ns,  effectively  freezing  the  flow.  Images  were  collected  with  a  CCD 
camera.  A  more  complete  description  of  the  facility  and  instrumentation  is  provided  by  Amette‘. 

Condensed  water  particles  formed  around  the  periphery  of  the  jet  when  moist  ambient  air  was  entrained  and 
the  ambient  water  vapor  encountered  the  low  temperature,  high  speed  jet  fluid.  The  jet  air  is  dried  to  low  moisture 
levels.  This  method  of  visualizing  condensed  particles  in  the  mixing  region  has  been  used  in  the  investigation  of 
supersonic  jets  by  many  investigators.*'’  Dibble  et  al.’  estimated  the  condensed  particle  size  as  100  nm  in  similar 
experiments.  Taking  this  value  as  a  characteristic  diameter  (assuming  spherical  particles)  gives  an  r/X  ratio  of  0.094 
(where  r  is  the  particle  radius),  which  falls  in  the  transitional  region  between  Mie  and  classical  Rayleigh  scattering 
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theories.  This  esumate  seems  reasonable  for  the  current  study.  A  distinct  polarization  direction  effect  on  the  scattered 
intensity  was  present,  but  the  scattering  could  not  be  attenuated  to  near  extinction  by  varying  the  polarization  direction. 
This  suggests  the  scattering  was  near  the  transition  between  Rayleigh  and  Mie  scattering,  so  the  term  filtered 
Mie/Rayleigh  scattering  is  used.  Fourguette  et  al.'  studied  a  Mach  l.S  air  jet  with  the  same  method  of  condensed 
water  particle  formation.  Using  the  results  of  Samimy  and  Lele‘°,  an  estimate  of  350  nm  is  found  for  the  maximum 
allowable  particle  size.’  Assuming  a  particle  size  on  the  order  of  100  nm  as  suggested  previously,  the  particles  should 
accurately  follow  the  flow. 

RESULTS  AND  DISCUSSION 

Figure  2  presents  pitot  pressure  measurements  taken  around  the  circumference  of  an  Mj  >  2.0  jet  issuing  from 
the  sonic  nozzle  at  X/D  »  2.00.  Measurements  are  presented  at  various  measurement  radii,  r  (non-dimensionalized 
with  the  nozzle  exit  radius,  R),  non'dimensionalized  by  the  average  pitot  pressure  at  each  radius.  More  complete 
results  and  discussion  can  be  found  in  Amette’ ". 

The  axial  location  of  the  measurements  in  Fig.  2  (M,  =  2.0)  is  S  mm  downstream  of  the  Mach  disk.  Six  local 
minima  are  seen  in  the  figure,  and  the  maximum  variation  level  is  approximately  230  kPa  at  r/R  ^  1.20  (61  %  of  the 
average  pitot  pressure  at  r/R  =  1.20).  As  proposed  previously^  each  of  the  indentations  in  the  azimuthal  pressure 
measurements  is  thought  to  indicate  the  presence  of  two  counter-rotating,  spatially-stationary,  stieamwise  vortices. 
Adjacent  counter-rotating  vortices  gives  rise  to  a  pumping  action.  Depending  on  the  senses  of  rotation  of  the  adjacent 
vortices,  either  jet  fluid  is  pumped  radially  outward  or  ambient  fluid  is  entrained  radially  inward. 

Figures  3  and  4  present  azimuthal  pitot  pressure  profiles  for  the  M,  =  1.5  and  2.5  cases  issuing  from  the  sonic 
nozzle  at  X/D  =  2.(X},  respectively.  Strong  indentations  are  located  in  the  9  »  90°  -  1 10°  region.  As  proposed 
previously*,  this  suggests  the  departure  from  axisymmetry  results  from  the  amplification  of  perturbations  supplied  by 
the  nozzle.  No  noticeable  imperfections  were  found  in  the  nozzle.  The  data  of  Fig.  4  (X/D  »  2.00)  was  collected 
6.5  mm  upstream  of  the  Mach  disk.  The  maximum  variation  level  of  approximately  360  kPa  occurs  at  r/R  »  2.20 
(81%  of  the  average  pitot  pressure  at  r/R  *  2.20),  and  the  profile  exhibits  approximately  11  local  minima. 

Azimuthal  pitot  profiles  were  collected  at  several  downstream  locations.  The  measurement  radius  displaying 
maximum  variation  was  not  the  same  for  all  downstream  locations.  Instead,  it  varied  similarly  to  the  radial  distance 
between  the  jet  boundary  and  the  jet  centerline  in  the  underexpanded  jet  (see  Fig.  1),  suggesting  the  vortex  tubes 
experience  curvature  like  the  flow  in  the  vicinity  of  the  jet  boundary.  The  number  of  indentations  encountered  in  the 
azimuthal  profiles  decreased  with  increasing  distance  from  the  nozzle  exit,  suggesting  that  vortex  merging  occurs. 

The  azimuthal  pitot  pressure  profiles  for  all  of  the  M,  cases  listed  in  Table  1  display  clear  trends  (data  not 
included  is  presented  by  Amette’  ").  For  the  jets  issuing  from  the  sonic  nozzle,  Mj  is  a  convenient  indicator  of  the 
degree  of  underexpansion  (i.e.  the  degree  of  underexpansion  increases  with  Mj).  At  a  given  downstream  location, 
both  the  number  and  dimensional  ’strength’  of  the  indentations  increase  with  degree  of  undetexpansion.  Each  of  the 
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indentations  is  believed  to  result  from  the  presence  of  two  counter-rotating  vortices.  The  vortices  persist  in  an  average 
sense  for  a  greater  downstream  distance  with  increasing  equivalent  Mach  number.  A  model  presented  by  Amette  et 
al.",  in  which  the  underexpanded  jet  is  surrounded  by  a  hypothetical  'vonex  sheet*  shear  layer  (infinitesimally  thin), 
gives  the  largest  possible  azimuthal  pitot  pressure  vanation  that  could  be  caused  by  the  action  of  counter-rotating 
vortices.  Variation  magnitudes  calculated  with  the  model  compare  favorably  to  the  measurements." 

Pitot  pressure  azimuthal  profiles  were  also  generated  for  the  Mach  l.S  nozzle  at  various  M,.  The  fully 
expanded  and  overexpanded  jets  displayed  axisymmetry,  indicating  an  absence  of  vortices.  Although  the  azimuthal 
pitot  profiles  of  the  underexpanded  jets  issuing  from  the  Mach  l.S  nozzle  displayed  variations  similar  to  Fig's.  2-4. 
two  trends  were  clear:  1)  the  variations  were  smaller  than  those  found  in  jets  of  the  same  M,  issuing  from  the  sonic 
nozzle  and  2)  the  variations  in  the  azimuthal  pitot  profiles  existed  further  downstream  in  the  jets  issuing  from  the  sonic 
nozzle.  These  comparisons  indicate  the  vortices  are  stronger  and  persist  further  downstream  with  increasing  degree 
of  underexpansion. 

Since  the  flow  curvature  and  radial  velocity  gradient  in  the  underexpanded  jet  increase  with  M,  for  a  given 
nozzle,  the  strength  of  the  vortices  would  increase  with  M,  for  a  given  nozzle  if  the  vortices  result  from  the  Taylor- 
Gdrtler  instability.  This  was  seen  to  be  the  case  in  the  azimuthal  pitot  profiles.  Likewise,  since  the  degree  of 
underexpansion  is  much  less  in  a  Mach  l.S  nozzle  than  in  a  sonic  nozzle  operated  at  the  same  M^,  the  strength  of  the 
streamwise  vortices  would  be  much  greater  in  the  plume  of  the  underexpanded  sonic  nozzle  if  the  vortices  are  the 
Taylor-Gortler  type.  Again,  this  was  the  case. 

To  further  investigate  the  flow  features  discussed  above,  flow  visualizations  were  performed.  Long  exposure 
laser  sheet  lighting  images  are  presented  in  Fig.  5  for  the  M,  =  2.0  jet  issuing  from  the  sonic  nozzle.  All  presented 
cross-sections  are  slightly  distorted  due  to  the  off-axis  position  of  the  camera.  In  all  cases,  the  presented  pitot  pressure 
measurements  were  taken  from  the  top  center  of  the  jet  (6  =  90°)  to  the  bottom  center  (S  =*  270°),  traversing  around 
the  circumference  in  a  counter-clockwise  fashion  referenced  to  the  image  observer.  The  different  sizes  of  the 
condensation  rings  in  the  images  is  a  result  of  camera  positioning  only.  Indentations  in  the  condensation  ring  become 
more  noticeable  with  increasing  equivalent  Mach  number,  similar  to  the  variations  in  the  pitot  pressure  azimuthal 
profiles.  Image  A  at  X/D  =  1 .00  displays  many  small  indentations.  The  left  half  of  Image  B  (X/D  ~  2.00)  displays 
six  well  defined  indentations,  which  corresponds  exactly  to  the  pitot  pressure  azimuthal  profiles  of  Fig.  2  for  the  same 
angular  region.  The  center  of  the  condensation  ring  in  Image  B  is  at  a{^roximately  r/R  =  l.SO.  The  indentations 
in  the  condensation  rings  of  Images  C  and  D  (X/D  3.00  and  5.00,  respectively)  become  less  noticeable,  although 
indentations  are  clearly  still  present  at  X/D  >  3.00. 

Figure  6  presents  instantaneous  filtered  Mie/Rayleigh  scattering  images  of  the  M^  »  2.0  jet  issuing  from  the 
sonic  nozzle.  Images  A,  B,  C,  and  D  were  collected  at  X/D  «  1.00,  2.00,  3.00,  and  S.OO,  req)ectively.  While 
vortices  are  clearly  present  and  sationary  in  an  average  sense  from  the  azimuthal  pitot  profiles  and  long  exposure 
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images,  instantaneous  images  suggest  significant  deviauon  from  the  average  distribution  is  present  at  any  given  instant. 
Strong  counter-rotaung  streamwise  vortices  appear  to  be  present  instantaneously  at  X/D  >  S.OO,  although  they  have 
lost  their  average  spatial  organization. 

CONCLUSION 

The  existence  and  nature  of  streamwise  vortices  in  high  Reynolds  number,  axisymmetric  jets  operating  in 
overexpanded,  fully  expanded,  and  underexpanded  regimes  have  been  studied.  The  measurement  of  the  azimuthal 
variation  of  the  pitot  pressure  was  used  as  an  indirect  measure  of  the  vortices’  strength.  Long  exposure  laser  sheet 
lighting  and  instantaneous  filtered  Mie/Rayleigh  scattering  were  used  as  visualization  techniques.  The  presence  of 
qntially-stationary,  streamwise  vortices  has  been  demonstrated  indirectly  in  underexpanded  jets  issuing  from  sonic 
and  Mach  l.S  nozzles.  The  counter-rotating  vortices  form  indentations  in  the  region  between  the  intercepting  shock 
and  the  outer  edge  of  the  shear  layer  surrounding  the  jet.  The  downstream  development  of  these  vortices  for 
equivalent  Mach  numbers  from  1.0  to  2.S  was  investigated.  As  reported  previously  by  Zaptyagaev  and  Solotchin’ 
and  Krothapalli  et  al.*,  the  vortices  exist  in  the  vicinity  of  the  jet  boundary  and  are  spatially-stationary  for  the  first 
few  exit  diameters  downstream.  Good  agreement  was  found  between  the  visualizations  and  pitot  measurements 
concerning  the  number  and  angular  location  of  the  vortices  circumference.  Visualizations  and  pitot  measurements 
indicate  significant  merging  of  adjacent  vortices  occurs,  leading  to  an  increase  in  scale  of  the  vortices  with  increasing 
downstream  location.  The  vortices  appear  to  result  from  the  Taylor-C6rtler  instability,  as  originally  suggested  by 
Zaptyagaev  and  Solotchin^  This  is  strongly  suggested  by  the  absence  of  the  vortices  in  perfectly  expanded  jets  issuing 
from  both  converging  and  converging-diverging  nozzles  and  overexpanded  jets  issuing  from  a  converging-diverging 
nozzle.  Supporting  arguments  are:  1)  the  vortices  occur  in  counter-rotating  pairs,  2)  the  vortices  do  not  exist  at  the 
same  radius  for  all  downstream  locations,  but  instead  experience  curvature  with  the  flow  as  is  typical  of  Taylor-Gortler 
vortices,  and  3)  the  vortices  display  the  expected  trend  of  increasing  strength  with  increasing  curvature  and  radial 
velocity  gradient. 

The  effect  of  increasing  Mj  is:  1)  the  vortices  exist  in  an  average  sense  further  downstream,  2)  the  vortices 
at  a  given  downstream  location  are  increased  in  strength,  and  3)  there  is  a  larger  number  of  vortices.  The  vortices 
exist  instantaneously  downstream  of  where  they  cease  to  be  spatially-stationary. 
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Fig.  1.  Shock  cell  structure  in  the  plume  of  an  underexpanded  jet. 
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Fig.  2.  Axiffluilul  variation  of  the  pitot  ptessure  for  ~  2.0  issuing  from  sonic  u  X/D  ■  2.00. 


Fig.  4.  Aamuthal  variation  of  the  pitot  pressure  for  M,  «  2.S  issuing  from  sonic  nonle  at  X/D  -  2.00. 
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Fig.  5.  Long  exposure  laser  sheet  lighting  images  of  M,  »  2.0  jet  issuing  from  sonic  nozzle 
B.  C,  and  D  were  collected  at  X/D  -  1.00.  2.00.  3.00.  and  5.00.  respecuvely. 


Fig.  6.  Filtered  Mie/Rayleigh  scattenng  images  of  M.  =  2.0  jet  issuing  from  sonic  nozzle.  Images  .\.  B.  C.  and  D 
were  collected  at  X/D  =  1.00.  -.00,  3.00,  and  5  00.  respectively.  .So  specific  ume  relationship  exists  between  the 
individual  images. 
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Abstract 

Laser  Doppler  Velocimetry  is  used  to  measure  mean  flow  velocity  and  turbulence  intensity  in  an 
annulus  with  inner  rotating  cylinder  and  a  dead  end  wall.  In  addition,  root  mean  square  values  of  the  velocity 
fluctuations  are  measured.  Snell’s  law  is  used  to  predict  the  measurement  volume  locations  and  the  angles 
between  the  laser  beams  in  the  annulus. 

The  flow  Taylor  number  and  Reynolds  number  are  4.4  X 1 0*  and  3.6  X  1 0*,  respectively.  Flow  in  the 
annulus  is  three  dimensional  and  turbulent  A  toroidal  vortex  with  a  centerline  passing  through  the  annulus 
centerline  extends  along  its  length,  in  this  vortex,  mean  components  of  the  velocity  in  the  radial  and  axial 
directions  are  small  compared  with  the  mean  azimuthal  component.  Flow  particles  follow  helical  paths  in 
the  annulus.  Mean  flow  is  toward  the  end  wall  in  the  region  close  to  the  outer  cylinder.  The  flow  particles 
occupy  the  region  close  to  the  inner  cylinder  as  they  travel  toward  the  annulus  throat.  There  is  a  constant 
flow  exchange  through  the  open  annulus  end. 

The  axial  turbulence  intensity  is  larger  in  the  central  region  of  the  annulus  flow  compared  with  the 
regions  dose  to  the  annulus  walls.  For  the  azimitthal  turbulence  intensity  component,  the  largest  magnitudes 
are  obtained  near  the  stationary  wall  where  there  is  a  sharp  gradient  of  the  mean  azimuthal  velocity 
component. 
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Nomenclature 

b  Annulus  clearance 

D  Inner  cylinder  diameter 

d  Particle  mean  diameter 

f  Frequency 

n  Refractive  index 

p  Pressure 

Re  Reynolds  number 

r  Radius  of  the  inner  cylinder 

Ta  Taylor  number 

U  Time-mean  velocity  component 

u  Velocity  component 

u  Root  mean  square  value  of  the  velocity  component  fluctuations 

X,Y,Z  Laboratory  coordinate  system 
K  Half  angle  between  laser  beams 
X.  Wave  length  of  laser  light 

p  Dynamic  viscosity 

V  Kinematic  viscosity 

p  Density 

T  Period  of  particle  fluctuation  in  a  fluid 

^  Angle  between  the  bisector  of  the  beams  and  the  outer  cylinder  tangent 
(i)  inner  cylinder  angular  speed 


Subscripts 
a  Average 

D  Doppler 

g  Glass 

p  Particle 

r  Radial  direction 

s  Surface  of  the  inner  cylinder 

f  Fluid 

X  X-direction 

e  Azimuthal  direction 
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I.  Introduction 

T urbulent  annular  flow  is  found  in  various  rotating  machinery  such  as  cooling  systems  in  gas  turbine 
rotors,  flow  passages  of  turbomachinery,  heat  exchangers,  electric  rotating  machinery,  journal  bearings,  arxl 
mechanical  seals  in  pumps.  Knowledge  of  the  fluid  stress  distribution,  velocity  variation  with  passage  length 
and  radius,  turbulence  structure,  and  pressure  drop  characteristics  in  a  turbulent  annular  flow  with  inner 
rotating  cylinder  are  important  for  effective  analysis  and  design.  Fluid  flow  and  heat  transfer  properties  of 
the  flow  in  this  type  of  geometry  are  necessary  for  an  optimum  performance  with  regard  to  the  maximum 
temperature  and  power  rating. 

Oklishi  and  Serovy'  measured  the  mean  velocity  distribution  in  smooth  annuli  with  radius  ratios  0.344, 
0.531,  and  0.781  in  the  range  of  Reynolds  numbers  12,000  to  100,000.  PolkowskP  investigated  theoretically 
the  turbulent  flow  between  coaxial  cylinders  with  the  inner  cylinder  rotating.  Yamada^  measured  the  torque 
between  co-axial  cylinders  with  the  inner  cylinder  rotating  by  the  water  flow.  Morrison,  et  al.^  measured  the 
flow  field  inside  an  annulus  with  a  0.00127  m  clearance,  Reynolds  number  27.000,  and  Taylor  number  6,600. 


The  previous  research  mostly  dealt  with  either  a  closed  cavity  or  an  annulus  having  an  inlet  on  one 
end  and  an  outlet  on  the  other.  The  present  expenmental  investigation  is  performed  in  an  annulus  with  one 
dead  end  wall  and  inner  cylinder  rotating.  The  open  end  of  the  annulus  is  located  in  the  wake  of  an  impeller. 


II.  Experimental  set-up  and  procedure 

I  la.  Operating  Conditions 

A  Duriron  Group  II  pump  with  balance  holes  (impeller 
diameter  25.4  cm),  a  Plexiglas  casing,  and  an  annulus  with  a 
Plexiglass  wall  were  used  for  ease  of  access  by  laser  beams 
for  LDV  measurements  and  flow  visualization.  Schematic  of 
the  pump  with  the  annulus  is  shown  in  Figure  1 .  The  inner 
cylinder  is  set-screwed  to  the  shaft  to  maintain  and  provide 
face  loading,  axial  position,  and  drive. 


annulus,  and  a  set-up  for  u.  measurements 
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The  inner  cylinder  rotates  at  1,750  RPM  and  the  volumetric  flow  rate  for  the  pump  is  435  lit/min. 
Water  temperature  m  the  recirculating  tanK  was  raised  17  *C  during  the  three  initial  hours  of  the  tests.  This 
temperature  rise  was  mainly  due  to  the  frictional  heat  at  the  seal  face  located  at  X-0  and  the  turbulent 
viscous  dissipation.  A  15.24  m  long,  1 .27  cm  copper  conduit  carrying  cool  tap  water  was  placed  inside  the 
main  water  tank  to  remove  the  heat.  The  large  flow  mixing  generated  by  the  pump  discharge  in  the  tank 
provided  adequate  conditions  for  heat  transfer.  The  water  temperature  remained  constant  at  20  ‘C  during 
the  duration  of  the  tests. 

The  flow  Taylor  number  Ta  -  (ro^  r  b,^  )l\^  for  the  annulus  is  4.25  X  10*.  The  average  clearance  is 
represented  by  b,  -  (b,  +  b2)/2.  b,  and  bj  are  shown  in  Figure  1 .  The  flow  Reynolds  number  is  Re  -  U,  D/v 
-  3.52  X  10®.  Experiments  were  performed  under  the  following  conditions: 

Cl)  -  1 83  rad/sec 
U,  -  5.67  m/sec 

r  ■  0.031  m 
b,  ■  0.015  m 
bj  ■  0.017  m 

v„  -  lO"®  m^/sec  at  20  'C. 


For  LDV  measurements,  water  is  seeded  with  silver  coated  particles  to  produce  a  signal  with  adequate 
signal  to  noise  ratio.  This  ensures  that  the  particles  follow  flow  fluctuations  of  highest  frequencies  existing 
in  this  type  of  flow®.  The  silver  coated  particles  have  a  specific  gravity  of  2.6  and  a  mean  diameter  d  -  9  pm. 
Calculations  based  upon  f  *  1/(2itT),  where 


T*. 


184. 


(1) 


shew  that  In  water,  these  particles  follow  flow  fluctuations  which  possess  frequencies  up  to  13,603  Hz. 


lib.  Mean  Velocity  and  Turbulence  Intensity  Measurements 

A  dual  beam  one  component  LOV  system  was  used  for  velocity  measurements.  To  measure  the 
axial  component  u„  the  plane  of  the  two  beams  is  formed  in  the  X-V  plane  as  shown  in  Figure  1 .  By  rotating 
the  plane  of  the  two  beams  90  degrees  around  the  optical  axis,  the  azimuthal  u,and  radial  u,  components 
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of  velocity  are  measured  as  shown  in  Figure  2.  Back 
scattering  technique  is  used  for  mean  velocity  and  turbulence 
intensity  measurements. 

The  measurement  volume  location,  k,  and  a  change 
due  to  the  beam  refraction  in  Plexiglas  and  water.  The  half 
angle  between  the  beams  in  water  inside  the  chamber 
represented  by  k,  and  the  radial  location  of  the  measurement 
volume  with  respect  to  the  shaft  axis  were  measured  and 
predicted  using  Snell's  law  by  Merati,  et  al.‘  The  wave  length  of  laser  light  in  water  is  X,  -  Xyn,.  Refractive 
indices  of  water  n,  and  Plexiglas  n,  are  measured  to  be  equal  to  1 .33  and  1 .49,  respectively. 

For  u,  measurements,  the  bisector  of  the  two  beams  is  not  tangent  to  the  cylinder  as  shown  in 
Figure  2.  Thus,  the  measured  component  u„  is  contaminated  with  the  azimuthal  component  u,  according 
to  the  following  relationship: 

u„*u,  Cos  Sin  ^  (2) 

By  photographing  the  refracted  beams,  4  was  found  to  be  constant  and  equal  to  0.79*  over  the  annulus 
length.  Equation  (2)  is  used  to  obtain  U,  since  U,  Sin  ^  is  not  negligible  relative  to  U„.  The  one  component 
LDV  system  and  the  present  experimental  set-up  is  not  capable  of  measuring  u,  because  of  the 
contaminating  effect  of  the  azimuthal  velocity  component.  In  addition,  u,  was  not  measured  in  the  region 
Z239  mm  due  to  the  severe  beam  refraction  and  reflection  near  the  outer  cylinder  wall. 


Figure  2.  Experimental  set-up  for 
measurement  of  azimuthal  and  radial 
components 


III.  Results 


The  azimuthal,  axial,  and  radial  components  of  the  mean  velocity  are  shown  in  Figures  3.  4,  and  5 
respectively.  The  azimuthal  component  is  dominant  with  a  maximum  value  near  8  m/sec  and  is 
approximately  equal  to  5.67  m/sec  on  the  surface  of  the  inner  cylinder.  The  linear  speed  of  the  inner 
cylinder's  surface  is  5.67  m/sec.  The  radial  and  axial  components  have  maximum  values  of  0.1  m/sec  and  - 
0.7  m/sec,  respectively.  The  azimuthal  velocity  component  between  Y-36-40  mm  inaeases  as  X  decreases, 
i.e.,  as  the  dead  end  wall  approaches.  Conversely,  the  azimuthal  velocity  component  between  Y>4&48  mm 
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decreases  as  X  deceases.  The  dominant  terms  in  the  momentum  equation  for  the  radial  direction  simplify 
to  Equation  (3). 

lA  .  (3) 

r  dr 

Therefore,  the  change  in  Ug  along  the  X-axis  is  driven  by  the  varying  pressure  gradient  dp/dr  as  shown  in 
Figure  6. 


Assuming  azimuthal  symmetry  for  the  axial  component  of  the  velocity,  continuity  of  mass  is  not 
satisfied  at  some  of  the  X-constant  planes.  This  asymmetry  is  possibly  due  to  the  existence  of  non- 
symmetrical  inlet  conditions  at  the  open  end  of  the  annulus. 
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The  total  velocity  vectors  of  Figure  7  show  that  at  X>i34  mm,  flow  enters  the  annulus  near  the  outer 
cylinder  wall  and  leaves  the  annulus  near  the  inner  rotating  cylinder.  The  plane  of  the  velocity  vectors 
becomes  more  parallel  to  the  Y-Z  plane  as  the  dead  end  wall  is  approached.  Thus,  a  fluid  particle  most 
likely  enters  the  chamber  near  the  outer  cylindrical  wall  and  follows  a  helical  path  until  it  reaches  the  dead 


Due  to  the  large  pressure  field  at  the  comer  of  the  outer  cylinder  and  the  dead  end  wail,  the 


particle  is  forced  toward  the  inner  rotating  cylinder  to  follow  the  rest  of  its  helical  journey  toward  the  open 


end  of  the  annulus.  Depending  on  its  proximity  to  the  annulus  conical  midplane,  the  particle  either  leaves 


or  is  directed  back  into  the  annulus  as  shown  by  flow  vectors  of  Figure  8. 


Assuming  azimuthal  symmetry,  velocity  vectors  of  Figures  7  and  8  show  a  toroidal  vortex  extending 
the  length  of  the  inner  cylinder  with  its  circular  center  line  approximately  passing  through  the  annulus 
centerline.  The  radial  velocity  component  was  not  measured  at  the  same  location  as  azimuthal  and  axial 
components.  However,  since  the  radial  components  are  small  compared  with  the  azimuthal  components, 
the  overall  flow  behavior  is  adequately  represented  by  the  measured  flow  vectors. 


The  azimuthal  and  axial  components  of  the  turbulence  intensity  profiles  are  shown  in  Figures  9  and 

10,  respectively.  For  the  azimuthal  turbulence  intensity  component,  the  largest  magnitudes  (*20%)  are 
obtained  near  the  stationary  annulus  wall  where  there  is  a  sharp  gradient  of  the  mean  azimuthal  velocity 


higher  in  the  central  region  of  the  secondary  flow 
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Figure  9.  Azimuthal  turbulence  intensity 


Figure  10.  Axial  turbulence  intensity 


compared  with  the  regions  near  the  walls.  The  large  values  of  u^U,  near  the  shaft  at  X»34  mm,  which  is 
slightly  downstream  of  the  inner  cylinder,  are  due  to  the  separated  flow  at  the  edge  of  the  inner  cylinder. 


IV.  Conclusions 

LDV  measurements  showed  that  flow  in  the  annulus  located  downstream  of  an  impeller  is  three 
dimensional  and  turbulent.  A  toroidal  vortex  spans  the  axial  length  of  the  annulus.  The  c.  oss  section  of  this 
vortex  on  a  constant  9  plane  has  a  center  approximately  located  at  the  middle  of  this  plane.  In  this  vortex, 
mean  components  of  the  velocity  in  the  radial  and  axial  directions  are  small  compared  with  the  mean 
azimuthal  component.  The  shape  of  the  U,  profile  is  largely  determined  by  the  pressure  field  of  the  annulus 
flow  since  U,  is  the  dominant  component  of  the  mean  velocity. 


Flow  particles  follow  a  helical  path  as  they  move  toward  the  dead  end  wall  in  a  region  close  to  the 
outer  cylinder  and  return  toward  the  open  throat  in  a  region  close  to  the  rotating  inner  cylinder.  There  is  a 
constant  flow  exchange  through  the  open  annulus  end. 


For  the  azimuthal  turbulence  intensity  component,  the  largest  magnitudes  were  obtained  near  the 
stationary  wall  where  there  is  a  sharp  gradient  of  the  mean  azimuthal  velocity  component.  The  axial 
turbulence  intensity  is  higher  in  the  central  region  of  the  annulus  flow  compared  with  the  regions  close  to  the 
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INTRODUCTION 

The  flow  of  air  through  curved  ducts  has  been  studied  experimentally  and  numerically.  This  particular  area  of  study 
is  inspired  by  problems  that  require  the  delivery  of  a  fluid  from  an  inlet  to  an  exit  where  physical  constraints  preclude 
a  straight  path.  The  particular  configurationa  that  occur  in  aircraft  inlet  ducts  have  been  the  studied  in  the  propulsion 
laboratory  at  the  National  institute  for  Aviation  Research.  Rectangular  S-shaped  ducts  models,  twcHjimensional 
representations  of  inlet  ducts  geometries  (found,  for  example  in  airaalt  such  as  the  Boeing  727  arxl  Lockheed  L-101 1) 
have  been  the  subject  of  studies  investigating  cunrature  effects,  non-constant  cross-sectional  area  arxi  imposed  inlet 
boundary  layers.  The  purpose  of  this  project  was  to  investigate  the  effect  of  boundary  layer  control,  in  the  form  of  wall 
suction,  on  the  flow  through  an  S-shaped  duct  with  constant  cross-sectionai  area.  Suction  was  obtained  by  the 
obvious  method  of  applying  an  external  vacuum  source,  and  in  addition,  by  forming  a  by-pass  system,  wherein  the 
naturally  occuring  areas  of  high  and  low  pressure  are  used  to  good  advantage  in  a  self  contained  system.  Velocity 
profiles  and  turbulent  intensity  levels  across  the  duct  were  measured.  These  studies  were  undertaken  as  fundamental 
flow  investigations  and  with  the  assumed  goal  that  such  measures  as  boundary  layer  corrtroi  are  intended  to  influence 
a  flow  for  maximum  mass  flow  rate,  uniform  exit  velocity  profiles,  minimal  turbulence  levels  and  stabilization  of  the 
flow  against  separation  at  those  areas  deemed  critical. 

REVIEW 

Several  general  features  of  flow  through  cunred  channels  has  been  identified  through  experiment  and  analysis. 
Ramaprian  and  Shivaprasad(l)  have  demonstrated  that  curvature  has  very  definite  effects  on  the  turbulent  structure. 
At  the  convex  wall,  turbulence  is  inhibited;  diffusion  of  turbulent  energy  from  the  wall  is  decreased,  integral  time  scales 
are  decreased,  and  the  turbulent  kinetic  energy  distribution  shifts  to  higher  wave  numbers.  The  opposite  situation 
occurs  at  the  concave  wall,  hence,  in  general,  the  convex  wall  is  said  to  ‘stabilize*  turbulence,  while  the  concave  wall 
is  said  to  'destabilize'  it. 
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When  a  fluid  enters  an  S-shaped  duct  (see  Figure  1),  a  radial  pressure  gradient  develops,  forcing  the  pressure  to 
increase  outward  from  the  center  of  curvature,  while  the  velocity  decreases.  At  the  transition  of  the  first  bend,  and  the 
second,  reversed  bend,  the  pressure  and  velocity  field  chartges  are  reversed.  However,  when  entering  the  second 
bend,  the  boundary  layer  thickness  has  of  course  inaeased.  Hence,  the  thickened  boundary  layer,  when  forced  to 
proceed  through  the  adverse  pressure  gradient  along  the  concave  wall  becomes  a  critical  area  in  the  flow,  and  is 
subject  to  flow  separation  when  the  mass  flow  rate  is  increased  or  when  the  flow  is  subjected  to  external  disturbances. 
If  the  duct  were  to  be  a  diffusing  duct,  rather  than  constant  cross-sectional  area,  this  would  be  even  more  critical. 


Butz(2)  obtained  hot  wire  anemometer  data  in  rectangular  (2-0)  S-shaped  ducts.  His  turbulence  measurements 
supported  the  convex/concave  expectations;  centerline  velocity  measurements  clearly  showed  the  distortion  of  velocity 
profiles  due  to  curvature  effects.  Profiles  shown  later  in  this  paper  in  Figures  4-5  are  similar. 


Experimental  work  performed  at  the  NIAR  propulsion  lab  indudes  the  investigations  in  several  areas.  Reyman(3) 
investigated  changes  in  cross-sectional  area  and  curvature  in  a  2-0  rectangular  duct,  and  developed  optimization 
criteria  to  design  a  duct  for  maximum  pressure  recovery  while  avoiding  flow  separation.  Kitchen(4)  obtained  2-0  laser 
velodmeter  data  in  2-0  rectangular  S-shaped  ducts  of  constant  cross-sectional  area  to  verify  simultaneous 
development  of  computational  techniques.  Said(S)  studied  the  effect  of  imposed  inlet  boundary  layer  on  flow  through 
a  S-shaped  duct  of  constant  cross-sectiortal  area.  He  found  very  little  apparent  difference  in  pressure,  velocity  or 
turbulence  data  with  inlet  boundary  layer  thicknesses  equal  to  3%,  25%  and  30%  of  the  duct  width.  Tohmaz(6) 
designed  and  constructed  a  set  of  inlet  lips.  This  design,  based  on  Borda  Mouthpiece  streamlines,  was  made  to  be 
used  with  the  2-D  duct  rig  in  order  to  provide  a  smooth  aid  uniform  inlet  flow.  The  lip  design  is  shown  in  Figure  2. 
These  inlet  lips  were  used  in  this  study. 


EXPERIMENTAL  SET  UP  AND  MEASUREMENTS 


The  set  up  for  testing  engine  inlet  and  nozzle  structures  consists  of  the  components  shown  in  Figure  3.  Velocity 
measurements  are  obtained  with  a  laser  velocimeter,  whose  system  components  included  a  2-W  Argon  ion  laser, 
Oantec  55X  optics  producing  a  three-beam  system,  one  photo-multiplier  and  one  Dantec  counter  processor.  Seeding 
for  velocity  measurements  was  provided  by  spraying  monodisperse  polystyrene  spheres  mixed  with  ethanol  near  the 
duct  inlet.  A  particle  size  of  1 .2  microns  was  used.  Pressure  measurements  were  made  with  a  Scanivalve  system. 
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and  all  data  collected  on  a  PC  in  the  laboratory.  The  duct  model  used  in  these  expehments  was  a  constant  cross- 
sectional  area  dua  made  of  two  45-degree  circular  arcs.  The  curved  top  and  bottom  sidewalls  were  made  of  fiber- 
composite,  the  straight  varticaf  side  walls  were  clear  acrylic,  foi  LOV  measurements.  Static  pressure  taps  were  located 
on  the  top  and  bottom  walls  along  the  duct  centerline.  The  inlet  lips  shown  in  Figure  2  were  attached  to  the  front  of 
the  duct. 

Two  fan  speeds  were  chosen  for  study;  mean  inlet  velocities  of  73.5  fps  (speed  1),  and  119  fps  (speed  2)  with 
corresponding  Reynolds  numbers  (based  on  the  duct  height)  of  1.06  X  10*  and  1.73  X  10*.  At  each  speed,  velocity 
profiles  and  turbulence  measurements  were  obtained  along  the  traverse  lines  indicated  in  Figure  i .  Velocity  profile 
results  are  presented  in  Figures  4-5.  From  these  figures  the  nature  of  the  flow  through  the  S-shaped  duct  is  clearly 
indicated.  At  the  inlet,  the  flow  is  immediately  influenced  by  the  radial  acceleration  and  the  uniform  inlet  flow  is 
distorted  with  higher  velocities  near  the  top  of  the  duct  and  lower  velocities  near  the  bottom.  This  trend  confines  as 
the  flow  proceeds  through  th  curve;  the  velocity  profiles  at  plane  B  show  an  increasing  amount  of  deflection.  At  the 
inflection  plane,  curvature  in  the  opposite  direction  begins  to  straighten  the  flow,  and  the  distortion  of  the  velocity 
profiles  is  reversed.  At  plane  D  the  velocity  profile  was  found  to  be  nearly  reversed  from  that  found  at  plane  B.  At  the 
outlet  traverse,  the  profile  appeared  to  be  returning  to  an  undistorted  profile. 

Turbulence  levels  were  also  measured,  in  the  flow  direction  only.  This  data  is  presented  in  Figures  6-7. 

There  seerps  to  be  little  difference  in  core  turbulent  intensities.  The  data  does  show  rather  dearly  in  a  qualitative  way, 
the  diffusion  of  turbulent  kinetic  energy  away  from  the  wails.  An  inspection  of  the  turbulent  energy  levels  at  the 
inflection  traverses  shows  that  the  expected  effect  of  concavity  versus  convexity  on  the  diffusion  of  turbulent  energy 
is  verified-turbulence  levels  are  higher  nearer  the  top  wdi  than  the  bottom  wall.  Further  downstream,  at  the  outlet 
traverse,  the  opposite  situation  has  occured,  and  here  the  measurements  indicate  that  the  diffusion  of  turbulent  kinetic 
energy  is  more  rapid  from  the  bottom  wall. 

After  obtaining  these  measurements,  the  duct  was  modified  to  allow  a  study  of  some  flow  control  schemes.  The  first 
of  these  was  the  installation  of  a  wall  suction  system.  At  plane  0,  a  series  of  holes  were  drilled  into  the  top  and  bottom 
walls,  a  chamber  was  constructed  over  the  openings  of  the  holes  which  was  in  turn  connected  to  the  building  vacuum 
supply.  Since  the  purpose  of  ihis  flow  control  measure  is  intended  to  produce  a  more  uniform  and  less  turbulent  outlet 
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velocity  profile,  measurements  were  taken  at  the  outlet  plane.  Results  are  shown  in  Figure  8-9.  The  outlet  velocity 
profiles.  compareO  to  those  without  the  suction,  are  not  markedly  different.  At  the  higher  speed,  the  outlet  turbulent 
intensities  do  show  some  variation,  with  higher  turbulent  intensities  located  in  the  center  of  the  flow  with  the  suction 
system  operating. 

Antoher  form  of  flow  control  was  investigated.  Rather  than  using  a  vacuum  system  for  suction,  the  chambers  at  the 
top  and  bottom  of  the  duct  were  joined  with  a  vent.  The  intent  was  to  induce  flow  from  the  high  pressure  region. 
Again,  outlet  velocity  profiles  and  turbulent  intensities  were  obtained,  and  are  shown  in  Figures  10  and  1 1 . 


CONCLUSIONS 

The  data  presented  here  represents  some  exploratoryinvestigations  into  the  use  of  vacuum  and  by-pass  flow  control 
applied  to  the  S-Shaped  duct.  No  appreciable  change  in  the  exit  velocity  profiles  was  noted  with  either  method.  At 
the  higher  of  the  two  speeds  studied,  both  methods  resulted  in  higher  but  more  uniform  turbulent  intensity  levels 
across  the  center  of  the  duct.  The  by-pass  system  was  especiaily  effective  in  producing  a  fairly  uniform  turbuient 
intensity  across  a  large  extent  of  the  duct  width. 

Many  variables  remain  to  be  explored  in  the  use  of  such  method,  such  as  the  exact  placement  and  area  of  the  porous 
surfaces,  in  a  duct  with  sharper  turns,  or  a  difflising  duct,  where  the  availalbe  speeds  in  the  test  rig  wou'"  be  high 
enough  to  produce  flow  separation,  removal  of  the  high  pressure  fluid  along  the  upper  wall  could  be  significant  in 
preventing  or  delaying  flow  separation. 
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Figure  4. 

Velocity  Profiles  at  Speed  1 
Velocttles  are  Non-Oimenaionalizad  by 
Inlet  Average  Velocity 


Rgure  5. 

Velocity  Profiles  at  Speed  2 
Velodties  are  Non-Oimerisionalized  by 
Inlet  Average  Velocity 
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Outlet  Plane  Velocity  Profiles  with  Suction  System  Outlet  Plane  Turbulerti  Inter  siti'js  with  Suction  System 

Compared  with  normal  duct  flow  at  same  speed  Compared  with  normal  duct  flow  at  same  speed 


Hgure  10. 

Outlet  Plane  Velocity  Profiles  with  By-Pass  System 
Compared  with  normal  duct  flow  at  same  speed 


Rgure  11. 

Outlet  Rane  Turbulent  Intensities  with  By-Pass  System 
Compared  with  normal  duct  flow  at  same  speed 


Turbulence  in  a  Two-Dimensional  Wall-Jet 
Experiments  and  Modelling 

by 

H.  Abrahamsson*.  H  I.  Andarason**,  B.  Johansson*  and  L.  Lbfdahl* 

•  Department  of  Thermo  and  Ruid  Dynamics 
Chalmers  University  of  Technology 
S-41 2  96  QOteborg.  Sweden 

**  Division  of  Applied  Mechanics 
The  Norwegian  Institute  of  Technology 
N-7034  Trondheim,  Norway 


ABSTRACT 

An  experfmental  and  numerical  investigation  of  the  turbulence  field  in  a  two-dimensional  wall-jet  has  been  carried  out  in  a 
well-defined  geometry.  The  measurements  were  performed  using  hot-wire  technique  and  the  calculations  were  carried 
out  with  a  standard  k-e  model  as  well  as  an  algebraic  stress  model  (ASM),  using  elliptic  solvers.  For  the  mean  velocity  field, 
good  agreement  was  found  between  the  measurements  and  the  calculations.  The  measurements  of  the  turbulertce 
intensities  reveal  two  maxima  in  the  streamwise  and  spanwise  components,  while  only  one  maximum  was  found  in  the 
normal  component.  Also  in  the  shear  stress  two  maxima  were  found.  A  comparison  between  calculations  and 
measurements  indicates  that  improved  turbulence  modefs  are  needed. 

1.  INTRODUCTION 

To  improve  turbulence  models,  well-defined,  simple  and  fundamental  experiments  are  needed.  Together  with  direct 
numerical  simulations  of  turbulence,  these  experiments  yield  a  good  base  for  the  improvement  on  the  modelling  of 
different  terms  in  the  transport  equations  for  the  Reynolds  stresses.  The  wall-jet  is  a  fundamental,  well-defined  and  simple 
flow  case,  where  an  interaction  between  a  wall  boundary  layer  and  a  free  shear  layer  forms  a  complex  flow  field.  A 
oomprehensive  survey  of  the  literature  on  wall-jets  has  been  carried  out  by  Launder  and  Rodi  (1981).  who  studied  a  large 
number  of  different,  wall-jet  experimerTts.  Their  main  conclusion  was  that  there  is  a  lack  of  well-defined  experiments  in 
fundamental  geometries.  It  was  also  pointed  out  that  many  c*  the  studied  flow  cases  did  not  fulfil  the  basic  condition  of 
two-dimensiortality.  Although  more  than  ten  years  have  passed  since  the  survey  by  Launder  and  Rodi  was  published, 
very  few  investigations  have  been  reported  were  wail-jets  have  been  studied. 

The  purpose  of  the  present  work  is  to  measure  and  compute  the  turbulence  field  in  a  two-dimensional  wail  jet.  in  a  simple 
arxl  also  well  defined  geometry.  The  geometry  of  the  present  work  differs  slightly  from  earlier  investigations  in  the  sense 
that  a  backwall  is  employed  above  the  inlet  to  the  waH-jet  chamber.  However,  the  present  choice  of  geometry  establishes 
well  defined  boundary  conditions.  Furthermore,  the  choice  of  geometry  also  enables  a  future  comparison  with  results 
obtained  in  a  parallel  experiment  carried  out  in  water  using  LDA  technique.  Karlsson  et  al.  (1 992). 
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2.  EXPERIMENTAL  ARRANGEMENT  AND  MEASURING  TECHNIQUE 


Rgure  1 :  The  wall-jet  rig.  (m) 


The  wall-jet  rig  consists  of  two  parts,  a  settling  chamber  and  a  wall-jet  chamber,  see  Figure  1 .  An  ordinary  fan  bbws  air  into 
a  settling  chamber,  and  from  this  chamber  outlet,  the  wall-jet  is  formed  over  a  horizontal  flat  plate,  which  is  surrounded  by 
vertical  side  walls.  To  obtain  well  defined  boundary  conditions  and  to  be  able  to  compare  the  present  measurements  with 
a  parallel  experiment  carried  out  in  water  using  LDA  technique.  Karisson  et  al.  (1992),  the  wall-jet  rig  is  equipped  with  a 
roof  ar>d  a  dowrutream  wall. 


Rgure  2;  Configuration  and  nomerKlature  for  the  wall-jet.  (baO.OI  m,  Uo»1 5.2  rr^s) 

To  obtain  a  uniform  mean  velocity  profile,  with  low  turbulence  intensity,  at  the  inlet  to  the  wall  jet  chamber,  the  outlet  of  the 
settling  chamber  is  equipped  with  a  honeycomb  and  two  screens  with  different  mesh  sizes,  designed  according  to  Groth 
and  Johansson  (1988).  A  large  contraction  with  a  ratio  of  10:1,  designed  according  to  Morel  (1975),  is  used  between  the 
settlirrg  chamber  and  the  wall  jet  chamber,  see  Figure  1 .  Figure  3a  shows  the  uniform  mean  velocity  profile  in  the  inlet  to 
the  wail  jet  chamber.  Measurements  of  the  turbulence  level  show  a  low  value,  of  order  0.4%,  over  the  central  part  of  the 
profile,  see  Rgure  3b.  The  slot  aspect  ratio  is  200,  which  is  sufficient  to  obtain  good  two-dimensionality. 

The  velocity  measurements  were  performed  using  a  constant  temperature  anemometer  system,  Dantec  5600,  with 
standard  single-  and  cross-wire  probes,  55P01  and  55P61,  respectively.  The  output  signal  of  the  anerrxjmeter  was 
digitized,  and  a  computerized  evaluation  procedure  was  employed.  Siddal  and  Davies'  (1972)  calibration  law  was 
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•nv>loyed  for  the  conversion  of  the  anenwmeter  vottages  into  velocities.  Conventional  methods.  Perry  (1982).  were 
used  for  the  evaluation  of  the  mean  velocities,  the  Reynolds  stress  components  and  the  triple  correlations.  All  these 
acquisition  methods  have  been  tested  in  a  two-dimensional  turbulent  flat  plate  boundary  layer,  see  Ldfdahl  et  al.  (1992), 
In  the  measurements  Integration  times  of  up  to  300s  have  been  used  to  achive  a  good  statistical  accuracy  and  the  band 
width  was  0. 1  Hz  through  1 0  kHz  in  the  turbulence  measurements. 


3.  MATHEMATICAL  MODEL  AND  NUMERICAL  METHOD 
3.1  Governing  mean  flow  equations 

For  a  steady  and  incompressible  flow,  the  conservation  equatiorts  for  mass  and  mean  momentum  in  Cartesian  tensor  form 


(1) 

(2) 


For  a  two-dimensional  flow  problem,  the  mass  continuity  equation  (1)  and  the  Reynolds-averaged  momentum  equations 
(2)  form  a  set  of  three  partial  differential  equations  with  seven  unknown  variables. 


3.2  Turbulence  models 

Both  a  standard  k-e  model  and  an  algebraic  stress  model  (ASM)  was  used  to  approximate  the  correlations  of  the 
fluctuating  velocities,  uju^. 


3.2.1  k-e  model 

In  the  standard  k-e  model,  the  modelling  of  the  Reynolds  stresses  is  based  on  the  eddy-viscosity  concept  according  to 
Boussinesq 

-  uliii  -  v,(^  ♦  M)  -  ISijk  (3) 

oXi  dxi  3 
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where  the  eddy  viscosity,  V(,  cart  be  written 


V, 


(*) 


The  development  of  the  turbulent  kinetic,  k,  energy  is  given  by  a  modelled  transport  equation  and  its  dissipation  rate,  e.  is 
modelled  by  a  similar  equation 


±(Uik)  =  v.i^  +  .  e  +±(  viii) 

dxj  3xj  dxi  9x,  3xj  dxj 


e )  = 


Cel  6-  v 

k 


(M 
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dx,  dxi  dxj 
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(5) 

(6) 


Standard  values  (c^ >0.09,  c^i  at  .44,  Ces^l  92.  C|,31.0  and  Oe=1.3)  of  the  constants  have  been  used  In  the  calculations. 


3.3.2  Algebraic  stress  model  (ASM)  closure 

To  approximate  the  correlations  of  the  fluctuating  velocities  in  the  algebraic  stress  model,  the  following  coupled  set  of 
algebraic  equations  are  adopted 


uiUj  -  2. 8ij  k 

■  3 _ 


i. 

f 


( 1 


(BfL  . 

£ 


1  )  +  Cl 


(7) 


Here,  Pij  is  the  production  term  due  to  mean  shear 


Pij  =  -(UiUk^  +  UjUk^)  (0> 

oXk  oXk 

and  P|(=Pii  /2  denotes  the  production  of  turbulent  kinetic  energy.  If  the  wall  correction,  <bij,w  .  is  zero,  expression  (7) 

reduces  to  the  ASM-model  proposed  by  Rodi  (1976).  In  the  present  application,  however,  pressure  reflections  from  the 
wails  are  important  and  the  wall  oorrection 


^hj.w  =  (Clw^(VjJ8ij  -  2.  Ualli  5aj  •  2.  Uatlj  5«t  )  +  C2w  (  ’  6ij  -  2.  (Jji  2  5gi  -  2.  j  )  )  f  rgV 

k  2  2  2  2 

due  to  Gibson  and  Launder  (1978)  is  employed  to  account  for  wall  effects  on  the  pressure-strain  processes.  While  n 
denotes  the  direction  normal  to  a  wall,  the  wall  proximity  function 


f  » 


c,k^ 

e  r 


(10) 


decreases  linearly  with  the  distance  r  from  that  wall.  The  function  ^,2  represents  the  isotropization-of-production  model 
frequently  used  to  represent  the  rapid  part  of  the  presswe-strain  interactions 
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(11) 


♦i(.;  =•  •  C2  (  Pij  -  i&i  P» ) 


It  is  already  obse  id  that  the  algebraic  representation  of  the  Reynolds  stresses  (7)  is  related  to  k  and  e.  which  are 
obtained  from  their  respective  modelled  transport  equations 


-L(Ujk)  =  +  Pk  +  e 

3xj  dxj  ‘  dx, 


(12) 


—  (  Uj  e  )  =  :^  ( (  V  8ij  +  Ce ^  Uiu, )  — )  +  £•(  Cti  Pk  -  Ctit) 

dxj  dXj  ^  dx,  k 


(13) 


In  the  calculations,  standard  model  constants  (ct=1.80,  C2=0.60,  Ci^=0,50,  ca»=0.30,  c*=0.40,  ci(=0.22.  Ce=0,17, 


.44  and  Ce2=1  92)  have  been  used. 


3.3  Numerical  solution  method 

The  numerical  method,  used  in  the  present  study,  was  an  adapted  version  of  the  elliptic,  finite-difference  solvers 
TEAM-KE  and  TEAM-ASM,  Huang  and  Leschziner  (1983)  and  Huang  (1986),  employing  primitive  variables  U{,  P  in  a 

staggered  grid.  The  convective  terms  were  approximated  by  the  Power-Law  Differencing  Scheme  (PLDS),  while  the 
SlMPLE-algorithm  (Semi-Implicit  Method  for  Pressure-Linked  Equations)  handled  the  velocity-pressure  linkage.  The 
resulting  difference  equations  were  solved  by  the  TDMA-algorlthm. 

3.4  Computational  domain 


Figure  4a,  b:  Streamlines  in  the  wall-jet  chamber  and  mean  velocity  profiles  at  x/bs200. 


Computations  of  the  flow  field  in  the  entire  wall-jet  chamber  have  been  carried  out  in  order  to  get  the  turbulence  field  in 
the  wall-jet  region,  see  Figure  4a.  To  bridge  the  viscous  sublayer  along  the  walls,  a  starxiard  wall-function  approach  based 
on  the  log-law  has  been  used.  Rectangular  grid  cells  with  non-uniform  spacing  in  both  directions  have  been  used  in  the 
computations.  To  verify  grid  independence,  the  computations  have  been  carried  out  with  different  grid  sizes,  see  Figure 
4b.  which  shows  the  k-e  computations  of  the  mean  velocity  at  x/bs200  for  different  grid  sizes.  A  plausible  assumption  is 
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that  the  ASV-calculations  achive  grid  irKlapandence  at  approximataly  the  same  mesh  size  as  the  standard  k-e  model  In 
the  following  figures  the  computations  with  the  standard  k-£  model  has  been  carried  out  with  a  100x100  mesh,  and  with 
60x80  grid  cells  m  the  ASM-closure. 

4.  RESULTS  AND  DISCUSSION 

The  here  presented  measurements  were  made  at  an  inlet  Reynolds  number  of  10*.  Measurements  of  mean  velocities. 
Reynolds  stresses  and  triple  correlations  were  carried  out  at  several  downstream  positions  (x/bs20.  40.  70.  100.  150. 
200.  250  300)  in  the  wall  jet  region.  Spanwise  measurements  were  made  at  several  of  the  above  mentioned  positions  in 
order  to  verify  the  two-dimensionality  of  the  wall  jet.  The  flow  showed  a  very  good  two-dimensionality  in  the  measuring 
position  on  the  centre  line  in  the  wall  jet  chamber.  In  the  present  paper  comparisons  between  experiments  and 
calculations  are  carried  out  and  discussed  at  70  and  150  x/b,  since  these  positions  are  typical  for  the  experiment. 

4.1  Mean  velocities 


Rgure  5a,  b;  Mean  velocity  profile  at  70  and  150  x/b. 


The  mean  velocity  profiles  at  70  and  150  x/b  are  shown  in  Rgure  5a  and  5b.  respectively.  All  these  measurements  were 
performed  using  a  single  hot  wire,  and  up  to  a  distance  of  approximately  yi/2  a  good  agreement  between  measurements 

and  calculations  can  be  noted.  This  region  is  from  an  experimental  point  of  view  favourable,  since  the  local  turbulence 
intensities  are  fairly  low.  the  mean  velocities  are  relatively  high  and  the  in'Iuence  from  the  outer  secondary  flow  is 
negligible.  Outside  the  half  width,  the  uncertainity  of  the  hot-wire  measurements  increases  due  to  higher  local  turbulence 
intensities.  Furthermore,  in  this  region  the  mean  velocity  in  the  normal  direction  is  comparatively  high  as  is  shown  in  Rgure 
4a.  These  two  effects  cause  an  overpredicted  mean  velocity  in  the  streamwise  direction.  Looking  at  the  computed  mean 
velocity  profiles,  outside  the  half  width  a  clear  deviation  can  be  noted  between  the  measurements  and  the  two  employed 
turbulence  models.  The  deviation  between  the  measurements  and  the  k-e  model  is  fairly  low,  and  it  seems  to  be 
independent  of  the  position.  However,  the  ASM  obtains  larger  deviations,  which  increase  in  the  downstream  direction. 
The  explanation  of  this  overprediction  can  be  found  in  Rgure  6,  which  shows  the  mean  velocity  profile  in  the  entire  wall  jet 
chamber.  In  this  figure  it  is  seen  that  the  ASM  yields  a  stronger  recirculation,  and  a  larger  mean  velocity  gradient.  In  Rgure 
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7.  •  traditional  logantmc  plot  of  tha  mean  vaiocily  profila  is  shown.  In  tha  scaling  of  this  diagram,  tha  friction  valocitias  was 
obtained  using  Preston  tubes  It  may  be  observed  that  the  extension  of  the  logantmic  region  is  very  short,  as  compared  to 
a  flat  plate  boundary  layer. 


-t  -os  0  0.5  1  1  5  2  1  10  .  1000  10000 

U  (IT^*)  '' 


Figure  6  and  7:  Mean  velocity  in  the  entire  wall  jet  chamber,  and  a  traditional  logaritmic  plot. 

From  the  mean  velocity  profiles  the  growth  of  the  wall-jet  is  estimated  to  8  0  %.  see  Figure  8.  This  value  is  somewhat 
higher  than  the  values  stated  by  Launder  and  Rodi  (1983).  The  explanation  of  this  deviation  is  due  to  differences  in  the 
boundary  conditions.  In  the  present  investigation  a  negative  pressure  gradient  is  prevailing  in  the  outer  portion  of  the 
wall-jet.  while  Launder  and  Rodi  (1981)  state  a  constant  or  positive  pressure  gradient  in  the  outer  portion  of  the  wall-jet.  In 
the  present  investigation  a  pressure  difference  might  be  created  perpendicular  to  the  wall,  thus  enhancing  the  growth  of 
the  wall-jet.  Futhermore,  it  can  also  be  observed  that  the  growth  of  the  wall-jet  is  not  perfectly  linear.  This  is  due  to  the  fact 
that  the  velocity  profiles  do  not  exhibit  self-preservation,  since  no  characteristic  velocity  and  length  could  be  found  due  to 
the  prevailing  secondary  flow  in  the  wall-jet  chamber. 


0  so  100  150  200  250  300  0  50  100  150  200  250  300 

x/b  x/b 

Rgure  8  and  9;  Growth  of  the  wall-jet  and  decay  of  maximum  velocity. 


The  decay  of  the  maximum  velocity  is  shown  in  Figure  9.  A  good  agreement  can  be  observed  up  to  approximately 
x^lOO.  Further  downstream  both  models  overpredict  the  maximum  velocities,  due  to  the  momentum  in  the  recirculated 
flow,  see  Figure  6.  This  effect  is  prevailing  in  the  entire  wall  jet  chamber,  however  most  accentuated  downstream 
x/balOO. 
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4.2  R*ynolds  «tr*«s«s 

figures  10a  and  '  Ob  show  the  normal  stress  in  the  streamwise  direction  Single  and  cross  wires  have  been  used  in  the 
measurements  and  1  can  be  noted  that  both  probes  give  an  acceptable  repeatability.  In  the  measurements  two  maxima  of 
the  normal  stress  can  be  observed  and  should  also  be  expected  since  the  wall-jet  is  considered  to  consist  of  a  wall 
boundary  layer  aixJ  a  free  shear  layer.  The  calculations  fail  to  predict  the  inner  maximum,  however  at  both  positions  the 
outer  maximum  is  captured.  This  maximum  is  overestimated  for  x/b=70,  while  a  correct  value  is  obtained  at  x/b=150.  The 
high  level  of  the  calculated  normal  stress  in  the  streamwise  direction  around  0  55  yt/j  at  x/bs70  can  be  associated  with 

the  production  term  since  the  turbulent  shear  stress  (see  Fig  13a)  is  higher  than  its  corresponding  experimental  value. 


Rgure  1 1a,  b:  Normal  stress  perpendicular  to  the  wall  at  70  and  1 50  x/b. 


The  normal  stress  perpendicular  to  the  wall  is  shown  in  Figure  11a  and  11b.  Generally,  their  level  is  lower  for  this 
component  as  compared  to  the  streamwise  normal  stress.  The  measurements  do  not  indicate  an  inner  maximum,  which 
neither  should  be  expected  if  the  wail-jet  is  viewed  as  a  wall  boundary  layer  and  an  outer  shear  layer.  The  measured 
maximum  of  this  component  seems  to  coincide  with  the  outer  maxima  of  the  streamwise  normal  stress  and  the  positive 
maxima  of  the  shear  stress.  In  the  calculations,  it  can  be  observed  that  the  level  of  this  normal  stress  is  underpredicted 
while  the  streamwise  normal  stress  is  too  high  compared  to  the  measurements  in  the  region  around  0.5  yi/2.  This 


indicates  that  the  wall  correction  has  transfered  a  too  small  amount  of  energy  from  the  streamwise-  to  the  perpendicular 
normal  stress.  In  the  outer  region,  the  measurements  show  a  too  low  level  which  can  be  explained  by  the  prevailing 
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inlermrttency  and  the  high  local  turbulence  mtensily  Futhermore  the  ASM  overpredicts  the  level  in  the  outer  region,  due 
to  the  large  gradients  preoicted  in  the  secondary  flow.  A  similar  observation  can  be  made  in  the  spanwise  normal  stress  as 
well  as  in  the  shear  stress. 

Figure  12a  and  12b  show  the  normal  stress  in  the  spanwise  direction.  The  measurements  of  this  componsnt  were 
carried  out  with  the  wires  in  a  plane  parallel  to  the  wall.  Although,  this  wire  positioning  may  cause  a  lower  accuracy  due  to 
mean  velocity  gradients,  the  two  expected  maxima  were  captured.  The  calculations  are  consistent  with  the 
measurements  in  the  cervtral  region  of  the  wall-jet. 


Rgure  12a.  b:  Normal  stress  in  the  spanwise  direction  at  70  and  150  x/b. 


The  shear  stress  is  shown  in  Rgures  13a  and  13b.  The  expected  change  of  signs  of  the  shear  stress  occurs  at 
approximately  0.8  ymax-  Hence,  the  change  of  signs  does  not  coincide  with  the  position  of  maximum  velocity  where  the 

mean  velocity  gradient  is  zero  This  observation  enhances  that  all  Boussinesq  approaches  in  the  turbulence  modelling  will 
fail  to  predict  the  present  flow  case.  Both  profiles  reveal  that  the  positive  stress  maxima  is  of  larger  magnitude  than  the 
negative  wall  shear  stress.  Good  agreement  between  calculations  and  measurements  can  be  found  in  this  component. 
The  high  shear  stress  level  at  approximately  y)/2  is  well  captured  in  the  calculations. 


Rgure13a,  b:  Shear  stress  at  70  and  ISOx/b. 
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S.  CONCLUSIONS 


Turbulence  measurements  and  calculations  of  the  flow  field  of  a  well-defined,  fundamental  and  simple  two-dimensional 
wall-jet  have  been  carried  out.  From  this  investigation,  the  following  main  conclusions  can  be  drawn: 

*  Mean  velocity  comparisons  yield  fairly  good  agreements  between  measurements  and  calculations.  The  growth  of  the 
wall-jet  was  determined  to  be  8.0%. 

*  Measurements  of  the  normal  stress  in  the  streamwise  and  spanwise  directions  show  two  maxima,  an  inner  associated  to 
the  wall  layer  and  an  outer  in  connection  with  the  free  shear  layer.  In  the  normal  direction,  only  one  maximum  was  found 

*  From  the  shear  stress  measurements,  two  maxima  were  found,  a  negative  inner  maximum  and  a  positive  outer.  The 
change  of  signs  does  not  coirtcide  with  the  point  of  maximum  velocity. 

’  In  the  comparison  between  measurements  and  calculations  of  the  Reynolds  stresses,  good  agreement  were  obtained 
for  the  normal  stresses  in  the  streamwise  as  well  as  the  spanwise  direction  and  for  the  shear  stress.  The  normal  stress 
perpendicular  to  the  wall  reveals,  however,  large  deviations. 
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Abstract 

The  present  work  is  an  experimental  investigation  of  the  interface  region  between  a 
twin  jet  arrangement  and  a  normal  crossflow,  together  with  the  single  jet  case,  utilising 
smoke  How  Msualisation  in  association  with  a  quantitative  video  digital  imaging 
technique.  Measurements  involving  a  single  jet.  side-by-side  twin  jets  and  in-line  twin 
jets  for  a  velocity  ratio  of  8  show  that  the  extent  of  the  mi.\ing  region  at  any 
downstream  location  (defined  as  the  distance  between  the  inner  and  outer  limits  of  the 
fluctuating  jet  boundary)  is  similar  in  magnitude  to  the  jet  half-width  (as  defined  Iw  the 
mean  interface  location)  at  that  location.  The  growth  rates  in  the  downstream  direction 
of  both  the  mi.xing  region  and  the  half-width  are  also  similar.  The  spectra  of  the  lateral 
fluctuations  of  the  interface  in  each  downstream  plane  across  the  jet  show  that,  in 
almost  all  cases,  energy  is  transferred  from  lower  to  higher  frequencies  with  increasing 
distance  from  the  wall. 


1.  Introduction 

The  case  of  circular  jets  issuing  into  a  crossflow  is  of  interest  in  many  branches  of  engineering  from  V  'STOL 
aerodynamics  and  jet  steering  systems  to  effluent  plume  dispersal  and  combustion  chamber  mixing.  Whilst  there 
has  been  considerable  research  into  the  classical  configuration  of  a  single  jet  issuing  into  a  crossflow,  the  cases  of 
twin  side-by-side  or  in-line  jets  have  received  relatively  bttle  attention.  Ziegler  and  Wooler  ( 1973).  Schwendemann 
(1973).  Makihata  and  Miyai  ( 1979).  Isaac  (1982)  and  Isaac  and  Jakubowski  (1985).  In  a  recent  paper  the  present 
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authors  published  the  findings  from  an  investigation  of  twin  side  by  side  lets  issuing  into  a  crossflow.  Savory  and 
Toy  (  1001 1  llic  ctlects  ol  nozzle  spacing  (  S  D ).  which  was  vaned  from  1  to  5.  and  jet  velocity  crossflow  velocity 
ratio  Id),  varied  trom  6  to  10.  were  examined  using  a  novel  technique  for  real-time  video  analysis  of  smoke 
visualised  lets.  Toy  and  Wisby  ( I988a.b).  Data  were  presented  in  the  form  of  contour  maps  of  intermittency  in  YZ 
planes  across  the  jets  from  which  the  development  of  the  jets  in  the  downstream  direction  and  the  overall 
penetrations  and  widths  were  assessed.  It  was  found  that  the  development  of  the  widely  spac'ed  lets  (such  as 
S  D=5.  where  the  crossflow  passes  on  both  sides  of  each  jet)  is  fundamentally  different  from  that  of  closely  spaced 
jets  (such  as  S;D=l.  where  there  is  no  crossflow  penetration  between  the  jets).  In  all  cases  the  inner  vortices  of 
the  two  counter-rotating  pairs  rapidly  disappeared  within  the  first  few  jet  diameters  downstream  from  the  nozzles, 
such  that  the  two  jets  combined  to  form  a  large  jet  with  single  jet  characteristics,  as  noted  by  Isaac  (1982  )  and 
Isaac  and  Jakubowski  (1985). 

The  present  work  is  an  extension  of  the  earlier  study  in  which  one  jet  nozzle  spacing.  and  one  typical 

velocity  ratio.  a=8.  has  been  systematically  investigated  for  three  different  cases,  namely  the  single  jet.  twin  side- 
by-side  jets  and  twin  in-line  (or  tandem)  jets.  The  same  quantitative  image  processing  apparatus  has  been  utilised 
but  in  the  present  study  time-histories  of  the  jet/crossflow  interface  location  have  been  obtained  at  different 
downstream  locations  to  permit  determination  of  the  interface  statistics,  notably  intermittency.  probability  density 
functions  and  power  spectra.  The  next  section  briefly  outlines  the  experimental  approach  and  this  is  followed  by 
a  discussion  of  some  of  the  results  obtained. 

2.  E.xperimental  details 

The  e.xperiments  were  carried  out  in  a  purpose  built  open-circuit  smoke  tunnel  facility,  shown  in  figure  1. 
which  has  working  section  dimensions  of  0.75  x  0.62m  and  a  turbulence  level  of  0.2%.  High  efficiency  filters  are 
installed  at  the  outlet  to  remove  practically  all  the  smoke  particles.  A  Concept  Genie  generator  was  used  to 
produce  the  smoke,  via  a  small  centrifugal  fan.  and  the  jets  issued  from  13.5mm  diameter  copper  nozzles  inserted 
into  a  common  plenum  chamber.  The  generator  and  plenums  were  mounted  on  the  tunnel  roof  in  an  arrangement 
which  allowed  variation  in  the  orientation  of  the  jets  to  the  crossflow  direction.  The  e.xperiments  were  conducted 
with  a  freestream  velocity  of  Im/s.  giving  a  Reynolds  number  of  9.3x10^  based  on  nozzle  diameter.  The 
approaching  roof  boundaiy  layer  had  a  thickness  of  fiOmm.  that  is  4.44D.  The  jet  velocity  was  8m/s.  which  gave 
a~8.  and  measurements  were  undertaken  in  lateral  YZ  planes  at  downstream  locations  X/D  of  5.  10.  15.  20.  25 
and  30  for  the  single  jet  case  and  for  twin  jets  with  nozzle  spacing  S/D=5. 
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DetaiJb-  >'t  the  leierosstlow  intenace  structure  were  obtained  at  each  location  by  illuminating  the  (low  at  a 
series  ot  heights,  spaced  2.5D  apart,  using  a  lOmV^  He-\‘e  laser  beam  directed  across  the  tlow.  The  laser,  toaether 
with  a  monochrome  (  t  D  camera  tor  recording  the  laser-line  traces,  was  attached  to  a  computer-controlled  two- 
dimensional  traversing  mechamsm.  as  illustrated  in  figure  2.  The  position  of  the  camera  and  laser  were  fi.\ed 
relative  to  each  other  with  each  digitised  ptxel  representing  a  tlow  area  of  appro.'omately  0.58  x  0.58nim. 

N'ideo  digitisation  and  analysis  were  undertaken  by  a  PDP-11  73  minicomputer-based  system  using  Imagmg 
Technology  boards  for  analogue  processing  (.AP-512).  arithmetic  logic  operations  (.ALL  -512).  histogram 
compulations  (HF-512)  and  frame  buffer  storage  (FB-512).  The  system  is  shown  as  a  block  diagram  in  figure  3. 
Previous  work  has  demonstrated  that  the  video  analysis  system  can  be  used  to  obtain  quantitative  data  including 
mterface  statistics,  by  utilising  the  smoke  as  a  turbulent  non-turbulent  disenminator.  Toy  and  Wisby  ( 1988a.b).  In 
the  present  experiments  the  fully  turbulent  jets  were  seeded  with  smoke,  whilst  the  crossflow,  which  was  non- 
turbulent  (outside  the  wall  boundary  layer)  was  unseeded.  Hence,  when  the  interaction  region  was  viewed  bv  the 
camera  the  white  portions  of  each  laser  illuminated  line  (smoke  present)  represented  regions  of  turbulent  flow 
and  the  black  regions  (no  smoke)  represented  non-turbulent  How  regions. 

Experiments  were  carried  out  at  each  horizontal  location  to  determine  the  time  history  of  the  position  of  the 
intetface  between  the  jet  and  the  crossflow  (that  is.  the  edge  of  the  smoke  seeded  region).  In  each  case  a  time 
senes  of  50000  points  was  obtained  (requiring  a  sampling  time  of  16.7  minutes)  and  five  10000  point  250  lag 
autocorrelations  were  then  computed  and  summed.  A  cosine  transform  was  then  carried  out  to  produce  the  power 
spectrum  up  to  the  Nyquist  frequency  of  25Hz  (imposed  by  the  im^e  transfer  rate  ofSOHz)  at  intervals  of  O.lHz. 
The  edge  time  history  was  also  used  to  compute  the  probability  density  function  of  the  interface  location,  together 
with  the  mean,  v  ariance,  skewness  and  kurtosis.  Although  the  image  transfer  rate  in  these  e.xperiments  was  20msecs 
the  camera  shuner  was  electronically  controlled  to  give  an  acquisition  time  of  only  Amsecs.  thereby  minimising 
image  blur. 

3.  Results  and  discussion 

Considering  first  the  probability  density  functions  associated  with  the  interfaces  for  the  different  jet 
configurations,  figure  4  shows  typical  profiles  for  the  single,  in-line  and  side-by-side  jet  cases,  each  taken  in  the 
YZ  plane  at  X/D=30  along  a  Z/D  location  near  the  region  of  maximum  jet  width.  These  profiles  are  Gaussian 
in  shape  and  illustrate  that  the  twin  jet  interfaces  are  of  similar  width  but  about  ID  broader  than  the  single  jet 
interface  at  the  same  downstream  location.  The  mean  interface  location  shows  that  the  jet  half-width  is  largest  for 


BlO-3 


ihe  side  b\  iidc  t->fina  about  ID  wider  than  the  in  line  case  and  -V5D  wider  than  the  single  (et  condguration. 
Heno?.  It  vie  ir  ;h.ii  the  mixing  region  associated  with  two  jets  is  more  extensKe  than  that  lor  the  single  jet.  The 
dilterence  in  a  idth  benveen  the  side-by-side  lets  and  the  othercases  may  he  due.  in  part,  to  the  ■'initial"  half-width 
m  the  side-by-side  case  that  is  provided  by  the  5D  nozzle  spacing.  Since  the  present  work  has  only  examined  the 
lateral  extents  ot  the  lets  it  is  not  possible  to  precisely  compare  overall  let  penetrations  between  the  three  cases. 
However,  from  consideration  of  the  vertical  height  of  the  maximum  half-width  positions  m  each  downstream  plane, 
it  would  appear  that  the  single  and  side-by-side  jet  penetrations  are  broadly  similar  whilst  the  m-line  combmed 
jets  penetrate  further,  as  noted  by  Isaac  (1982)  and  Isaac  and  Jakubowski  (1985). 

The  plots  in  figures  5.  6  and  7  show  the  mean  lateral  locations  ( defined  by  the  mean  of  the  p.d.f)  and  extents 
of  the  mi.xing  regions  idedned  by  the  inner  and  outer  limits  of  the  p.d.f)  at  X'D  =  15  and  30  for  the  single,  in-line 
and  side-by-side  cases,  respectively.  The  increases,  in  the  downstream  direction,  of  both  the  mean  width  and 
ma.ximum  extent  of  the  interface  are  evident  in  all  cases.  This  is  further  illustrated  in  dgure  S  which  shows  that 
the  width  of  the  single  jet  uiterface  is  slightly  greater  than  the  mean  half-width  of  the  jet  and  that  the  former  grows 
at  a  slightly  greater  rate  than  the  latter.  In  the  case  of  the  in-line  jets  the  interface  width  and  mean  half-width  are 
almost  identical,  with  similar  growth  rates  that  are  close  to  those  of  the  single  jet.  The  side-by-side  jets  interlace 
shows  a  similar  growth  rate  to  that  of  the  in-line  jets  although  in  this  case  the  mean  half-width  is  slightly  greater 
than  the  lateral  e.xtent  of  the  mixing  region.  The  three  sets  of  results  suggest  that  the  interfat'e  width  at  any 
downstream  location  is  considerably  less  sensitive  to  changes  in  nozzle  geometry  than  the  mean  width  of  the  jets. 
In  addition,  in  aU  cases  there  appears  to  be  a  rapid  growth  in  the  jets  within  the  first  2D  downstream  from  the 
geometrical  centre  of  the  nozzle  arrangement  followed  by  slower  growth  rates  that  are  broadly  similar  in  all  the 
configurations  examined. 

Typical  examples  of  the  energy  spectra  associated  with  the  interface  fluctuations  are  shown  in  figures  9.  10 
and  11  tor  the  single,  in-line  and  side-lw-side  jets,  respectively.  In  each  case  two  spectra  are  shown  at  XD=30. 
both  just  withm  the  jets  with  one  near  the  top  and  one  near  the  underside.  In  almost  all  the  cases  considered  there 
is  a  distinct  transfer  of  energy  to  the  higher  frequencies  as  the  point  of  measurement  is  moved  from  the  wall  side 
to  the  top  of  the  jets.  This  is  indicated  in  the  figures  by  the  extent  of  the  flat  portion  of  the  spectra  shifting  from 
a  wave  number  of  about  6  to  approximately  31.  together  with  an  increase  in  the  slope  of  the  profiles  at  the  higher 
frequency  end.  These  logarithmic  spectra  profile  slopes  are  summarised  in  figure  12  which  clearly  shows  the  wide 
range  of  the  measured  results.  The  present  data  are  not  conclusive  but  the  general  trend  appears  to  be  an  increase 
in  the  slope  towards  the  top  of  the  jets  and  then  a  smaller  decrease  as  the  outer  edge  of  the  interface  is 
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approached.  This  tendency  ib  very  notice.iWe  tor  the  bingle  and  bide  by  side  let  cases  but  lesb  evident  for  the  in  line 
sontiouration  A  [vosbihle  explanation  tor  the  changes  in  the  energy  proliles  may  be  that  the  tlow  near  the 
underside  >it  the  letN  is  dominated  by  the  large-scale,  low  t'requency  motion  associated  with  the  contrarotating 
vortices  whilst  the  interaction  in  the  top  region  is  largely  between  the  two  nominally  co-tlowing  regimes  of  the  ict 
and  the  crossllow.  None  of  the  measured  spectra  show  any  evidence  of  penodic  "vorte.x  shedding"  associated  with 
the  let  flows  which  had  been  noted  by  earlier  workers  investigating  the  wakes  of  smgle  lets.  McMahon  et  al  ( I9~l  ). 
Moussa  et  al  il^"’"’).  However,  as  revealed  by  Fnc  and  Roshko  (1989).  the  jet  does  not  itself  shed  vortices  but. 
rather,  it  sweeps  up  vorticity  from  where  the  wall  boundary  layer  has  separated  near  the  nozzle  due  to  the  adverse 
pressure  gradient  in  that  region.  This  vorticity  is  then  incorporated  into  the  jet  wake  with  a  penodicity  broadly 
similar  to  that  associated  with  a  circular  cylinder  in  uniform  flow.  Since  the  wall  boundary  layer  was  not  seeded 
with  smoke  it  is  clear  that  the  present  experimental  technique  would  not  directly  detect  any  such  vorticity. 

4.  Concluding  remarks 

The  present  work  has  highlighted  the  relationship  between  the  overall  growth  of  single  twin  jets  in  a 
crossflow'  and  the  growth  of  the  mi.xing  region  between  the  jets  and  the  crossflow.  In  general  the  mean  half-width, 
as  dehned  by  the  p.d.f.  of  the  lateral  interface  location,  and  the  overall  lateral  extent  of  the  mixing  region  are  very 
similar  in  magnitude.  However,  the  inteimittency  data  (not  presented  here),  together  with  the  velocity  and 
turbulence  measurements  provided  by  Isaac  and  Jakubowski  ( 1985),  suggest  that  it  is  unlikely  that  any  similarity 
profiles  exist  within  the  jets  which  could  provide  a  single  definition  of  the  three  different  jet  configurations. 
.Although  not  a  specific  aim  of  the  present  work,  the  results  confirm  that  twin  in-bne  jets  penetrate  further  than 
either  single  or  side-by-side  jets  of  the  same  velocity  ratio.  The  spectra  associated  with  the  lateral  fluctuations  of 
the  interfaces  do  not  indicate  any  significant  differences  between  the  three  jet  cases.  However,  there  is  a  trend  for 
a  shift  of  energy  to  higher  frequencies  with  increasing  distance  outwards  towards  the  top  of  the  jets,  which  may 
be  associated  with  a  change  from  the  contrarotating  vortex  regime  on  the  lower  side  of  the  jet  to  a  nominally  co¬ 
flowing  mixing  layer  on  the  outward  side. 

5.  .Nomenclature 

D  Jet  nozzle  diameter 

E(F)  Energy  associated  with  interface  frequency.  F 
F  Frequency.  Hz 

k  Wave  number  ( =2sf  T.'r),  m  ‘ 

n  Slope  of  logarithmic  energy  spectrum 
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P  ProhHHtlin-  density  hmotion 

S  Spciniz  tietvveen  nozzle  centres 

I  H  (  roNNlloiv  \elocitv.  nv s 

\  AR  \  .in,in>.<.  >'t  the  interlace  Quctuation  amplitude 

VV,  Lateral  aidth  of  interface  (distance  between  inner  and  outer  limits) 

W,  Mean  half- width  of  the  jet  (defined  by  mean  of  p.d.f) 

X  ( 'artesian  coordinate  in  crossflow  direction,  with  origin  at  geometrical  centre 
ot  any  goen  nozzle  arrangement 
V  (  artesian  coordinate  in  lateral  direction 
Z  Cartesian  coordinate  normal  to  ground  plane 

u  jet  velocity  crossflow  velocity  ratio 


6. 


Fric  T  F  and  Roshko  il989)  "Structure  in  the  near  field  of  the  transverse  jet".  Proc  7th  Symp  on  Turbulent  Shear 
Flows.  Stanford  L’nts'.  L’SA.  pp  6.4.1-6.4.6 

Isaac  K  M  1 1982)  "Experimental  and  analytical  investigation  of  multiple  jets  in  a  cross-flow".  PhD  thesis.  Virginia 
Polytechnic  Insutute  and  State  L'niversity.  Blacksburg 

Isaac  K  .Vt  and  Jakubowsld  A  K  (1985)  "Expenmental  studv  of  the  interaction  of  multiple  jets  with  a  crossflow". 
.AIAA  J.  23.  1679-1683 


VfaJdhata  T  and  Vfiyai  Y  (1979)  Traiectories  of  single  and  double  jets  injected  into  a 
crossflow  of  arbitrary  velocity  distribution".  .ASME  J  Fluids  Engng.  105.  91-97 

McMahon  H  M.  Hester  D  D  and  PalfFey  J  G  ( 1971 )  "Vottex  shedding  from  a  turbulent  jet  in  a  crosswind".  J  Fluid 
Mech.  48.  ''3-30 

Moussa  Z  M,  Trischka  J  W  and  Esidnazi  S  (1977)  "The  near  field  in  the  mixing  of  a  round  jet  with  a  cross¬ 
stream".  J  Fluid  Mech.  80.  49-8C 

Savoiy  E  and  Toy  N  ( 1991)  "Real-time  video  analysis  of  twin  jets  in  a  crossflow".  ASME  J  Fluids  Engng.  1 13.  68-72 
Scharendemann  M  F  ( 1973)  ".A  wind  tunnel  investigation  of  stratified  jets  and  closely  spaced  jets  exhausting  into 
a  crossflow^'.  Northrop  Aircraft  Division.  Flawthom.  CA.  USA.  Rept  NOR73-98.  May 

Toy  N  and  Wisby  C  (1988a)  The  real  time  image  analysis  of  a  visu^sed  turbulent  wake"  Proc  1st  National  Fluid 
Dynamics  Congress.  Cincinnati.  USA  July,  pp  695-702.  AIAA  Paper  No  88-3552-CP 

Toy  N  and  VMsby  C  ( 1988b)  "Real-time  image  analysis  of  visualized  turbulent  flows".  Proc  I  Itb  Biennial  Symp  on 
Turbulence.  Univ  of  Missouri-RoUa.  USA  October,  pp  A21.l-2l.l0 

Ziegler  Hand  Wooler  PT  (1973)  "Anaivsis  of  stratified  and  cbselv  spaced  jets  exhausting  into  acrossflow".  N.ASA 
CR- 132297 


IS  kw  cfnlnfugol 
*an  • 


9  '  Coriracfion 


Figure  1  Smoke  tunnel  facility 
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Figure  3  Block  diagram  ol  image  processing  system 
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Figure  4  Typical  p.d.f  distributions  associated  with  the  lateral  fluctuations  of  the  interfaces  for  the  single, 
in-iine  and  side-by-side  jet  conOgurations  at  .X/D=30 
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Figure  5  Mean  interface  location  (•)  and  extent  of  mixing  region  (' — ')  in  two  YZ  planes  for  single  jet 


(a)XD=l5  (b)  XD=30 

Figure  6  Mean  interface  location  (•)  and  extent  of  mixing  region  in  two  YZ  planes  for  in-line  jets 
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Figure  7  Mean  interface  location  (•)  and  extent  of  mixing  region  C"’)  in  two  YZ  planes  for  side-by-side  jets 
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Figure  8  V'anation  of  width  of  interface  ( W,)  and  mean  jet  hall-width  (W,)  with  downstream  distance  for  the 
three  jet  configurations 
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Figure  9  Interface  energy  spectra  for  two  heights  within  the  single  jet  at  XD=30 
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Figure  10  Interface  energy  spectra  for  two  heights  within  the  in-line  jets  at  X;D=30 
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Figure  11  Interface  energy  spectra  tor  two  heights  vsithin  the  side-by-side  jets  at  X,D=-'0 


( a )  Single  jet 


(b)  In-line  jets 


(c)  Side-by-side  jets 


Figure  12  V'aiiation  in  slope  of  logaritiunic  spectra  profiles  with  location  within  jet  and  downstream  distance 
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Abetrnct 

The  scalar  mixing  field  of  a  turbulent  rectangular  Jet  issuing  from  a  sharp-edged  oriEce 
with  an  aspect  ratio  of  10  into  a  cross  stream  flow  m  a  square  duct  is  investigated  using 

marker  nephelometry.  Jet-to-cross  stream  velocity  ratios  of  2.0  and  3.4  are  examined  in  this 

work.  Results  include  contour  plots  and  transverse  profiles  of  the  mean  and  concentration 
fluctuation  intensity  and  Jet  trajectory  paths  and  hall  concentration  lengths  expressed  as  a 
function  of  downstream  position  along  ttiie  jet  trajectory. 

1.  Bnckgroond 

The  mixing  field  arising  between  a  jet  and  a  transverse  cross  flow  has  received 
considerable  attention  in  the  engineering  literature.  This  research  arises  from  a  wide 
interest  in  this  flow  geometry  for  applications  including  turbine  beat  transfer.  VTOL 
applications,  pollutant  dispersion  and  chemical  mixing  problems.  Of  particular  interest  in 
this  regard  is  the  case  of  a  round  jet  with  an  average  exit  velocity  Uj  mixing  with  a  cross 

stream  of  uniform  velocity  U^.  The  resulting  flow  pattens  including  descriptions  of  the  jet 

trajecto^  and  complex  three-dimensional  vortex  structure  have  been  investigated  for  the 
single  jet  (1  -  19]  and  multiple  jets  (20  •  27]  in  cross  flows.  The  scalar  mixing  field 
arising  from  the  round  jet  in  a  cross  flow  also  has  been  examined.  [3,  5,  10]  and  (28  -  30]. 

Mathematical  modelling  of  this  complex  flow  system  has  been  based  on  integral  methods  (31  • 

33]  and  numerical  methods  (34  •  38]. 

In  the  present  work,  interest  was  focussed  on  the  mixing  field  of  a  reaangular  jet  in  a 
transverse  flow  with  particular  attention  being  paid  to  providing  data  on  the  scalar  mixing 
behaviour  of  this  flow  for  applications  in  secondary  and  tertiary  ducts  in  industriu 
boiler/fumace  systems.  The  jet  trajectory.  Fig.  1.  can  be  described  in  terms  of  cartesian 
coordinates  (X.  Y,  Z)  or  an  orthogonal  system  ({,  ff,  0  with  the  {-axis  located  on  the  jet 
trajectory.  In  the  industrial  applications  of  interest  air  is  induced  into  a  ftimace  chamter 
under  negative  pressure  (on  the  order  of  0.25  ^a)  resulting  in  velocity  ratios,  R,  typically 
in  the  range  of  2  <  R  <  4.  A  descriptitm  of  tte  jet  trajectory  and  cross  stream  profiles  were 
of  interest  for  comparison  with  the  larger  quantity  of  literature  already  available  for  tte 

round  jet  case.  The  jet  nozzle  was  a  sharp  edged  rectangular  orifice  with  an  aspect  ratio  of 
10  -  this  geometry  was  chosen  for  its  ease  of  construction  and  for  comparison  with  some 
properties  alnsady  published  for  the  fiee  jet  behaviour  of  this  jet  gwmetry  (39  -  41]. 

The  flow  field  arising  from  a  sharp^dged  rectanmlar  jet  has  been  extensively  studied 
(described  in  references  (41,  42]).  The  essential  iMtures  of  this  flow  include;  (i)  a 
saddle-back  profile  of  the  mean  velocity  and  nozzle  scalar  fluid  in  the  plane  or  major  axis  of 
the  reaang^ar  jet;  (ii)  transverse  jet  scales  (as  measured  by  the  half  velocity  or 

concentration  points  on  the  major  and  minor  axes)  that  are  initially  smaller  along  the  minor 
axis  but  tend  to  a  similar  magnitude  farther  downstream;  and  (iii)  high  entrainment  rates  as 
indicated  by  the  centreline  mean  concentration  decay. 

Weston  and  Thames  (43]  have  studied  some  features  of  the  flow  arising  from  a  reaangular 
jet  with  an  aspect  ratio  of  4  injeaed  into  a  cross  flow.  Krothapalli.  Lourenco  and  Buchlin 
(44]  have  also  examined  the  sedated  flow  region  upstream  of  reaangular  jets  in  a  cross 
flow.  They  found  that  the  normalized  separation  distance  reached  a  maximum  near  Uj/U^  a  5  and 

sub^uently  deaeased  in  a  linear  manner  at  largm  velocity  ratios.  This  phenomena  was 

attributed  to  the  entrainment  charaaeristics  of  the  jets  with  a  lower  entrainment  rate  likely 
occurring  for  lower  velocity  ratios. 

The  dimensionless  wameters  relevant  for  the  jet  in  a  cross  flow  have  been  discussed  by 

Keffer  and  Baines  (1],  natte  and  Baines  [2]  and  Rathgeber  and  Becker  (29]  •  for  the  present 

system,  the  jet  trajeaory  can  be  described  by  the  form: 
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X/RDj  =  f(Z/RDj)  ...  (1) 

or.  X/RDj  =  f({/RD.)  ...  (2) 

Tbe  rectangular  jet  diameter  can  also  be  expressed  in  terms  of  the  diameter  of  round  jet  with 
the  same  cross  sectional  area.  D  .  (=  3.34  D-  in  this  case)  however  the  correlations  presented 

“  J 

in  this  work  are  not  sensitive  to  this  refinement.  Tbe  majority  of  the  results  presented  in 
this  work  are  for  the  near  tield  region  where  the  narrow  jet  dimension  is  deemed  to  be  the 
most  relevant  scaling  parameter. 

The  purpose  of  this  paper  is  to  present  results  of  the  scalar  concentration  field  of  a 
sharp-edged  rectangular  jet  injected  into  a  cross  stream  flow  in  a  square  duct.  Tbe  mean  and 
concentration  fluctuation  field  were  measured  by  marker  nephelometiV  [45].  The  bulk  of  tbe 
results  are  presented  in  the  form  of  contour  maps  and  transverse  profiles  of  the  mean  and 
fluctuation  fields  at  various  downstream  locations  as  well  as  results  of  the  jet  spreading 
rate. 


2.  ExperimcnUl 

A  schematic  diagram  of  the  flow  system  used  in  this  work  is  shown  in  Fig.  2.  The 

transverse  duct  flow  originated  from  a  wind  tunnel  which  had  a  0.836  m  (square) 
cross-section.  At  the  exit  of  the  wind  tunnel  the  cross  section  was  reduced  to  a  square 

working  section.  228.6  mm,  on  each  side  with  Plexiglas  walls.  This  area  reduction  provided  a 

contraction  ratio  of  16:1  with  a  turbulence  intensity  of  less  than  0.1%  in  the  cross  stream 
flow.  The  wind  tunnel  working  section  had  a  1.37  m  length  with  the  rectangular  jet  located 
203  mm  from  tbe  entrance  to  the  working  section  as  shown  in  Fig.  2.  The  jet  was  aligned  with 

the  jet  deflection  occurring  parallel  to  the  major  jet  axis.  An  oil  condensation  smoke  [47] 

was  used  as  a  tracer  for  the  marker  nephelometry  technique  to  measure  tbe  mean  and  fluctuation 

concentration  of  the  jet  source  fluid. 

Tbe  jet  employed  in  the  present  work  was  a  sharp-edged  orifice  cut  fi'om  thin  aluminum 
plate  and  mounted  in  the  wall  of  the  plexiglas  test  section  m  such  a  way  as  to  be  flush  with 
the  inside  wall  of  the  wind  tunnel.  The  ctoss  section  of  the  jet  nozzle  is  shown  in  Fig.  3. 

The  orifice  was  sharp-edged  with  rounded  comers,  its  length,  Lj  63  5  mm  and  width.  Dj  > 

6.35  mm  (an  aspect  ratio  of  10)  with  the  jet  mounted  in  the  vertical  position  (tbe  long 

dimension  of  the  jet)  relative  to  the  jet  flow.  Pollard  and  Iwaniw  [46]  have  shown  that  the 

rectangular  jet  with  square  and  rounded  comers  has  similar  characteristics  including  tbe 
presence  of  a  saddle-back  behaviour  as  noted  above.  The  upstream  cross  section  of  the  jet 
nozzle  was  a  tapered  section  from  a  12.7  mm  air  supply  line  to  a  63.5  x  94.9  mm  rectangular 
section  at  the  nozzle  exit.  Steel  wool  was  used  as  an  upstream  flow  distributor  to  produce  a 
uniform  exit  velocity  profile.  A  pitot  probe  traverse  at  the  jet  exit  confirmed  the  presence 
of  a  saddle-back  behaviour  similar  to  that  observed  by  (^inn,  Pollard  and  Marsters  [39  -  40] 
and  Pollard  and  Iwaniw  [46].  Tbe  marker  nephelometry  system  was  employed  with  a  5  mW  He-Ne 
laser  and  Philips  150  A  VP  photo-multiplier  tube  -  the  laser  and  photo-multiplier  were  mounted 

as  a  solid  unit  which  could  be  traversed  in  three  dimensions  with  traversing  distances  of  1.2 

X  0.6  X  0.25  m  in  tbe  longitudinai,  transverse  and  cross  stream  directions,  respectively.  The 
laser  beam  was  reflected  by  a  mirror  above  the  working  section  to  provide  a,  light  source 
passing  through  the  flow  cross  section  with  a  control  volume  on  tbe  order  of  1  mm'^  as  observed 
by  the  pboto-moltiplier  tube.  The  photo-multiplier  tube  voltage  was  processed  by  a  Princeton 
Applied  Research  model  113  preamplifier  with  a  gain  of  100  and  hi^  frequency  filter  of  10 
KHz.  The  output  from  tbe  filter  was  fed  to  a  DISA  5SD3S  rms  meter  and  TSI  model  1076 
voltmeter.  The  data  were  stored  in  an  Anatogic  Data  Precision  6000  digital  oscilloscope 

(14-bit  resolution  at  100  KHz).  A  50  s  samplmg  time  was  employed  for  both  mean  and 

fluctuation  concentration  measurements.  Tbe  data  obtained  in  this  manner  were  then 
transferred  to  a  microcomputer  system  for  later  processing  and  storage.  Appropriate 
conections  for  the  marker  nephelometry  signals  as  outfined  by  Becker  [45]  were  employed  in 
tbe  present  work. 

The  experimental  flow  conditions  employed  in  tbe  pre$«.ct  work  were: 

(i)  R  *  2.0;  Uj  “  8.4  m/s  and  »  4.1  m/s 

(ii)  R  -  3.4;  U.  -  8.4  m/s  and  U  -  2.5  m/s 

J  o 

The  jet  velocity  corresponded  to  a  Reynolds  number  of  34,000  based  on  the  long  dimension  of 
the  nozzle,  3,400  based  on  the  narrow  dimension  and  11,4(W  based  on  tbe  hydraulic  diameter  of 
a  round  jet  with  tbe  same  area.  The  Reynolds  numbers  for  the  cross  stream  fiow  based  on  the 
dimension  of  the  duct  working  section  were  59,700  for  R  »  2.0  and  36,400  for  R  »  3.4. 
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3.  Results 

Contour  plots  of  the  mean  and  fluctuation  concentration  field  for  R  ^  2.0  and  3.4  are 

shown  in  Figs.  4-5  respectively  for  three  downstream  locations  for  each  velocity  ratio 
(these  plots  were  typically  based  on  a  grid  of  2(X)  -  300  measurement  points).  Humber  [48] 

provides  profiles  at  more  intermediate  locations  which  show  the  evolution  of  the  jet 

concentration  field  in  greater  detail.  The  three  contour  plots  in  each  of  Fig.  4  and  5  show 

the  concentration  and  fluctuation  field  (i)  in  the  near  field,  (ii)  in  an  intermediate  region 

where  there  is  deformation  of  the  mean  concentration  contour  field  into  a  kidney  shape  and 

(iii)  in  a  region  farther  downstream  where  the  concentration  contours  have  evolved  to  a  more 
circular  shape.  After  exiting  the  nozzle,  the  jet  source  fluid  concentration  field  exhibits  a 

horseshoe  or  kidney  shape  similar  to.  but  not  as  extreme  as.  that  noted  by  Rathgeber  and 

Becker  [29].  In  particular,  a  distinct  bifurcation  of  the  jet  flow  is  not  indicated  for  the 

present  flow  system  (Kamotani  and  Greber  [S]  and  Rathgeber  and  Becker  [29]  have  observed  such 
a  flow  structure  with  R  >  4  for  round  jets  in  a  cross  flow).  It  can  also  be  noted  that  this 
kidney  shape  occurs  at  lower  values  of  Z/Dj  for  the  higher  velocity  ratio,  R  ^  3.4  as  shown  in 

Fig.  5.  Further  downstream,  near  Z/Dj  a  20.  the  contours  become  symmetrical  in  both  cross 

stream  axes.  In  general,  the  concentration  fluctuation  intensity  in  the  core  region  of  the 

jet  was  small  and  this  is  probably  attributable  to  a  lower  rate  of  entrainment  for  this  type 

of  flow.  It  should  be  noted  that  the  present  work  did  not  extend  beyond  Z/Dj  *  20. 

corresponding  to  a  region  of  6  nozzle  diameters  if  the  nozzle  dimension  is  based  in  terms  of  a 
round  jet  with  the  same  area. 

Estimates  of  the  jet  trajectory  in  the  X-Z  plane  are  shown  in  Fig.  6  and  can  be  described 
by  the  power  law  form; 

X/RDj  -  1.91  (Z/RDj)®-^'^^  ...  (3) 

This  correlation  agrees  reasonably  well  with  the  correlation  of  Pratte  and  Baines  [2]  for  a 

round  jet  in  a  cross  flow  but  with  less  deflection  near  the  nozzle  and  more  deflection  further 

downstream.  These  data  also  show  less  deflection  than  the  rectaimlar  jet  with  aspect  ratio 

of  4  and  R  »  4  reported  by  Weston  and  Thames  [43]  (for  /elocity  neld  data)  •  the  dau  shown 

by  the  open  squares  in  Fig.  6  are  described  by  the  power  law  form; 

X/RD,  -  1.19  (ZyTlDJ®-^^  ...  (4) 

c  c 

The  mean  concentration  trajectory  data  of  Rathgeber  and  Becker  [29]  at  small  values  of  jet  to 
pipe  diameter  gives 

X/RDj  »  1.93  (Z/RDj)®-^°  ...  (5) 

and  this  relation  shows  close  agreement  with  the  present  results  near  Z/RDj  a  1  but  less  jet 

penetration  further  downstream.  Close  examination  of  Fig.  6  reveals  that  the  power-law  fit  to 
the  data  is  marginal,  especially  for  1  <  Z/RDj  <  10.  It  is  also  apparent  tiom  the  general 

flow  structure  depicted  in  Figs.  4  and  5  that  the  mean  concentration  contours  evolve  to  a 

circular  cross  section  sooner  for  the  case  with  R  3.4  •  this  change  occurred  beyond  Z/Dj  a 

12  for  R  2  and  Z/Dj  a  6  for  R  «  3.4.  This  also  corresponds  to  points  in  Fig.  6  where,  for  1 

s  Z/RDj  s  20,  X/RDj  remains  about  constant  for  each  velocity  ratio.  However,  if  the  jet 

penetration  is  expressed  in  terms  of  the  jet  trajectory,  (,  as  shown  in  Fig.  7,  these  two 
remons  are  more  apparent.  In  this  graph,  tte  jet  penetration  initially  follows  a  single 

relation  for  the  initiu  region  for  each  velocity  ratio  where  X/RDj  a  (f/RDj;  however  as  each 

jet  approaches  a  circular  cross  seaion  the  tendency  at  each  R  is  to  follow  a  power  law 
relation,  where  X/RDj  ■  constant  as  ^/RDj  increases.  These  data  are  describe  by  the 

relations; 

^/RDj  S  3.4;  X/RDj  -  (4/RDj)°  **^  ...  (6) 

R  -  2,  C/RDj  2  3.3;  XHIDj  -  2.21  (C/RDj)®-*^”^  ...  (7) 

R  -  3.4,  C/RDj  2  5;  X/RDj  -  2.90  ({/RDj)°-*®’  ...  (8) 

Keffer  and  Baines  [1]  and  Pratte  and  Baines  [2]  observed  that  X/RDj  a  ([/RDj  for  low 
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values  of  4  over  a  wide  range  of  jet  penetration  values,  0.1  s  {/RDj  s  1.  Following  this 

initial  high  penetration  rate  Pratte  and  Baines  observed  a  gradual  transition  (1  s  {^ROj  s  3) 

to  a  lower  penetration  rate  described  by  a  1/3  power  law  for  {/RD-  >  3.  In  the  present  work, 

accurate  estimates  of  the  jet  trajectory  could  not  be  made  below  i/RDj  a  l.S,  but  the  present 

results,  equation  (6),  do  not  differ  significantly  from  these  observations  and  it  is 

interesting  to  note  that  the  power  law  exponents  in  equations  (7)  and  (8)  are  nearly  ^ual  for 
each  velocity  ratio.  The  data  of  Weston  and  Thames  [43]  shown  in  the  top  maph  of  Fig.  7  are 
limited  to  the  region  ^/RDj  <  4  but  their  results  do  appear  to  tend  to  be  of  the  form  of 

equation  (6)  for  {/RDj  <  10  and  a  power  law  form  similar  to  equations  (7)  and  (8)  farther 

downstream. 

The  jet  trajectory  can  also  be  described  by  the  relation.  Fig.  7  (bottom  graph), 

«f/RDj  »  1.32  +  1.03  Z/RDj  ...  (9) 

in  close  agreement  with  the  result  of  Rathgeber  and  Becker  [29],  {/RDj  »  1  +  Z/RDj,  for  the 

trajectory  of  a  round  jet  in  a  pipe  flow.  - 

The  concentration  half  width,  defined  as  that  point  in  the  Y  or  X-plane  where  ^ 

0.5,  provides  a  measure  of  the  spreading  rate  of  the  jet  flow  as  it  proceeds  downstream.  The 
results  are  presented  in  Fig.  8  and  exhibit  good  symmetn  in  the  Y-plane  (the  plane  of 

bilateral  symmetry);  however,  the  results  for  the  X-plane  will  differ  on  each  side  of  the  jet 

trajectory  and  these  values  are  denoted  by  -fb^  and  -b^  for  the  upstream  and  downstream  sides 

of  the  jet  respectively.  Those  data  for  the  Y-direction  are  shown  in  the  top  graph  of  Fig.  8 
and  are  descnl^  by  linear  relations, 

R  -  2.  by/RDj  *  2.28  +  0.109  i/KD.  .  .  .  (10) 

R  =  3.4:  by/RDj  -  1.34  +  0.139  ^/RDj  .  .  .  (11) 

The  data  in  the  X-direction  are  shown  in  the  two  middle  graphs  of  Fig.  8  and  are  described  by 
power  law  relations, 

-b,/RD.  =  0.871  (C/RD.)®-^^^  .  .  .  (12) 

*  J  J 

-Hb,/RD.  =  0.925  (C/RD.)®  '^’*  .  .  .  (13) 

*  J  J 

Rathgeber  and  Becker  [29]  also  observed  a  power  law  behaviour  and  a  similar  degree  of  scatter 
for  the  half  concentration  width  in  the  plane  of  bilateral  symmetry  for  the  round  jet  in  a 

cross  flow  (they  did  not  report  measurements  comparable  to  the  by  data  noted  above).  The 

present  results  for  R  »  2  indicate  that  the  half  concentration  width  is  comparable  in  both 

planes  while  the  results  for  R  «  3.4  indicate  a  higher  spreading  rate  on  the  leading  edge  of 

the  jet  than  on  the  trailing  edn  in  the  plane  of  buateral  symmetry.  Further  downstream,  the 

half  concentration  widths  for  both  flow  conditions  appear  to  tend  to  similar  values  in  both 

planes.  From  the  contour  plots  obtained  in  this  work  it  is  also  possible  to  define  an 

equivalent  half  concentration  radius  of  the  form. 

bj/2  “ 

where  Aj^2  described  by  the  contour  •  0.5  (a  length  scale  proposed  by 

Kamotani  and  Greber  [5]).  The  dau  for  this  half  concentration  radius  are  described  by  a 
linear  relation  Fig.  8  (lower  graph), 

bj/2/*^Dj  -  1.41  -t-  0.162  «/RDj  ...  (15) 

The  transverse  profiles  of  the  mean  concentration  are  shown  in  Fig.  9  where  the 

transverse  position  is  normalized  with  respwt  the  appropriate  half  concentration  width. 
These  results  exhibited  good  symmetry  witnin  the  experimental  error  expected  for  these 
measurements  and  the  data  are  presented  with  the  data  'folded  over*  along  the  jet  trajectory. 
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The  Gaussian  lypc  distribution  observed  in  free  jets  (eg.  Becker,  Hottel  and  Williams  (49])  is 
also  shown  in  these  graphs. 

Transverse  profiles  of  the  concentration  fluctuation  intensity  are  shown  in  Fig.  10  for 

both  transverse  planes  and  velocity  ratios.  The  data  for  the  plane  of  bilateral  symmetry 

(Y-plane)  are  depicted  with  an  'open'  and  'closed'  symbol  for  results  on  opposite  sides  of  the 
jet  trajectory  (the  fluctuation  intensity  is  the  most  critical  test  of  symmetry  for  the 

measurements  in  the  present  work).  Within  the  experimental  error  expected  for  these 
measurements,  the  results  for  the  Y-plane  exhibit  good  symmetry  and  a  steep  gradient  in  the 
fluctuation  intensity  for  Y/b^  >  1.  The  results  for  the  X-plane  are  not  necessarily 

symmetrical  and  these  data  are  shown  with  an  'open'  symbol  to  denote  the  upstream  side  of  the 
jet  and  a  'closed'  symbol  to  denote  results  for  the  leeward  side  of  the  jet.  The  greatest 

difference  in  these  results  occurred  for  R  2  in  the  near  field,  typically  Z/RDj  *  1  and  2, 

where  the  results  for  the  upstream  side  of  the  jet  were  high».  These  results  in  Fig.  10 

nnerally  exhibit  the  expected  behaviour  with  low  values  of  y'lF  in  the  core  region  rising  to 
higher  values  near  the  edge  of  tte  jet  in  both  planes.  It  should  be  noted  that  fluctuation 

intensities  on  the  order  of  y'lF  ^  O.OS  are  close  to  the  noise  level  of  the  marker 

nepbelometry  technique  used  in  this  work  and  estimates  in  the  core  region  of  the  jet  are  thus 

subject  to  larger  experimental  error.  Generally,  the  fluctuation  intensity  rises  above  this 
low  core  region  level  near  (Y/b  or  X/b  )  a  1.0  and  tends  to  values  typical  of  those  found  in 

a  free,  round  jet  [50].  Higher  fluctuation  intensities  were  observed  in  the  Y-plane  for  each 

flow  condition  and  these  data  also  exhibited  a  higher  gradient  in  the  cross  stream  values  of 

y'lF  than  the  X-plane  or  those  of  a  round  jet.  The  action  of  the  cross  stream  fluid  thus 
causes  a  rapid  mixing  towards  the  edge  of  the  jet  in  the  plane  of  bilateral  symmetry.  However 

in  the  core  of  the  jet  there  is  less  mixing  as  indicated  by  the  lower  fluctuation  intensities 

for  the  X-plane  and  for  Y/b  <  1  in  the  Y-plane. 


4.  Discussion  of  Results 

The  contours  of  the  mean  and  fluctuation  concentration  fields.  Figs.  4  and  5,  provide  a 

clear  picture  of  the  development  of  this  type  of  flow  system.  At  Z/Dj  =  2.0,  a  kidney  shaped 

profile  is  clearly  evident  for  R  «  3.4  and  to  a  lesser  extent  for  R  2.0.  The  greater 

penetration  of  the  jet  for  R  =  3.4  is  also  evident  at  this  downstream  location.  At  the  next 

downstream  location  shown  in  Figs.  4  and  S,  (Z/Dj  »  12  fur  R  >  2.0  and  Z/Dj  -  6.0  for  R  > 

3.4),  both  jets  have  developed  into  a  kidney  shaped  contour  (typically  the  maximum  jet 
deformation  observed  for  each  flow  condition).  At  tms  point,  the  mean  concentration  mappings 
are  quite  similar  and  this  indicates  that  the  jet  deformation  occurs  faster  for  R  >  3.4. 

These  mean  concentration  contours  are  also  .similar  to  the  cross  sectional  shape  observed  by 
Ratbgeber  and  Becker  [29]  in  the  near  field  of  a  round  jet  in  a  cross  flow.  At  the  last 
downstream  contour  profile  for  each  flow  condition,  the  jet  cross  section  approaches  a 
circular  form  where  the  width  of  the  jet  in  the  Y  and  Z-planes  are  almost  equal  in  magnitude. 
In  this  region,  the  rectangular  cross  flow  jet  ^^ers  from  the  round  jet  wbdch  forms  and 
maintains  a  distinct  bifurcated  structure  as  noted  by  Ratbgeber  and  Becker  [29].  Grandmaison 
et  al  [41]  also  observed  that  the  free,  rectangular  jet  approached  a  circular  cross  section 

(as  indicated  by  the  half  concentration  widths)  beyond  X/D  a  30.  It  is  also  apparent  that 

the  cross  flow  has  a  significant  effect  on  this  flow  development  as  the  jet  with  R  >  3.4 
(greater  penetration  into  the  cross  flow)  tendcxl  to  a  circular  cross  section  faster  than  the 

jet  with  R  a*  2.0.  It  is  also  likely  that  the  development  of  the  jet  with  R  >  2  is  affected  by 

the  closer  proximity  of  the  wall  boundary  -  Keffer  and  Baines  [1]  first  noted  a  wall  hindrance 
effect  on  jet  enuainment  for  R  >  2  in  a  round  jet  in  a  cross  flow. 

It  should  be  noted  that  the  jet  trajectory  data  described  by  equation  (3),  Fig.  6. 
exhibit  scatter  similar  to  previous  measurements  of  this  parameter  for  round  jets  in  a  cross 
flow.  However,  there  is  also  a  trend  in  the  residuals  for  each  flow  condition,  with  lower 

trajectory  values  predicted  at  intermediate  values  of  Z/RDj.  It  is  interesting  to  note  that 

this  region  also  corresponds  to  the  point  where  the  maximum  jet  deformation  takes  place  (Z/Dj 

a  12  for  R  >  2  and  Z/Dj  a  6  for  R  >■  3.4)  and  this  suggests  that  a  change  in  trajectory  path 

occurs  as  the  jet  changes  from  an  initial  rectangular  shape  to  the  circular  cross  section 

observed  farther  downstream.  This  effect  is  confirmra  by  the  correlation  shown  in  Fig.  7  with 
the  jet  trajectory  expressed  in  terms  of  X-{  coordinates.  In  the  initial  region,  {/RDj  s  3, 

both  jets  appear  to  follow  a  similar  path  •  this  corresponds  to  the  zone  of  maximum  jet 
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deflection  noted  by  Keffer  and  Baines  [t]  and  Pratte  and  Baines  [2].  In  these  previous 

studies  a  linear  relation,  X/RDj  a  {/RDj,  was  observed  for  {/RDj  s  I  S  followed  by  a 

transition  region  to  a  power  law  region  (the  vortex  zone  noted  by  Pratte  and  Baines  [2]). 

X/RDj  a  (^/RDj)^''^,  farther  downstream,  {/RDj  2  3.  The  present  data  for  {/RDj  s  3  appear  to 

follow  a  transition  behaviour  similar  to  that  observed  by  Pratte  and  Baines  [2]  but  more  data 

would  be  required  at  lower  values  of  {  to  confirm  the  linear  form  noted  above.  It  can  also  be 

noted  that  the  shape  of  the  rectangular  jet  in  the  cross  flow  undergoes  some  changes  in  the 

nozzle  region  (the  case  for  R  »  3.4,  pig.  S.  best  demonstrates  this  behaviour).  Farther 

downstream  the  present  results  also  tended  to  power  law  forms  where  (/RDj  a  (X/RDj)"  with  n  a 

0.17  for  each  flow  rate.  The  start  of  this  region  occurred  at  {/RDj  a  S  for  R  >  2  and  {/RDj  a 

3  for  R  =>  3.4  and  corresponds  to  the  point  where  there  is  a  large  distortion  in  the  jets. 
Figs.  4  and  5,  leading  to  a  more  circular  cross  section  farther  downstream.  The  displacement 
of  these  power  law  regions  for  each  jet  velocity  corresponds  to  a  different  effective  source 
for  the  new  jet  shape  as  the  flow  progresses  in  the  downstream  direction.  Grandmaison  et  al 
[41]  observed  that  the  free  rectangular  jet  tended  to  a  nearly  circular  cross  section  (as 
indicated  by  equal  half  concentration  values  in  the  cross  stream  direction)  near  X/D^  a  30  and 

this  indicates  that  the  effect  of  the  cross  flow  on  the  jet  is  more  pronounced  than  for  the 
free  jet  case. 

The  fluctuation  intensity  contour  plots  in  Figs.  4  and  S  show  a  region  of  relatively  low, 
constant  values  in  the  central  core  of  the  jets.  These  contour  plots  do  not  appear  to  change 

signiflcantly  as  the  jet  develops,  nor  do  they  vary  substantially  between  the  two  flow 
conditions.  The  low  fluctuation  intensity  values  ^served  in  the  core  region  for  the 
rectangular  cross  flow  jet  is  signiflcantly  different  from  the  round  jet  case  where  the 

bifurcated  flow  leads  to  very  high  fluctuation  intensities,  on  the  order  of  y'/r  at  0.4,  along 
the  jet  trmectory  [29].  The  effect  of  the  cross  flow  on  the  rectangular  jet  with  an  aspect 

ratio  of  10  is  clearly  not  sufficient  to  produce  the  enhanced  mixing  observed  in  a  round  jet 
in  a  cross  flow  for  R  s  3.4  [29]. 

The  concentration  half  width  provides  a  good  parameter  with  which  to  measure  the 
spreading  rate  of  the  jets.  In  the  Y-plane,  the  concentration  half  width  should  be  equal  on 
both  sides  of  the  jet  since  this  plane  defines  the  plane  of  bilateral  symmetry.  In  the 

X'plane,  the  concentration  half  width  for  a  round  jet  in  a  cross  flow  is  typically  shoner 
during  early  stages  of  the  flow  development  on  tbie  leading  edge  than  on  the  trailing  or 
downstream  edge  [29].  While  this  behaviour  is  suggested  by  the  correlations  presented  in 
equations  (12)  and  (13)  and  the  results  shown  in  Fig.  8  (two  centre  graphs),  the  effect  is  not 
large  and  within  the  scatter  of  the  present  data  the  half  concentration  width  in  both  the  Y 

and  X-planes  appears  to  be  nearly  ^ual  farther  downstream,  .near  Z/RDj  a  10.  The  half 

concentration  width  expressed  in  terms  of  the  effective  radius  of  the  50%  mean  concentration 
contour,  bjy2<  exhibited  a  good  linear  relation  for  both  flow  conditions  over  the  downstream 

positions  examined  in  this  work.  The  jet  spreading  rate,  b|^2  *  0.162  given  by  equation 

(15)  is  comparable  to  the  spreading  rate  in  the  free  rectangular  jet  with  the  same  aspect 
ratio,  where  b  a  0.130  {  and  b„  a  0.152  (  [41]. 

2  y 

The  transverse  profiles  of  the  mean  concentration.  Fig.  9,  indicate  a  certain  amount  of 
scatter  in  these  dau  but  no  distinctive  pattern  is  obvious  except  that  the  X-plane  data 
appear  to  apmoach  a  Gaussian  type  distribution  faster  than  the  Y-plane  data  for  both  flow 
conditions.  Kamotani  and  Greber  [5]  and  Rathgeber  and  Becker  [29]  also  observed  a  Gaussian 
type  behaviour  for  t^  plane  of  bilateral  symmetry  for  a  round  jet  in  a  cross  flow, 

particularly  for  1  s  ^  0.5.  It  is  also  worth  noting  that,  within  the  accuracy  of  the 

mean  concentration  measurements,  there  is  no  evidence  of  the  saddle-back  behaviour  observed  in 

the  flee  rectangular  jet  emanating  flom  a  sharp  edged  nozzle  [41],  This  point  is  discussed  in 

more  detail  later. 

Transverse  proflles  of  the  concentration  fluctuation  intensity  in  the  present  work  showed 
good  symmetry  for  the  Y-plane  while  the  data  for  the  Z-plane  exhibited  some  asymmetry  in  the 
near  fleld  for  the  case  of  R  »  2.0  where  there  appear^  to  be  higher  values  on  the  leading 
edge  of  the  jet.  Rathgeber  and  Becker  [29]  also  observed  higher  values  of  the  f^ctuation 

intensity  on  the  upstream  side  of  a  round  jet  in  a  cross  flow.  The  low  values  of  y'lF  in  the 
core  region  of  the  jet  indicate  a  lower  level  of  mixing  than  is  encountered  for  a  round  jet  in 
a  cross  flow.  This  is  consistent  with  the  general  shape  of  the  concentration  contour  diagrams 
which  do  not  indicate  a  bifurcated  flow  pattern.  There  does,  however,  appear  to  be  intense 
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mixing  on  the  outer  edge  of  the  jet.  Y  2  in  the  Y-plane.  In  this  region,  there  is  a  sharp 

increase  in  the  fluctuation  intensity  due  to  the  interaction  with  the  cross  stream  flow.  The 

transverse  gradient  in  the  y'/r  profiles  in  the  Y-plane  for  Y/b^  >  l.O  appear  to  be  higher 

than  those  of  a  free  round  jet  in  quiescent  surroundings  [49].  This  rapid  mixing  and  the 

distortion  of  the  jet  in  the  Y-plane  due  to  the  cross  flow  stream  also  appears  to  counter  the 

persistence  of  the  saddle-back  behaviour  of  the  mean  concentration  proves  at  a  much  earlier 

stage  than  observed  in  the  free  rectangular  jet.  This  saddle-back  phenomena  has  been  observed 

in  the  near  tield  region  (X/D.  s  10)  of  jets  issuing  from  a  sharp-edged  orifice  near  Y/b„  m 

0.6  -  0.8  [39]  -  [41]  and  a  wall  jet  flow  issuing  from  a  sharp  edged  rectangular  orifice  [42]. 

The  near  field  contour  plots  shown  in  Figs.  4  and  S  do  not  indicate  such  behaviour  for  the 

rectangular  jet  in  a  cross  flow  near  Z/Dj  a  2.  The  transverse  mean  concentration  data.  Fig 

9,  exhibit  a  mean  concentration  decay.  a  0.8  -  0.8S,  in  the  near  field  near  Y/b„  a  0.6 

'  max  y 

-  0.8. 

The  data  presented  in  this  paper  represent  an  intermediate  range  of  the  velocity  ratio. 

R.  Krothapalli,  Lourenco  and  Buchlin  [44]  found  that  the  normafized  upstream  separation 

distance  increased  in  the  range  R  s  S  and  decreased  for  higher  velocity  ratios.  They 
attributed  the  increase  at  lower  R  values  to  a  weaker  entrainment  on  the  leeward  side  of  the 
jet  and  the  present  results  appear  to  confirm  this  hypothesis.  The  mean  and  fluctuation  field 
contour  diagrams.  Figs.  4  and  5.  show  that  the  leeward  side  of  the  nozzle  fluid  field  extends 
to  the  wall  region  (X  »  0)  and  that  there  is  a  lower  level  of  mixing  in  the  core  region  of  the 
jet  compared  to  the  more  intense  mixing  observed  in  the  round  jet  in  a  cross  flow  stream  at 
larger  values  of  R.  Kamotani  and  GreMr  [5]  have  noted  that  the  scalar  field  exhibitnl  a  peak 
mean  value  off  the  plane  of  bilateral  symmetry  for  R  a  8  but  the  peak  value  remained  on  the 
bilateral  symmetry  plane  for  R  2  4  in  the  round  jet  cross  flow  system.  This  phenomena  was 
attributed  to  more  rapid  mixing  as  the  jet  is  able  to  entrain  cross  stream  fluid  more  readily 
with  less  wall  boundary  interference  at  larger  velocity  ratios.  It  thus  appears  that  such  a 

phenomena  may  indeed  occur  with  rectangular  jets  but  with  a  slightly  higher  critical  velocity 
ratio.  R  a  5. 

S.  Conclusion 

The  scalar  concentration  field  of  a  sharp-edged  rectangular  jet  with  an  aspect  ratio  of 
10  mixing  with  a  cross  stream  flow  has  been  examined  using  marker  nepbelometry.  Measurements 
include  the  fields  of  the  mean  and  fluauation  concentration  fields  for  {/RDj  s  6  for  R  3.4 

and  {/RDj  s  20  for  R  ^  2.0.  The  principle  findings  of  this  work  are; 

(1)  The  jet  trajectory  follows  an  initial  hid  penetration  region  similar  to  that  of  a  round 
jet  followed  by  a  power  law  region  furwr  downstream  where  the  jet  path  is  proportional 

to 

(2)  The  hall  concentration  length  in  the  Y  and  X-planes  follow  linear  and  power  law  forms 

respectively  as  a  fiuction  of  the  distance  along  jet  trajectory.  The  half 

concentration  length  based  on  the  effective  radius  of  the  T/r  »  0.5  contour  follows  a 

max 

linear  relation  with  a  spreading  rate  that  is  slightly  larger  than  the  fiee  rectangular 
jet. 

(3)  Transverse  profiles  of  the  mean  concentration  field  in  the  plane  of  bilateral  symmetry 
were  closer  to  a  Gaussian  type  behaviour  than  those  data  in  the  Y-plane.  The  fluctuation 
intensity  data  were  significantly  lower  in  the  plane  of  bilateral  symmetry  than  in  the 
Y-plane. 

(4)  The  jets  exhibited  a  kidney  shape  similar  to  a  round  jet  in  a  cross  flow  but  the 

rectangular  jet  did  not  exhibit  a  bifurcated  structure  for  R  >■  2.0  and  3.4.  In  the  core 

region  of  the  jets  there  was  a  relatively  low  fluauation  intensity  indicating  a  lower 
mixing  intensity  than  round  jets  in  a  cross  flow  at  larger  values  of  the  velocity  ratio. 

(5)  The  sharp-edged  rectangular  jet  in  a  aoss  flow  did  not  exhibit  a  saddle-back  behaviour 
in  the  mean  concentrauon  field  in  the  near  field  region  (Z/D  m  2).  llie  action  of  the 
aoss  flow  stream  thus  appears  to  counter  the  mechanism  for  the  persistence  of  this 
phenomena  more  quickly  than  the  fiee  reaangular  jet. 
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Fig.  t.  Schematic  diagram  of  the  rectangular  jet  in  a  cross  flow  stream. 
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Fig.  2.  Schematic  diagram  of  wind  tuanel  flow 
system  for  the  cross  flow  stream  (top) 
and  the  wind  tunnel  working  section 
with  the  cross  flow  jet  -  all 
dimensions  in  mm. 
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Fig.  3.  The  rectangular  jet  nozzle  face 
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LDV  MEASUREMENTS  OF  THE  TURBULENT  FLOW 
IN  GAS  CYCLONES 

T.L.  Llea  &  H.E.A.  van  den  AJcker 
Kraaers  Laboratorlua  voor  Fyslsche  Technologie 
Delft  University  of  Technology 
Prlns  Bernhardlaan  6 
2628  BW  Delft.  Netherlands 

Abstract.  Laser  Doppler  measurements  were  made  of  axial  and  tangential  velocities  (mean  values 
and  root  mean  square  of  the  fluctuations)  In  a  model  of  a  reverse  flow  gas  cyclone.  The  effect 
of  geometry  changes  was  examined.  In  the  axis  region  the  measured  mean  velocities  and  r.m.s.- 
values  were  significantly  affected  by  the  precession  of  the  vortex  core.  A  method  was  devised 
to  measure  the  amplitude  of  the  precession  and  to  correct  the  measured  velocity  profiles. 

1  Introduction 

Gas  cyclones  are  widely  used  In  Industry  to  separate  particles  from  gas  flows.  A  cyclone  is  a 
very  simple  apparatus  (Fig.  1):  it  consists  of  an  oblong  cylindrical  vessel  of  typically  0.3 
to  1  m  diameter.  A  strongly  swirling  motion  is  imparted  to  the  particle  laden  flow  by  letting 
it  enter  the  cyclone  through  a  tangential  inlet.  The  Inlet  velocity  is  typically  15  to  20  m/s. 
The  particles  are  'centrifuged’  outward,  and  travel  along  the  wall  to  the  solids  outlet.  The 
gas  leaves  the  cyclone  through  the  central  exit  pipe.  Depending  on  the  side  on  which  this  gas 
exit  pipe  is  located  the  cyclone  is  described  as  ’reverse  flow’  or  ’through-flow’. 

The  separation  efficiency  depends  on  the  particle  diameter;  small  particles  remain  in  the 
gas  flow.  The  particles  that  have  50  X  separation  are  said  to  be  of  ’cut  size’.  In  principle 
increasing  the  inlet  velocity  lowers  the  cut  size  and  increases  the  overall  efficiency.  At  the 
same  time  more  turbulence  is  created,  which  interferes  with  the  separation  process.  There  is 
an  optimum  inlet  velocity  (and  therefore  an  optimum  cyclone  size  at  a  given  gas  flow  rate). 

The  pressure  drop  across  an  industrial  cyclone  Is  of  the  order  of  10^  Pa,  This  is  seldom  a 
limiting  factor.  Running  costs  of  cyclones  are  low  compared  to  other  dust -separation  methods; 
they  are  cheap  to  manufacture,  reliable,  and  suitable  for  rough  conditions  such  as  high  tem¬ 
peratures.  There  is  still  room  for  improvement  though,  especially  in  the  class  of  high  effi¬ 
ciency  cyclones  (cut  size  smaller  than  10  pm).  Geometrical  alterations  cem  for  instance  signi¬ 
ficantly  diminish  the  reentrainment  of  particles  near  the  solids  outlet.  An  improved  exit  pipe 
shape  can  contribute  to  a  stronger  vortex  with  less  turbulence,  thus  directly  influencing  the 
separation  process. 

The  work  presented  In  this  article  is  part  of  a  project  aimed  at  Increasing  the  role  of 
computational  fluid  dynamics  (CFD)  In  the  process  of  developing  more  efficient  gas  cyclones. 
Costly  and  laborious  experiments  could  be  replaced  by  simulation  on  a  computer.  This  would 
make  it  far  easier  to  examine  the  consequences  of  alterations  in  the  cyclone  geometry,  but  at 
the  same  time  it  places  a  considerable  emphasis  on  the  understanding  of  the  physics  of  the 
flow,  and  the  way  it  is  modelled  In  the  computer  program.  The  flow  in  a  cyclone  is  turbulent, 
but  the  strong  swirl  forces  the  turbulence  to  become  non-lsotroplc,  which  makes  it  difficult 
to  model  (Lilley  1976). 

In  our  group  the  commercial  flow  simulation  program  FLUENT  Is  used  as  a  tool  in  chemical 
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engir.eerir.g  research.  To  be  able  to  Judge  Its  perforaance  In  swirling  flows  It  Is  necessary  to 
have  reliable  gas  velocity  aeasureaents. 

Laser  Doppler  Veloclnetry  (LOV)  In  cyclones  that  are  actually  separating  dust  Is  very  dif¬ 
ficult.  because  at  very  low  dust  loads  the  flow  is  already  opaque.  Besides  this  It  was  not 
possible  with  our  LOV  system  to  distinguish  between  the  velocities  of  the  various  particle 
sizes  as  they  are  separated,  and  the  velocity  of  the  gas  flow  (measured  with  'seeding'  par¬ 
ticles).  For  this  reason  only  ‘seeding’  particles  were  admitted  Into  the  gas  during  this 
study. 

Related  studies  found  In  literature  are  those  of  Boysan  et  al.  (1983),  Escudler  et  al. 

(1980.  not  a  cyclone  but  a  vortex  tube  with  water  as  fluid).  Reydon  &  Cauvln  (1981.  a  vortex 
chamber),  Tryman  &  Collin  (1989,  a  cyclone  combustor)  and  Hargreaves  &  Silvester  (1990,  a 
deoiling  hydrocyclone). 

Depending  on  the  geometry  and  the  flow  rate  the  vortex  in  a  cyclone  can  be  moving  around  in 
a  phenomenon  called  'vortex  precession'.  It  'blurs'  the  velocity  profiles  and  to  enhance  velo¬ 
city  fluctuations.  When  measuring  the  velocity  field  it  is  necessary  to  try  to  correct  the 
average  velocity  profiles  and  to  distinguish  between  the  turbulent  fluctuations  and  those  of 
coherent  movements  or  structures. 

2  The  flow  in  a  cyclone 

The  flow  in  a  cyclone  can  be  classified  as  a  swirling  flow;  axisynmetric  turbulent  flow  In 
which  both  tangential  (rotational)  and  axial  velocity  components  are  Important. 

The  tangential  velocity  profile  of  a  swirling  flow  is  characterized  by  an  outer  'free  vor¬ 
tex'  region  and  an  inner  'forced  vortex'  region.  The  shape  of  the  profile  suggests  that  in  the 

outer  region  fluid  going  radially  inward  accelerates  according  to  conservation  of  angular 

momentum  (wr  >  constant).  In  reality  the  relationship  is  more  like  wr°‘  «  constant  with 
a  s  0.7  in  a  cyclone.  Near  the  swirl  centre  the  flow  behaves  as  a  solid  body,  l.e.  as  a  region 
dominated  by  viscosity.  Here  w/r  *  constant. 

In  swirling  flows  two  dimensionless  numbers  are  important: 

-  the  Reynolds  number  Re  ■  U«D/w  (The  choice  made  for  the  velocity  U  and  the  characteristic 

diameter  D  is  to  be  specified,  v  Is  the  kinematic  viscosity  of  the  gas. ) 

-  the  Swirl  number  S,  a  measure  of  the  degree  in  which  the  swirl  component  dominates  the  flow 

s>  — axial  flux  of  angular  momentum _  .  , 

(D/2)  •  axial  flux  of  axial  momentum  ^ 

Neglecting  the  turbulent  and  pressure  contributions  to  the  fluxes  is  often  possible  without 
introducing  significant  errors  (Gupta  et  al.  1984).  Then  the  swirl  number  can  be  calculated  as 

R 

J  p  u  w  r  2xr  dr 
0 

S  -  -  (2) 

R 

2  •  J  P  u^  2iir  dr 
0 
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lu  indicates  average  axial  velocities,  w  average  tangential  velocities) 

Because  the  flow  pattern  In  a  reverse  flow  cyclone  Is  conpllcated  it  is  difficult  to  define 
one  characteristic  swirl  nunber.  S  varies  with  the  height  in  the  cyclone,  because  the  axial 
flow  rate  Is  not  constant.  In  a  cyclone  the  simplified  definition  of  Gupta  et  al.  (1984)  is 
frequently  used  as  an  overall  swirl  number,  which  does  not  take  Into  account  local  variations: 

s  D  D 
o  c 

S  »  -  (3) 

4  Al 

A,  is  the  Inlet  surface  area.  the  exit  pipe  diameter,  the  cyclone  diameter.  This  defini¬ 
tion  can  be  understood  as  a  rough  estimate  of  the  tangential  velocity  divided  by  the  axial 
velocity. 

The  shape  of  the  tangential  velocity  profile  of  a  swirling  flow  Is  not  very  sensitive  to 
swirl  number  alterations.  In  contrast  the  axial  velocity  profile  can  change  dramatically.  Flow 
reversals  (gas  travelling  In  the  opposing  direction  to  the  mean  flow)  are  known  to  appear 
around  the  flow  axis  at  swirl  numbers  greater  than  0.6  (Schetz  1980).  They  are  caused  by  the 
tendency  of  high  swirl  fluid  to  avoid  the  central  area  of  the  flow.  This  sets  up  an  adverse 
pressure  gradient  that  draws  back  fluid  with  less  swirl.  The  flow  then  becomes  sensitive  to 
changes  In  the  downstream  flow  conditions,  like  bends  and  obstacles,  even  outside  the  cyclone. 
This  flow  condition  Is  called  ' subcrltlcal’ ,  a  term  emanating  from  the  theory  of  free~surface 
flows,  where  It  Indicates  the  flow  regime  whereby  surface  waves  can  propagate  upstream 
(Benjamin  1962).  When  the  swirl  number  Is  large  enough  the  flow  become*:  virtually  two- 
dimensional.  with  no  velocity  gradients  at  all  In  tangential  or  axial  direction. 

The  turbulent  eddies  In  a  swirling  flow  experience  strong  Coriolis  forces;  momentum  exchange 
is  either  amplified  or  attenuated,  depending  on  the  local  gradient  of  the  swirl  velocity 
(Leschzlner  1990).  Moreover  swirl  causes  anisotropy  In  the  levels  of  the  normal  stresses 
(Lllley  1976).  When  modelling  swirling  flows  a  turbulence  model  has  to  be  used  that  calculates 
the  turbulent  stresses  from  transport  equations  (a  so-called  Reynolds  stress  turbulence 
model ) . 

A  phenomenon  that  Is  still  poorly  understood  hydrodynamlcally  Is  'vortex  precession'.  The 
rotational  axis  of  the  flow  moves  around  the  geometrical  axis  of  the  cyclone.  In  the  direction 
of  the  tangential  flow,  with  a  distinct  frequency.  The  vortex  Is  as  It  were  a  selective  ampli¬ 
fier  of  disturbances,  l.e.  an  oscillator.  Chanaud  described  the  phenomenon  already  In  1965.  He 
found  that  there  was  a  linear  relationship  between  the  frequency  emitted  by  a  so-called  vortex 
whistle  and  the  mean  axial  velocity.  Two  dimensionless  numbers  governed  the  precession:  the 
Reynolds  number  and  the  Rossby  number,  which  Is  closely  related  to  the  Inverse  of  the  swirl 
number.  Below  a  critical  Re  no  precession  was  found  at  all,  and  at  any  given  Re  above  the 
critical  there  Is  a  Rossby  number  above  which  no  precession  will  be  present.  When  the  Rossby 
number  Is  decreased  (Increasing  swirl)  the  precession  would  eventually  make  way  for  more  and 
more  Irregular  oscillations. 

Garg  &  Lelbovlch  (1979)  measured  dominant  frequencies  of  around  10  Hz  In  so-called  'vortex 
breakdown'  fields.  They  pointed  out  that  the  oscillations  can  be  explained  using  linearized 
invlscid  stability  analysis  of  the  undisturbed  axlsymmetrlcal  flow. 


B12-3 


3  Experlaental  aatup 


J. I  The  cyclone  model 

A  gas  cyclone  model  29  cm  In  diameter  and  with  a  height  of  l.S  m  was  used  (Fig.  2).  It  consis¬ 
ted  of  Interchangeable  perspex  sections.  A  section  made  of  precision  glass  was  used  to  measure 
through.  The  air  flow  rate  was  44  I/'s.  The  Inlet  velocity  through  the  tangential  Inlet  was  3.S 

4 

m/s  and  the  Reynolds  number  1.3  •  10  ,  based  on  a  superficial  velocity  through  the  cross- 
sectional  area  of  the  cyclone  body  of  0.67  m/a.  As  mentioned  before,  no  particles  were  present 
In  the  gas  except  seeding  droplets.  There  was  no  ‘underflow’  through  the  particle  outlet:  all 
gas  left  the  cyclone  upward  through  the  exit  pipe. 

According  to  Van  den  Akker  &  De  Kort  (1988,  measurements  at  Shell  Amsterdam)  fitting  a 
conical  section  to  the  exit  pipe  brings  about  an  loiprovement  of  the  separation.  The  effect 
this  change  had  on  the  velocity  field  was  Investigated. 

Three  exit  pipe  geometries  were  used; 

A.  A  straight  exit  pipe  with  an  Inside  diameter  of  18.8  cm  and  a  length  of  30  cm 

B.  An  exit  pipe  fitted  with  a  conical  section  of  18.8  cm  Inside  diameter  at  the  top  and  11  cm 
at  the  'mouth'  (length  of  cone  7.S  cm;  length  overall  33  cm) 

C.  An  exit  pipe  of  type  B  fitted  with  an  additional  straight  section  of  16.1  cm  length  and 
Inside  diameter  of  11  cm 

A  further  geometry  change  that  was  studied  was  the  Insertion  of  a  so-called  stabilizer  Into 
the  bottom  part  of  the  cyclone.  This  Is  simply  a  disk  of  17  cm  diameter  mounted  on  a  rod  of 
2.5  cm  diameter.  The  end  of  the  rod  Is  meant  to  ‘capture’  the  vortex  and  stabilize  It.  The 
disk  forces  the  particles  to  travel  to  the  solids  outlet  along  the  wall.  Inhibiting  reentraln- 
raent. 

Five  geometries  were  studied  In  total.  They  will  be  referred  to  as  A,  B,  BN.  C  and  CN  (N  «  no 
stabilizer) . 

3.  2  The  LDV  system 

The  LOV  measurements  were  carried  out  with  a  4  W  two-dimensional  system  (TSI  fiber  optics. 
Spectra  Physics  2016  Ar-lon  laser).  Signal  processing  was  achieved  by  two  TSI  IFA  550  'Intel¬ 
ligent  flow  analyzers'  (Jenson  et  al.  1988).  The  measurements  were  made  In  a  vertical  plane 
through  the  cyclone  axis.  In  full  back-scatter  node.  The  axial  and  tangential  velocity  compo¬ 
nents  were  measured.  The  measuring  volume  had  a  length  of  3  mm  and  a  width  of  0.15  mm.  The 
Doppler  frequency  was  192  kHz  per  a/s  (A  >  514.5  na). 

3.  3  Seeding 

Seeding  particles  were  produced  by  atomizing  a  10  %  solution  of  glycerol  (trlhydroxypropane) 
in  water  with  a  paint  spray  gun.  By  spraying  tangentially  Into  a  'knock  out  vessel'  (In  fact  a 
crude  cyclone)  larger  droplets  were  removed  (Durst  &  Ruck  (1987)  suggested  this  as  an  ef¬ 
fective  way  of  boosting  the  data  rate  of  the  LDV  measurement).  Stable  droplets  of  approxima¬ 
tely  2  pm  diameter  were  produced  In  sufficient  quantities.  The  diameter  of  the  droplets  was 
measured  with  a  Malvern  2600  Particle  Sizer. 
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The  abi..'.y  of  the  particles  to  follow  turbulent  fluctuations  was  checked  by  calculating 
the  reaction  of  one  particle  subjected  to  a  sinusoidal  air  flow  (Drain  1980).  At  a  frequency 
of  4  kHz  the  velocity  amplitude  of  a  2  pm  particle  turned  out  to  be  95  V.  of  the  driving  velo¬ 
city  amplitude.  The  droplets  were  considered  acceptable  flow  followers. 

The  centrifugal  forces  acting  on  a  droplet  combined  with  an  assumed  Stokes  drag  force  (Durst 
et  al.  1976)  resulted  In  an  estimated  radial  velocity  of  approximately  2  cm/s.  Measuring  the 
velocity  of  one  particle  takes  about  10  ps.  The  radial  displacement  of  a  particle  during 
measurement  Is  therefore  negligible. 

4  Data  processing 

4. 1  Spectrum  analysis 

An  LOV  measurement  consisted  of  2000  to  4000  data  points.  The  data  rate  varied  from  around 
50  Hz  near  the  axis  to  300  Hz  In  the  outer  vortex.  Spectrum  analysis  Is  applied  to  find  domi¬ 
nant  frequencies  in  the  time-dependent  velocity  signals.  Because  the  data  points  In  a  measure¬ 
ment  are  not  equidistant  in  time  direct  application  of  Fast  Fourier  Transformation  (FFT)  is 
impossible.  Instead  a  discretized  auto-covariance  function  Is  calculated  first,  using  the 
'slotting  method'  (Mayo  1978). 

4.2  Precession 

To  be  able  to  correct  the  measured  velocity  profiles  and  to  distinguish  between  turbulence  and 
the  fluctuations  caused  by  vortex  precession  It  Is  necessary  to  study  the  measured  time- 
dependent  velocity.  In  situations  where  the  movement  of  a  flow  feature  Is  exactly  periodic  it 
is  generally  possible  to  use  'time  slotting’,  whereby  each  slot  corresponds  to  an  angular 
position.  In  this  way  it  Is  for  Instance  possible  to  map  the  detailed  flow  around  a  stirrer 
blade  In  a  stirred  vessel  with  respect  to  a  rotating  frame  of  reference.  Vortex  precession  is 
not  externally  synchronized,  and  after  each  turbulent  perturbation  phase  Information  Is  lost, 
so  time  slotting  cannot  be  applied. 

Instead  an  attempt  was  made  to  extract  as  much  Information  as  possible  from  the  average  height 
and  fluctuation  of  the  peaks  In  the  graphs  of  measured  velocity  versus  time,  combined  with 
knowledge  of  the  general  shape  of  the  average  velocity  profiles.  A  simple  computer  program  was 
written  to  seek  out  the  peaks.  They  were  defined  as  those  data  points  that  were  'higher'  or 
' lower'  than  2n  neighbours.  The  optimum  n  depends  on  the  data  rate,  the  frequency  of  the  pre¬ 
cession  and  the  properties  of  the  turbulence. 

5  Results 

5.1  Time  averaged  velocity  profiles 

The  swirl  number  according  to  definition  (3)  Is  3.4  for  the  geometry  with  exit  pipe  A  and  2.0 
for  the  geometries  with  exit  pipe  B  or  C. 

In  Fig.  3  the  measured  average  tangential  velocity  profiles  are  shown  for  three  geometries: 
the  wide  exit  pipe  (A)  and  the  lengthened  conical  exit  pipe  with  and  without  the  stabilizer  (C 
and  CN).  These  profiles  are  not  corrected  for  the  effect  of  vortex  precession  (this  correction 
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will  fee  acc..sd  later). 

The  profiles  show  the  expected  shape  of  a  conblned  vortex.  The  differences  between  the 
profiles  measured  on  different  heights  in  one  geometry  were  very  small,  in  accordance  with  the 
tendency  for  ' two- dimensional i ty'  of  swirling  flows.  There  is  little  residual  asymmetry  of  the 
single  tangential  inlet,  except  for  a  small  shift  of  the  vortex  axis  in  geometry  A. 

The  angular  velocity  of  the  vortex  core  Increases  by  a  factor  of  S  when  the  exit  pipe  is  fit¬ 
ted  with  the  '  long'  conical  section.  The  maximum  taiigential  velocity  only  increases  by  a  fac¬ 
tor  of  about  2.2,  from  3.8  m/s  (A)  to  8.8  m/s  (CN).  The  core  is  much  narrower:  45  mm  instead 
of  90  mm.  The  vortex  is  much  more  'concentrated',  and  all  radial  gradients  are  amplified.  The 
acceleration  experienced  by  particles  rotating  at  the  maximum  tangential  velocity  increases 
from  the  order  of  40  times  earth  gravity  to  400  times.  This  explains  the  improved  separation 
found  by  Van  den  Akker  &  Oe  Kort  (1988).  The  swirl  number  is  lowered  from  3.4  to  2.0  by 
narrowing  the  exit  pipe  Intw.tion  stiggests  that  a  higher  swirl  number  enhances  separation. 

The  overall  swirl  number  definition  of  Gupta  et  al.  (1984)  is  inadequate  here.  Local  swirl 
numbers  have  to  be  taken  into  account. 

The  results  of  the  geometries  B  and  BN  are  not  shown  in  Fig.  3.  The  profiles  are  similar  to 
those  of  geometries  C  and  CN,  but  the  shortening  of  the  exit  pipe  results  in  a  slight  decrease 
of  the  maximum  tangential  velocity  of  15  %  .  This  is  probably  due  to  an  Increase  of  turbulence 
in  the  region  of  the  'mouth'  of  the  exit  pipe.  The  stabilizer  did  not  Influence  the  tangential 
velocities  very  much,  which  was  surprising.  A  slight  decrease  of  the  maximum  velocity  (10  ’/.) 
was  noted  when  it  was  Inserted. 

In  Fig.  4  the  measured  average  axial  velocity  profiles  are  shown.  As  with  the  tangential 
velocity  profiles  no  corrections  have  been  applied  here  for  the  effect  of  vortex  precession. 
The  symmetry  in  axial  and  tangential  directions  already  noted  In  the  tangential  velocity  pro¬ 
files  is  again  present  In  the  outer  flow.  Along  the  vortex  axis  some  axial  gradients  are 

visible. 

The  axial  velocities  are  downward  along  the  cyclone  wall  and  upward  nearer  the  vortex  centre, 
as  was  expected.  As  with  the  tangential  velocities  the  maximum  axial  velocities  are  much 
larger  with  geometry  CN  (4.9  m/s)  than  with  geometry  A  (1.6  m/s). 

There  is  a  distinct  'dip'  or  velocity  minimum,  broadly  corresponding  to  the  'Inner'  vortex, 
in  geometries  A  and  CM.  In  C  It  Is  present  only  near  the  exit  pipe.  Clearly  the  central  flow 
is  decelerated  by  the  already  mentioned  swirl  Induced  adverse  pressure  gradient,  but  no  flow 
reversals  are  visible. 

The  diameter  of  the  'dip'  Is  approximately  85  mm  for  geometry  A  and  40  mm  for  geometry  CM. 

The  presence  of  the  stabilizer  Inhibits  the  occurrence  of  an  axial  velocity  minimum  In  the 
greater  part  of  the  cyclone  body.  This  can  be  attributed  to  Increased  radial  velocities, 
because  the  same  flow  has  to  travel  inward  within  a  reduced  effective  cyclone  height. 

The  axial  velocity  profiles  of  the  B  and  BN  geometries  are  not  shown  In  Fig.  4.  Broadly  the 
same  conclusion  can  be  reached  here  as  with  the  tangential  velocities:  the  lengthening  of  the 
conical  exit  pipe  causes  an  additional  Intensification  of  the  vortex. 

5.2  Velocity  fluctuations 

Straightforward  calculation  of  the  root  mean  square  (r.m.s.)  of  the  velocity  fluctuations 
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(uit)  -  u  i  yields  a  profile  that  Is  similar  for  axial  and  tangential  velocities:  an 

average 

almost  constant  value  near  the  wall,  a  sharp  peak  In  the  centre,  and  a  gentle  slope  around  the 
peak  up  to  a  radius  of  about  60  ma  (Fig.  5).  The  peak  height  varies  from  1.5  to  4.0  m/s  for 
geometries  B.  BN,  C  and  CN  and  1  a/s  for  geometry  A.  The  peak  width  Is  directly  related  to  the 
width  of  the  vortex  core.  Near  the  wall  an  axial  velocity  r.m.s. -value  of  0.4  m/s  is  found  and 
a  tangential  velocity  r.m.s. -value  of  0.3  m/s. 

Leschzlner  (1990)  deduced  from  turbulence  theory  that  turbulence  Is  attenuated  by  solid- 
body  rotation  and  amplified  by  free-vortex  rotation.  When  the  measured  r.m.s. -velocities  are 
considered  as  turbulence  Intensities  there  Is  an  apparent  contradiction.  Either  the  turbulence 
theory  is  Incorrect,  or  there  is  a  fluctuating  velocity  component  that  Is  not  turbulent.  The 
solution  lies  In  the  analysis  of  the  time-dependent  velocity  signal  that  will  be  presented  in 
the  next  section. 

5.3  Corrections  for  vortex  precession 

Analysis  of  the  power  spectrum  revealed  a  distinct  precession  frequency  of  7  Hz  in  the  time- 
dependent  velocity  signals  of  geometries  B,  BN.  C  and  CN  (all  with  a  conical  exit  pipe).  It 
was  present  In  both  velocity  components,  In  a  region  of  60  mm  radius  around  the  centre  of  the 
flow. 

The  amplitude  of  the  precession  In  the  centre  of  the  measured  vortex  was  calculated  by 
averaging  the  peak  heights  In  the  graph  of  the  tangential  velocity  versus  time  (Fig.  6),  and 
dividing  this  average  peak  velocity  by  the  slope  of  the  measured  tangential  velocity  profile. 
It  is  assumed  that: 

-  the  precession  amplitude  Is  smaller  than  the  radius  of  the  vortex  core  without  precession 
(assuring  a  linear  relationship  between  radial  displacement  euid  velocity  shift), 

-  the  vortex  precession  does  not  alter  the  slope  at  the  centre  of  the  measured  tangential 
velocity  profile. 

The  calculated  precession  amplitude  was  S  mm. 

The  presence  of  a  stabilizer  did  not  Influence  either  the  frequency  or  the  amplitude  of  the 
precession.  The  same  could  be  said  of  the  lengthening  of  the  conical  exit  pipe. 

The  precession  component  In  the  velocity  signals  of  geometry  A  (wide  exit  pipe)  was  too 
indistinct  to  be  measured  correctly.  A  comparison  with  the  precession  In  the  other  geometries 
was  therefore  not  possible.  This  problem  will  probably  be  solved  when  more  data  points  per 
measurement  are  used. 

Corrections  were  attempted  of  the  measured  average  velocity  profiles  and  of  the  measured 
profiles  of  the  turbulence  Intensity  (the  r.m.s.  of  the  velocity  fluctuations). 

It  Is  assumed  that  precession  consists  of  a  circular  movement  of  the  whole  vortex  core  and  a 
region  around  It.  The  average  velocity  profiles  are  distorted  In  two  ways: 

-  Maxima  and  minima  are  blunted. 

-  The  positions  of  maxima  and  minima  are  shifted  In  the  radial  direction  away  from  their 
steepest  slope. 

Maxima  In  the  profiles  occur  on  the  rim  of  the  vortex  core,  and  at  the  centre  of  the  axial 
velocity  profiles.  In  geometry  CN,  when  traversing  the  measuring  point  radially  at  an  axial 
position  of  65  cm,  a  frequency  component  of  14  Hz  was  noticeable  In  both  velocity  components. 
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at  radial  pcs; t ions  15  and  20  mm  from  the  symmetry  axis  of  the  measured  flow.  The  corres¬ 
ponding  time-dependent  velocity  signals  appeared  strongly  non-slnusoldal .  Clearly  In  these 
rases  t.ne  measuring  volume  straddled  the  maximum  position  (two  peaks  In  the  velocity  signal 
per  precession  period),  or  was  so  close  to  It  that  the  non-llnearlty  generated  harmonics  of 
the  precession  frequency. 

At  a  radius  of  20  mm  the  peak  height  was  averaged  (bearing  In  mind  the  right  sign),  resulting 
in  a  oorrected  value  for  the  maximum  axial  or  tangential  velocity.  For  both  components  the 
corrected  value  was  0,8  m/s  higher  than  the  measured  value.  The  corrected  maximum  axial  velo¬ 
city  in  geometry  CN  was  5.7  m/s,  the  corrected  maximum  tangential  velocity  9.6  m/s. 

The  corrected  radius  of  maximum  velocity  could  not  be  determined  accurately;  15  mm<r^^<20  mm 
remains  the  best  estimate. 

The  measured  minimum  at  the  centre  of  the  axial  velocity  profiles  will  be  too  high  due  to 
vortex  precession.  Here  the  negative  peak  values  of  the  time-dependent  velocity  signal  do  not 
provide  an  estimate  of  the  'true'  minimum  axial  velocity  at  the  vortex  axis,  because  most  of 
the  time  the  precesslng  minimum  will  ‘miss'  the  measuring  volume.  The  ‘true’  minimum  will 
always  be  lower  than  the  average  of  the  negative  peaks  In  the  velocity  signal. 

In  geometry  C  the  uncorrected  central  minimum  In  the  axial  velocity  profile  was  S.O  m/s 
(measured  at  the  65  cm  axial  position).  'Peak  analysis’  revealed  that  the  true  minimum  was  at 
least  3.4  m/s  lower.  The  corresponding  values  for  geometry  Oi  were  1.7  m/s  and  1.8  m/s  respec¬ 
tively.  This  means  that  there  Is  a  central  flow  reversal  of  at  least  0.1  m/s. 

Estimates  of  the  corrected  r.m.s. -velocities  were  obtained  by  calculating  the  r.m.s. -value 
of  the  deviations  from  the  average  peak  height.  In  the  outer  vortex  (r  <  60  mm)  the  outcome 
was  In  fact  no  different  from  the  r. a. s. -values  near  the  wall.  More  surprisingly,  the  same 
result  was  obtained  when  correcting  the  r.m.s. -values  measured  at  a  radius  of  20  mm,  on  the 
rim  of  the  vortex  core.  For  geometry  CN  the  corrected  r.m. s. -values  at  the  centre  of  the  vor¬ 
tex  were  calculated.  The  axial  r.m.s. -value  was  1.0  m/s,  the  tangential  r.m.s. -value  1.3  m/s. 
Both  are  well  above  the  corrected  outer  vortex  values.  The  apparent  contradiction  with  turbu¬ 
lence  theory  mentioned  before  Is  still  not  resolved.  It  has  to  be  borne  In  mind  that  the 
number  of  data  points  Is  greatly  reduced  by  only  using  the  peaks:  typically  there  are  300 
peaks  In  one  measurement. 

6  Conclusions 

Velocity  measurements  In  a  gas  cyclone  reveal  aspects  of  swirling  flows  that  have  to  be  consi¬ 
dered  If  a  validation  of  computational  fluid  flow  programs  Is  to  be  possible;  flow  reversals, 
sharp  gradients  near  the  centre  and  precession  of  the  vortex  core. 

An  overall  swirl  number  Is  Inadequate.  The  level  and  the  variation  of  the  local  swirl 
number  have  to  be  taken  Into  account  to  characterize  the  velocity  field. 

Modifications  In  cyclone  geometry  Induce  changes  In  the  velocity  field.  How  these  changes 
Influence  the  separation  efficiency  Is  still  to  be  assessed. 

The  presence  of  a  stabilizer  does  not  Influence  either  the  frequency  or  the  amplitude  of 
the  vortex  precession.  It  does  Inhibit  the  occurrence  of  axial  flow  reversal. 

It  is  possible  to  correct  the  measured  velocity  profiles  for  the  effect  of  vortex  preces¬ 
sion  If  there  Is  a  clear  precession  frequency  In  the  velocity  signal.  The  corrections  apply  to 
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the  value  and  radial  position  of  the  naxlaa  and  alnlna  In  the  profiles  of  average  axial  and 
tangential  velocities.  To  correct  the  neasured  r. a. s. -velocities  aore  data  points  per  aeasure- 
ment  are  needed. 
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Fig.  5.  Example  of  measured  profile  of 
r.m.s.  velocity  fluctuations. 
Tangential  velocity,  geometry  CN, 
height  65  cm 
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Fig.  6.  Example  of  measured  time-dependent 
tangential  velocity  at  the  cyclone 
axis.  Geometry  CN.  height  65  cm 
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Abstract 

Top  submerged  gas  injection  through  a  lance  is  being  increasingly  used  in  the  metallurgical  industry  for 
smelting  operations.  Bath  mixing  in  these  processes  is  mainly  controlled  by  the  injection  techmque. 
Swirled  gas  flow  injection  through  the  annular  region  of  the  lance  is  preferred  to  unswirled  flow  through  a 
plain  lance  as  this  increases  the  lance  cooling  and  promotes  bath  mixing. 


The  present  work  deals  with  the  flow  distribution  within  the  bath  of  a  laboratory  (air-water)  top 
submerged  gas  injection  system.  A  Particle  Dynamies  Analyser  (PDA),  which  utilises  the  phase-Doppler 
technique,  is  used  for  the  measurement  of  velocity  components  in  a  vertical  plane  within  the  bath. 
Experimental  measurements  of  the  effect  of  swirl  intensity  and  Reynolds  number  on  the  bath  flow  Geld, 
bubble  size  distribution  and  turbulent  intensity  are  presented  and  discussed. 


List  of  symbols 

D,  inner  diameter  of  the  annulus  (mm) 

D,  outer  diameter  of  the  annulus  (mm) 

hydraulic  diameter  of  the  annulus  (=  D^-D,)  (mm) 
R  distance  in  the  radial  direction  (mm) 

Re  Reynolds  number  (=  pUDJn) 

U  axial  component  of  mean  velocity  (m/s) 
u  axial  fluctuating  component  (m/s) 

W  tangential  component  of  mean  velocity  (m/s) 


w  tangential  fluctuating  component  (m/s) 

Z  distance  in  the  axial  direction  (mm) 

M  dynamic  viscosity  of  air  (kg/m  s) 

p  density  of  air  (kg/m^) 

swirl  angle  (deg.) 
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1  Intrcxluction 


Lances  are  used  in  submerged-combustion  smelting  processes  to  inject  air  and  fuel  into  metal  baths.  Fuel 
is  passed  through  the  inner  pipe  of  the  lance  which  is  made  up  of  two  concentric  pipes.  Air  or  oxygen 
enriched  air  is  passed  down  the  annular  gap.  The  mixing  process,  which  is  a  function  of  the  dispersion  of 
air  is  normally  controlled  by  the  rate  of  injection  and  the  shape  of  the  velocity  profile  at  the  exit  of  the 
lance. 

The  Sirosmelt  submerged  lancing  system,  developed  at  CSIRO  in  the  early  1970's,  utilises  the 
characteristics  of  swirling  flow  by  introducing  a  swirler  in  the  annular  gap.  This  system,  where  air  is  driven 
through  the  annular  gap,  has  been  applied  to  a  wide  range  of  metallurgical  operations  such  as  slag 
treatment,  oxide  smelting  and  sulphide  smelting  (Floyd  and  Conochie,  1984).  Although  gas  injection  is 
widely  applied  in  the  smelting  and  refining  of  metals,  and  a  number  of  researchers  have  investigated  the 
flow  within  the  bath,  little  quantitative  information  is  available. 

For  bottom  injection  and  for  top  submerged  systems  without  swirl,  a  number  of  workers  have  investigated 
the  bubble  formation  within  the  bath  (e.g.  Castillejos  and  Brimacombe,  1987  a,b  and  Nilmani  and 
Robertson,  1979).  The  regimes  of  gas  discharge  (e.g.  Hoefele  and  Brimacombe,  1979)  and  liquid  phase 
velocity  fields  (e.g.  Grevet  et  al.  1982)  have  also  been  investigated.  The  two-phase  region,  however,  is  less 
well  understood  due  to  the  analytical  and  experimental  difBculties  encountered  in  the  determination  of  the 
flow  behaviour  of  two-phase  systems.  Only  a  limited  amount  of  work  has  been  reported  on  flow 
measurements  in  top  submerged  gas  injection  systems.  - 

Mazumdar  and  Guthrie  (1985)  carried  out  an  investigation  of  the  flow  in  a  water  model  using  plain  lances 
with  top  submerged  injection.  Flow  visualisation  work  was  carried  out  using  a  suspended  grid  of  silken 
threads.  The  results  showed  the  nature  of  the  flow  within  the  bath.  Eigprimental  data  on  velocity  fields 
were  obtained  on  the  basis  of  video  recordings  of  the  motion  of  small  rectangular  cards.  They  also  looked 
at  the  plume  geometry  at  different  injection  levels.  The  governing  equations  of  motion  were  solved  using 
the  finite  difference  code  TEACH-T  (Patankar  and  Spalding,  1972),  after  neglecting  the  tangential 
component  of  the  velocity. 
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In  validating  numerical  predictions  from  the  package  PHOENICS,  Rankin  et  al.  (1989)  compared  their 
numerical  results  with  flow  visualisation  work  carried  out  in  a  5(K)  mm  cylindrical  water  tank.  Again  only  a 
plain  lance  of  outer  diameter  37  mm  was  used  in  their  experiments  and  velocities  were  determined  using 
streak  photography.  Furthermore,  the  package  was  used  to  validate  the  data  of  Mazumdar  and  Guthrie 
( 1985)  and  a  reasonably  good  agreement  was  found  for  both  cases. 

Schwarz  and  Koh  (1986)  used  PHOENICS  to  predict  the  velocity  profiles  for  a  top  injection  lancing 
system.  No  measurements  were  taken  for  liquid  phase  velocity  distributions.  They  compared  the  results 
of  the  numerical  work  with  void  fractions  reported  by  Conchie  et  al.  (1984)  and  a  qualitative  agreement 
with  the  predictions  was  reported.  The  authors  pointed  out  the  necessity  for  further  work  on  two  phase 
How  modelling  in  order  to  predict  void  fraction  accurately,  and  concluded  that,  as  expected,  the  swirled  jet 
rnetrates  less  deeply  and  creates  quite  a  different  flow  to  that  obtained  from  a  plain  lance. 

Nilmani  and  Conchie  (1986)  used  a  laboratory  scale  gas  injection  system  (tank  dimensions:  2(X)  x  200  mm 
and  liquid  depth  of  300  mm)  with  a  lance  of  diameter  6.2  mm,  and  used  an  electroresistivity  probe  to  find 
the  bubble  frequency  profiles.  They  found  that,  in  a  water  model,  the  swirler  improves  the  radial 
dispersion  of  gases,  minimises  bath  slopping  and  splashing  and  helps  to  create  finer  bubbles. 

Schwarz  (1989)  used  PHOENICS  to  simulate  an  experiment  carried  out  by  Kawakami  et  al.  (1985)  on  a 
bottom-injected  bath.  Kawakami  et  al.  (1985)  used  electroresistivity  probes  to  obtain  bubble  rise  velocity 
and  bubble  frequency. 

Electroresistivity  probes  have  been  used  by  several  researchers  to  measure  the  liquid  and  gas  distribution 
in  bottom  injection  systems  (e.g.  Sheng  and  Irons,  1991;  Castillejos  and  Brimacombe  1987  a,b  and 
Kawakami  et  al.  1985).  This  method  of  bubble  distribution  measurement  can  be  used  when  the  bubble 
velocities  are  predominantly  in  one  direction.  Measurements  near  the  lance  exit  in  a  top  submerged  gas 
injection  system  requires  more  sophisticated  techniques  because  the  gas  will  have  significant  components 
of  velocity  in  all  directions.  Other  widely  used  methods  used  to  measure  the  dispersion  of  gas,  as 
characterised  by  the  local  time  averaged  gas  fraction  and  bubble  frequency,  include  hot-film  anemometers 
(e.g.  Jones  and  Zuber,  1978). 
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Sheng  and  Irons  (1991)  summarised  techniques  employed  by  various  workers  to  distinguish  signals 
obtained  trom  each  phase  in  order  to  obtain  particle/bubble  velocity,  size  and  void  fraction.  The  signal 
discrimination,  in  these  techniques,  is  based  on  the  signal  wave  form,  signal  analysis  and  light  blocking  or 
the  velocity  distribution. 

All  the  above  LDA  methods  may  be  used  in  gas-liquid  flows  if  the  flow  consists  of  a  low  void  fraction 
chain  of  small  bubbles.  Sheng  and  Irons  (1991)  proposed  a  new  technique,  the  combined  LDA- 
electroresistivity  probe  technique,  which  may  overcome  some  of  the  limitations  in  other  LDA  techniques 
described  above.  The  main  disadvantage  of  their  proposed  method  is  that  it  is  intrusive. 

The  above  literature  review  clearly  indicates  that  experimental  work  related  to  top  submerged  swirled  gas 
injection  is  lacking. 

The  objective  of  our  ongoing  research  program  is  to  develop  design  criteria  for  top  submerged  gas 
injection  systems.  Initially,  a  detailed  understanding  of  the  turbulent  swirling  flow  in  an  annulus  has  been 
gained  through  comprehensive  numerical  and  experimental  investigations  of  the  effect  of  swirl  intensity 
and  Reynolds  number  in  heated  and  non-heated  flows  (e.g.  Morsi,  1983,  Dave  and  Gray,  1991,  Morsi  et 
al.,  1992).  Currently  we  are  dealing  with  the  experimental  aspect  of  the  gas-liquid  interaction  taking  place 
in  the  bath.  Emphasis  is  given  to  obtaining  detailed  velocity  component  measurements  in  the  liquid  phase. 
A  Particle  Dynamics  Analyser  system  from  Dantec  has  been  used  to  determine  liquid  phase  point 
velocities  and  bubble  size  distribution  for  a  given  plane  within  the  bath.  The  performance  of  various 
swirlers,  including  a  plain  lance,  is  evaluated  together  with  the  effect  of  gas  flow  Reynolds  number. 

2  Experimental  setup 
Z1  Vie  water  model 

A  schematic  diagram  of  the  experimental  apparatus  is  shown  in  Figure  1  The  model  consists  of  a  230 
mm  internal  diameter  cylindrical  penpex  vessel,  placed  inside  a  square  glass  tank.  The  inner  cylindrical 
tank  and  the  outer  square  tank  were  filled  with  water  to  minimise  distortion  of  the  laser  beam  due  to  the 
curvature  of  the  inner  cylinder.  Injection  of  compressed  air  was  through  the  annulus  of  a  lance  which  was 
fitted  to  the  vessel  lid  and  positioned  at  the  centre  of  the  vessel. 
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The  air  tlow  rate  was  metered  using  a  standard  rotameter.  The  present  results  are  reported  for  one  level 
of  submergence  and  a  liquid  depth  in  the  vessel  of  230  mm.  The  inside  and  outside  diameters  of  the 
lance  annulus  are  12.7  and  17.2  mm,  respectively.  Table  1  summarises  the  experimental  conditions.  The 
Reynolds  number  range  (6720  •  8040)  used  in  these  experiments  was  limited  by  the  injection  system  used 
and  the  difficulties  encountered  in  obtaining  sufficient  data  in  high  gas  fraction  flows. 


Run 

Type  of  Lance 

Level  of 

Reynolds 

Swirl  Angle 

No. 

Submergence 

Number 

(Deg.) 

1 

Plain 

2/3 

6720 

0 

Swirl 

2/3 

6720 

57.5 

(No.  of  starts  =  2) 

3 

Swirl 

2/3 

8040 

57.5 

(No.  of  starts  =  2) 

Table  1  Experimental  conditions  of  the  study 

2.2  LDA/PDA  equipment 

Figure  lb  shows  a  schematic  representation  of  the  measuring  system.  A  4W  Argon  Ion  laser  was  used  to 
obtain  a  green  beam  (wave  length  of  S14.S  nm).  The  transmitting  optics  consist  of  a  collimator, 
polarisation  rotator,  a  dispersion  prism,  a  beam  spliner,  a  Bragg  cell,  a  beam  spacer  and  a  fibre  optic 
module  with  a  100  mm  focal  length  lens.  In  sening  up  the  transmitting  optics,  attention  was  paid  to  such 
factors  as  mode  structure,  polarisation,  optical  path  length  balancing  and  correct  beam  waist  positioning  in 
the  measurement  volume.  A  frequency  shift  of  40  MHz  was  introduced  in  one  of  the  crossing  laser  beams 
to  overcome  the  sign  ambiguity  of  the  velocity  measurements. 

The  standard  Dantec  Particle  Dynamics  Analyser  (PDA)  system  was  used  in  the  reflection  mode  as 
receiving  optics.  The  PDA  simultaneously  measures  the  size  and  velocity  of  spherical  particles  (or 
bubbles)  which  allow  correlation  of  these  two  quantities.  The  velocity  is  calculated  from  the  frequency  of 
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the  Doppier  burst  and  the  size  measurement  is  based  on  the  phase  difference  of  signals  from  two 
detectors  'ocated  at  different  scattering  angles.  A  scattering  angle  of  128°  was  used  in  the  present 
investigation. 

In  determining  the  measuring  point,  the  refractive  index  of  both  the  walls  and  the  water  was  taken  into 
account.  Particular  attention  was  given  to  the  choice  of  the  seeding  particles.  After  a  number  of 
experimentations  using  different  type  of  panicles,  9  ^m  metallic  coated  powder  which  have  small  terminal 
velocities,  were  found  to  give  sufficient  validated  signal.  The  velocity-diameter  correlation  for  scattering 
particles  present  in  the  flow  was  obtained  and  a  typical  plot  is  shown  in  Figure  2.  It  can  be  seen  from  the 
figure  that  the  mean  panicle  velocity  remains  constant  for  the  size  range  studied.  Measurements  were 
taken  not  only  from  the  seeding  panicles  but  also  from  the  small  bubbles  present  in  the  bath.  Data  was 
acquired  for  panicles  in  the  size  range  of  0  •  980  nm.  However,  only  data  corresponding  to  panicle  sizes 
below  200  urn  were  processed  to  ensure  that  the  particles  for  which  the  results  are  reponed  follow  the 
flow  exactly. 

3  Results  and  discussion 

The  results  presented  here  are  for  different  swirl  angles  and  eynolds  numbers  as  summarised  in  Table  1. 
The  measurements  were  taken  on  the  plane  X-X  shown  in  Figure  la.  Instantaneous  velocity  components 
were  measured  at  grid  points  on  a  rectangular  mesh  (spacing  10  mm).  Data  could  not  be  obtained  at 
some  points  either  due  to  the  presence  of  large  bubbles  or  due  to  a  high  void  fraction. 

The  axial  velocity  contours  for  different  swirl  intensities  (<t  »  OP  and  f  ■  57.5°)  are  shown  in  Figure  3a 
and  b,  respectively.  A  higher  velocity  zone  is  present  in  the  vicinity  of  the  lance  at  the  top  part  of  the 
bath.  A  similar  finding  was  reported  by  Schwarz  and  Koh  (1986).  These  frgures  also  show  a  high  velocity 
zone  at  the  exit  of  the  lance,  and  the  velocity  vectors  tend  to  increase  in  magnitude  toward  the  top  of  the 
bath.  The  effect  of  the  swirl  intensity  is  shown  by  comparison  of  Figures  3a  and  3b.  As  expected,  the 
swirl  introduces  a  large  recirculation  zone  at  the  top  of  the  bath.  The  effect  of  Reynolds  number  on  the 
distribution  of  the  flow  around  the  lance  appears  to  be  small  for  the  range  of  Reynolds  numbers 
investigated. 
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Figures  4  and  5  show  the  axial  velocity  distribution  at  different  bath  depths.  It  is  evident  that  bath  mixing 
is  mainly  talung  place  in  the  top  pan  of  the  bath,  i.c.,  the  region  above  the  lance  exit.  These  figures  also 
show  that  venical  mixing  in  the  region  below  the  lance  is  minimal  in  all  cases,  irrespective  of  the  swirl 
angle  and  the  Reynolds  number  under  the  conditions  employed  in  this  investigation.  The  tangential 
velocity  component  for  a  swirled  lance  is  higher  than  that  for  plain  lance  in  the  region  below  the  lance  exit 
(see  Figure  6). 

Furthermore,  the  measured  data  indicate  a  higher  axial  velocity  for  a  plain  lance  than  a  swirled  lance. 
This  finding  implies  that  swirlers  help  to  reduce  splashing  above  the  bath.  Such  reductions  in  splashing 
were  clearly  observed  during  the  course  of  experiments.  It  was  also  observed  that  there  was  a  larger 
number  of  fine  bubbles  in  the  bath  with  swirled  lances. 

3.1  The  distribution  of  turbulence  intensity 

There  are  several  definitions  of  turbulence  intensity  relating  to  the  fluctuating  velocity  components, 
including  root  mean  square  (RMS)  values  and  the  ratio  of  the  root  mean  square  value  to  the 
characteristic  velocity  or  its  square.  For  the  sake  of  convenience,  here  we  shall  define  the  turbulence 
intensity  as  the  RMS  value,  i.e.,  u^  where  the  overbar  denotes  a  time  average.  Figures  4  and  5  show  the 
effect  of  swirl  and  Reynolds  number  on  the  distribution  of  turbulence  within  the  bath.  The  turbulence 
intensity  is  higher  in  the  vicinity  of  the  lance  and  increases  in  magnitude  vertically  upward.  The  effect  of 
Reynolds  number  on  the  RMS  values  appean  to  be  small  in  the  range  studied. 

4  Conrluskms 

This  work  has  demonstrated  that  the  phase-Doppter  techm'que  can  be  used  to  gather  useful  information  in 
the  bath  for  a  top  submerged  injection  airAvater  system.  The  model  study  shows  that  the  momentum 
associated  with  the  injected  air  in  the  case  of  a  plain  lance  is  mainly  transferred  to  high  axial  velocities 
which  could  cause  high  splashing.  In  the  case  of  swirled  lances,  the  axial  velocities  in  the  bath  are 
significantly  less  for  a  given  Reynolds  number.  Swirled  gas  flow  creates  more  fine  bubbles  and  the  high 
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liquid-gas  cjatav;t  area  associated  with  the  fine  bubbles  can  lead  to  high  reaction  rates  in  bath  smelting 
systems.  The  turbulent  intensity  is  found  to  be  higher  in  the  vicinity  of  the  lance  and  the  effect  of 
Reynolds  number  on  the  turbulent  intensity  is  small  in  the  range  studied. 

It  can  be  concluded  that  the  performance  of  swirled  lances  is  better  than  that  of  plain  lances  with  regard 
to  gas  dispersion  and  splashing.  The  work  is  being  extended  to  higher  Reynolds  numbers  to  more  closely 
simulate  a  real  top  submerged  injection  system. 
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Fig.  2  A  typical  plot  of  the  velocity -diameter  correlation 


(a)  Without  swirl  (i|»  =  0°)  (b)  With  swirl  (ijt  =  57.5“) 

Fig.  3  Axial  velocity  contours  for  Re  -  6720 
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Fig  5  Axial  velocity  distribution  (mean  and  RMS  values)  at  various  depths 
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Fig.  6  Tangential  velocity  profiles  for  Z  =  50  mni 
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Abstract 

Darcy's  Law  fails  to  hold  for  higher  flow  velocities.  Many  situations  have  arisen  where  a 
different  relation  between  head  loss  and  velocity  is  needed  for  higher  flow  velocities.  Such  a 
situation  is  flow  around  large  diameter  rock  forsiing  a  dike  or  dam.  If  pipe  and  porous  madia  flow 
are  analogous,  the  head  loss  should  be  proportional  to  the  velocity  head.  As  the  velocity  of  flow 
through  the  porous  media  increases  the  inertial  effect  gradually  increase  and  at  some  higher 
velocity  the  onset  of  turbulence  occurs.  At  the  onset  of  turbulence,  the  mixing  length  scale  may 
become  the  predominant  factor  in  describing  energy  dissipation,  with  the  mixing  length  scale  being 
a  function  of  the  site  and  gradation  of  the  media.  Experimental  evidence  based  on  turbulence 
measurements  and  evolved  turbulent  theory  seems  to  support  this  view.  Turbulence  flow  was  swasured 
directly  via  a  fast-response,  constant  tomperature,  hot-film,  anemometer.  A  two-diMnsional  finite 
element  code  was  modified  during  this  investigation  to  solve  the  turbulent  flow  case.  The  flow  can 
bo  two  dimensional  pla  or  axially  symmetric,  Isminar  <Darcy’s  Law)  or  turbulent  flow. 

Introduction 

Host  of  the  literature  on  flow  through  porous  media  involves  "creeping  flows."  However,  since  the 
last  century  it  has  been  realised  that  Darcy's  Law  fails  to  hold  for  higher  flow  velocities.  Thus, 
while  many  practical  problems  of  flow  through  porous  materials  can  be  correctly  solved  using  the 
assumption  of  Darcy's  Law,  many  situations  have  arisen  where  a  different  relation  between  head  loss 
and  velocity  is  needed  for  higher  flow  velocities.  Such  a  situation  is  flow  around  large  diameter 
rock  forming  a  dike  or  dam. 

A  finite  element,  Mthesiatical  model  (SEEP-2Dra-T)  was  developed  for  finding  flow  through  porous 
aiedia  for  turbulent  flow.  Neither  the  turbulent  sMtheswtical  (computer)  sndel  nor  the  physical 
evaluation  of  the  energy  lose  coefficient  for  turbulent  flow  for  this  type  of  swdia  exists  in  the 
literature.  The  basic  contributions  of  this  research  include  development  of  energy  dissipation 
theory  for  turbulent  flow  through  porous  media,  experiswntal  results  used  to  evaluate  the  energy 
loss  coefficient  and  a  swthematical  model  for  turbulent  flow  through  porous  media. 
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Litaratura 


Thara  a^a  two  approachas  to  mathamatically  pradictln9  tha  turbuiant  (nonlinaar)  (low  through  porous 
madia.  Ona  approach,  Forchhaioar  (1901>  suggaatad  raplacing  Darcy's  Law  with  a  nonlinaar, 
ampirical  aguation  in  which  tha  nagativa  total  haad  gradiant  is  agual  to  a  constant  tiaas  tha 
valocity  plus  anothar  constant  tiaas  tha  valocity  haad  squarad.  Ha  latar  addad  a  third  ordar  tans 
o(  a  constant  tiaas  tha  valocity  cubad.  Tha  third  ordar  tans  was  addad  to  tha  original  axprassion 
basad  on  axpariaantal  avidanca. 

Many  authors  hava  supportad  tha  Forchhaiaar'a  ralationahip  baaad  on  axpariaantal  avidanca 
[Lindquist  (1933),  Morcoa  (1946),  and  Ward  (1964)).  Tha  Forchhausar  ralationahip  has  also  Isaan 
darivad  thaoratically  (or  cartain  (low  conditiona  (Kristianovich  (1940),  Irmay  (1958)].  Stark  and 
Volksr  (1967)  carriad  out  axpariaantal  and  analytical  invaatigations  of  (low  through  idaalizad 
madia.  Miasbach  (1937)  poatulatad  an  aquation  o(  tha  ganaral  (ora  whara  tha  nagativa  total  haad 
gradiant  is  a  (unction  o(  a  constant  tiaas  tha  valocity  raiaad  to  a  variabla  pot«ar.  This 
ralationship  is  callad  tha  aapirical-valocity  approach.  This  approach  racognizad  that  tha  haad 
loss  gradiant  through  porous  madia  is  proportional  to  tha  valocity.  Also,  tha  tans,  aapirieal- 
haad-loas  aquations  or  ampirical-axponantial  ralation  stay  ba  appliad  to  this  approach. 

Although  tha  haad  loaa  ralationahipa  (or  porous  aadia  hava  baan  darivad  on  an  aaipirical  basis  by 
Ahmad  (1969),  Cadargran  (1977),  Soni  (1978),  and  Volltar  (1969),  most  o(  tha  rasulting  aquations 
is  dimansional  and  hava  limitad  applicability.  Moat  workars  (Dudgaon  (1966),  Johnson  (1971),  Laps 
(1973),  Parkins  (1966),  and  Wilkins  (1956))  pra(ar  a  ralationahip  of  tha  (orm  of  tha  aapirical- 
valocity  approach.  Tha  valocity  is  aqual  to  a  variabla  "a*  tiaas  tha  nagativa  total  haad  raisad 
to  a  variabla  "b*  powar  in  tha  aapirical-valocity  approach.  Tha  applicability  of  this  typa  of 
aquation  is  dapandant  on  tha  units  usad  and  tha  charaetaristics  of  tha  madium. 

A  non  ampirical  and  pipa  flow  analogous  approach  has  tha  advsntaga  of  not  baing  limitad  by  units 
usad  or  tha  charaetaristics  of  tha  madium.  In  addition,  it  soama  logical  that  tha  valua  of  (b) 
in  tha  abova  aapirical-valocity  approach  should  convarga  toward  two  for  fully  davalopad  turbuiant 
pipa  flow  whara  tha  haad  loss  should  bo  proportional  to  tha  valocity  haad,  if  tha  pipa  flow  and 
porous  madia  aro  analogous.  Attoapta  to  corrolato  haad  loss  with  valocity  squarad  hava  mot  with 
limitad  succasa  (AhsMd  (1969),  Dudgaon  (1966)].  Ho««ovar,  thaso  studios  attaaptod  to  corrolato  tha 
haad  loss  with  tha  rasl  valocity,  v/n  whara  n  is  tha  porosity  of  tha  squifar  (volusw  of  voids  par 
unit  voluma  of  aquifor).  By  analogy  with  tha  flow  in  conduits,  tha  haad  loos  should  bo 
proportional  to  rasl  valocity  squarad  dividad  by  tha  quantity  of  tha  gravitational  constant  timas 
tha  hydraulic  maan  radius.  Tha  proportionality  constant  "c",  friction  factor,  dapanda  on  tha 
Raynolds  nusibor.  For  a  largo  Roynolds  numbar,  (C)  may  ba  a  function  of  tha  madia  sita,  ahapa  and 
roughnass . 

If  pipa  and  porous  aadia  flow  ara  analogous,  tha  haad  loss  should  ba  proportional  to  tha  valocity 
haad.  Attaopta  to  corralata  haad  loss  with  valocity  squarad  hava  mat  with  limitad  succoss  [Ahmad 
(1969),  Dudgaon  (1966)].  Howavor,  thaso  studios  attaaptod  to  corralata  tha  haad  loss  with  tha  raal 
valocity,  v/n  whara  n  is  tha  porosity  of  tha  aquifor  (voluma  of  voids  par  unit  voluma  of  aquifor) . 
By  analogy  with  tha  flow  in  conduits,  tha  haad  loss  should  bo  proportional  to  raal  valocity  squared 
divided  by  tha  quantity  of  tha  gravitational  constant  times  tha  hydraulic  sMan  radius.  Tha 
proportionality  constant  (C-friction  factor)  is  a  function  of  tha  Reynolds  numbar.  For  largo 
Raynolds  Numbars,  (C)  may  ba  a  function  of  tha  madia  size,  shape  and  roughness. 

Bafora  modern  digital  computing  systams,  analysis  of  practical  problaaa  involving  nonlinaar  flow 
aquations  has  baan  largely  naglactad  probably  because  tha  eoaplax  diffarantial  aquations  involved 
have  baan  too  difficult  to  handle  by  analytical  mathaaaties.  Another  difficulty  is  that  most 
research  of  flow  through  porous  madis  has  baan  conducted  at  lower  Raynolds  Numbers  (R) . 
Stephenson,  (1979)  using  tha  hypothesis  that  (C)  is  constant  for  large  (R-graatar  than  tan 
thousand),  conducted  teats  at  these  higher  (R). 
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Thasa  easts  ^ndicsead  that  ehasa  vsiuas  of  (C)  bacooa  approx imacaXy  indapandanc  of  (R)  at  tha 
highar  vaXuas  of  (R|.  Thaaa  easts  also  suggast  that  tha  ralationahip  batwaan  (C)  and  (R)  la  not 
fully  undarstood.  It  appaars  that  (C)  is  not  just  a  function  of  (R)  but,  may  also  ba  a  functi.on 
of  tha  porosity,  aggragata  shapa,  roughnaas,  siza  and  gradation  (Oudganon,  1966).  This  is  dua  both 
to  tha  inartia  affact  and  tha  onsat  of  turbulanca.  As  tha  vaiocity  of  flow  through  tha  porous 
madia  incraasas  tha  inartial  affact  gradually  incraasa  and  at  sona  highar  vslocity  tha  onsat  of 
turbulanca  occurs.  A  pradominata  factor  that  affacts  dissipation  of  anargy,  at  tha  onsat  of 
turbulanca,  is  tha  mixing  langth  seals.  Tha  mixing  langth  seals  is  sxjst  liltaly  found  by  tha  siza 
and  gradation  of  tha  aggragata.  Exparimantal  avidanca  on  tha  disparsion  of  dya  straams  saams  to 
support  this  viaw. 


Exparimantal  Modal 

A  six-inch  PVC  pipalina  was  installad  in  tha  hydraulic  laboratory  with  a  rasiovablo,  tvio  foot  long 
tast  saction  loeatad  naar  tha  and  of  tha  pipalina.  Tha  flow  through  tha  pipalina  was  Masurad  with 
a  60  dagraa  v-notch  wair  at  tha  and  of  a  larga  tank.  Tha  rock  was  placad  and  ratainad  in  tha  tast 
saction  by  a  wira  mash  (ona  guartar  inch  hardwara  cloth).  Manomatars  wars  usad  to  maasura  tha 
upstraam  and  downstraam  diffarantial  haad  on  tha  tast  saction.  This  pips  data  is  a  ona-dimansional 
maasura  of  tha  anargy  loss  through  tha  madia  usad  to  attain  tha  anargy  loss  coafficisnt. 

Porositiaa  of  diffarant  madia  siza  and  gradation  wara  found  by  maasuring  tha  voluma  of  tha  madia, 
filling  tha  voids  batwaan  tha  madia  with  watar;  raswving  tha  madia,  than  maasuring  tha  voluma  of 
tha  ramaining  watar.  Tha  voluma  of  tha  watar  dividad  by  tha  voluma  of  tha  madia  was  usad  to  find 
tha  porosity  of  tha  madia.  Tha  maasuramanta  wara  rapaatad  thraa  timas  with  tha  avaraga  raading 
baing  racordad. 


Turbulant  Snargy  Oiss.'pation  Modal 

Turbulanca  is  a  hiararchy  of  scalas,  loosaly  tarmad  addias,  with  transfsr  of  kinatic  anargy  down 
tha  scalas  from  tha  largar  to  tha  smallar.  Tha  anargy  is  dissipatad,  or  transfarrad  into  hast  via 
tha  action  of  viscosity  at  tha  smallast  scalas,  i.a.  by  tha  smallast  addias.  Small  seals 
componants  loss  anargy  via  tha  action  of  viscosity  much  fastar  than  tha  largo  onos.  Tha  action 
of  tha  non  linoar  inartia  tarns  in  tha  aquations  of  motion  is  rssponsibla  for  tha  transfsr  of 
anargy  from  tha  larga  seals  motions,  which  is  axtractad  from  tha  maan  flow,  to  tha  small  seals 
motions  whara  it  is  dissipatad.  Tha  anargy  is  axtractad  from  tha  sioan  flow  by  tha  largar  scalas 
or  addias  to  maintain  an  ovarall  constant  turbulant  structura. 

Turbulanca  may  ba  maasurod  diroctly  via  a  faat-rasponsa,  hot-film,  vaiocity  anomomotor.  Bacausa 
tha  root-maan-aquara  valua  of  tha  turbulanca  vaiocity  fluctuation  (u')  is  a  dafinits  quantity  in 
a  givan  turbulant  motion  and  raprasants  a  suitabla  statistical  maasura  of  tha  magnituda  of  tha 
fluctuations,  it  is  tamad  tha  laval  of  tha  turbulanca.  A  ratio  of  this  valua  to  tha  maan  flow 
vaiocity  is  tamad  tha  intanaity.  Tha  rata  of  turbulant  anargy  disaipation  is  simply  ralatsd  to 
quantitias  alraady  dafinad.  In  isotropic  (indapandant  of  location  and  diraction)  turbulanca,  tha 
anargy  of  tha  turbulanca  is 


whara:  p  is  tha  mass  dansity  of  fluid,  and  rata  of  dissipation  par  unit  voluma  (Robartson,  1965) 
is  found  to  ba 

X  is  tha  seals  of  tha  dissipating  addias,  v  kinamatic  viscosity  of  fluid,  and  u'  is  tha  turbulant 
laval. 
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Many  r«a«archara  hava  aaarchad  for  a  rolacionahip  bat««Mn  tha  eharactf r i  c-iica  of  poroua  aadia  and 
tha  flow  varaua  anargy  loaa  ralationahip  for  diffarant  aadia.  Tha  aalt-'ad  approach  for  analyaia 
of  thia  ralaCLonahip  la  analogoua  to  tha  flow  through  narrow  tubaa.  Tha  raal  fluid  valocity 
through  tha  tubaa  i.a  tha  valocity  through  tha  awdia,  i.a.,  tha  diacharga  dividad  by  tha  croaa* 
aactional  araa,  dividad  by  tha  poroaity  whara  poroaity  ia  tha  voIubm  of  voida  par  unit  voluaa  of 
tha  madia.  In  fact,  tha  raal  valocity  will  alao  dapand  on  tha  pora  aiza  and  ahapa,  and  tha  wattad 
aurfaca  araa  of  tha  madia  par  unxt  voluaa.  Nota  that  Bakhaatoff  (1937)  axpraaaad  raal  valocity 
in  tha  voida  aa  valocity  dividad  by  tha  poroaity  raiaad  to  tha  two  thirda  powar  which  ia  juatifiad 
with  a  cubic  modal.  Tha  raal  valocity  in  tha  voida  ia  tharafora,  aoaawhara  batwaan  tha  valocity 
dividad  by  poroaity  and  tha  poroaity  raiaad  to  tha  two  thirda  powar.  Tha  flow  path  ia  tortuoua 
and  eonaaguantly  it  ia  probably  cloaar  to  valocity  divided  by  poroaity  than  to  tha  cubic  modal  of 
poroaity  raiaad  to  tha  two  thirda  powar. 

If  tha  rata  of  diaaipation  ia  proportional  to  tha  cub#  of  tha  valocity,  aa  it  ia  whara  tha 
Raynolda'a  atraaaaa  ara  proportional  to  tha  aquaraa  of  tha  turbulent  eoaponanta  of  velocity,  1  'the 
avaraga  aiza  of  tha  amallaat  addiaa,*  which  ara  rasponaibla  for  tha  diaaipation  of  energy  by 
viacoaity,  ia  proportional  to  tha  aquara  coot  of  (Lu/u'  (Taylor,  1958)]  where  L  ia  aoaa  diaanaion 
defining  tha  acala  of  the  ayatam.  If  tha  L  acale  ia  defined  aa  tha  mean  diameter  of  tha  madia, 
than  tha  variation  in  turbulent  anargy  diaaipation  over  a  flow  field  ia  roughly  proportional  to 
tha  cube  of  tha  turbulent  intanaity  dividad  by  tha  mean  diameter  of  tha  atadia.  Thua,  tha  rata  of 
energy  diaaipation  par  unit  voIubm  ia: 

Thia  ralationahip  providaa  a  maana  of  examining  tha  phyaical  affecta  of  different  aiza  and 
gradation  of  tha  madia  on  tha  head  loaa  and  facilitataa  a  more  complete  undaratanding  of  tha  anargy 
diaaipation  pcocaaa.  Tha  ultimata  goal  ia  to  be  able  to  predict  tha  affect  of  madia  aiza  and 
gradation  on  tha  head  loaa  eeafficiant  ae  that  tha  head  loaa  through  any  poroua  madia  can  be  found. 

Energy  Loaa  Nodal 

Tha  energy  loaa  coefficient  for  laminar  flow  (  R  s  0.001  )  ia 


whara 


K,  w  800  /  R 
R  "  (n  »)  /  (v  d) 


and 


n  w  poroaity  of  tha  media 
o  ■  kinematic  viacoaity  of  fluid 
V  ■  apparent  valocity  or  Q/A 
d  w  awdia  diazMtar. 


The  turbulent  head  loaa  coefficient  (K  (  R  >  100,000  )]  ia  independent  of  (R)  ia 


K,  -  2. 


Both  energy  loaa  coafficienta  (turbulent  and  laminar)  ware  found  aaipirically.  Therefore,  in  the 
tranaition  region  tha  anargy  loaa  coefficient  ’K”  ia 

K  -  K,  ♦  K,. 

Bacauaa,  tha  hydraulic  gradient  ia 


i  -  V  /  k  -  (V*  K)  /  g  d  n*. 

Thua,  tha  gradient  ia  related  to  rata  of  anargy  diaaipation  aa  followai 
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i  «  »  -  u'^  /  L  -  K,  V»  /  g  d  n«  . 

Thacafora,  tha  anargy  loaa  coafficiant  ia  ralatad  co  raca  of  anargy  disai.pati.on  as  follows: 

K,  -  (u'/O)* 

Turbulanca  naasuraoants  wara  mada  using  a  constant  taapacaturs  ansoomatac  systaa  (hot-wira  or  hot- 
film  anamomatac ) .  Tha  hot-film  proba  is  lass  fcagila  than  its  hot-wira  countarpart  but  is  not  as 
ssnaitiva  dua  to  a  largar  surfaca  araa.  Tha  modal  anamosMtar  uaad  is  tha  DISA  Typa  5SD01  and  tha 
modal  hot-film  proba  is  tha  TSI  1219-H. 

Corralation  Coafficiant  Sguarad  (R*)  for  Enargy  loss  varsus  Turbulant  Bnargy  Dissipation,# 


GRAVEL: 

R» 

.zs  ( ranga  J :  (  inchas ) 

H,  vs.  # 

0.50(0.25-0.75) 

0.962 

0.75(0.5-1.0) 

0.938 

1.25(5090. 75-50tl.0) 

0.980 

1.75(1.5-2.0) 

0.986 

SPHERES: 

R> 

.za  ( ranga ) :  ( inchas ) 

M,  vs  # 

0.750 

0.975 

0.750 

0.968 

1.000 

0.966 

1.000 

0.988 

1.125(5091.5-9090.75] 

0.978 

1.125(5091.5-5090.75) 

0.984 

1.500(5091.0-5092.0) 

0.991 

1.500 

0.977 

1.500 

0.969 

1.750(5091.5-5092.0] 

0.990 

1.750(5091.5-5092.0) 

0.979 

1.750(5091.5-5092.0) 

0.979 

2.000 

0.973 

2.000 

0.997 

2.000 

0.978 

2.000 

0.984 

This  shows  a  high  corralation  of  aaaaurad  anargy  loss  with  maasurad  turbulant  anargy  dissipation. 
This  rasult  suggasts  that  tha  primary  moda  of  anargy  diasipation  may  ba  through  tha  ganaration  of 
turbulanca  from  tha  maan  flow.  Tha  rasult  also  suggasts  that  a  rslationahip  uy  ba  davalopad  that 
will  pradict  tha  K  valua  from  maasuramants  of  tha  turbulanca. 

Mathamaticai  Nodal 

(SBEP-2DPE-T)  a  mathamaticai  modal  usas  a  two-d lawns ional  finita  alomant  swthod  of  solution.  This 
approach  is  usad  bacausa  of  tha  cosiplax  gaoswtry,  matarial  anisotropy,  spatial  and  tasiporal 
variations  of  tha  paraowtars  such  as  tha  appliad  hands  and  fluxas.  In  tha  past  swra  ganaral  and 
simplifiad  approachas  wars  usad  for  solving  problsms  of  fluid-flow  through  porous  madia. 
Analytical  closad  form  solutions,  such  as  ths  alactricsl  analogy  mathod,  Hala-Shaw  viscous  flow 
SMdal  and  graphical  skstching  arc  soma  commonly  usad  classical  proeaduras.  Host  of  thasa 
procaduras  can  ba  appliad  to  sisvlifiad  gaoswtry  and  linaar  bahavior,  which  is  not  ths  situation 
for  turbulant  flow  through  porous  madia. 

Tha  program  coda  (SBIP-20FI-T)  is  basad  on  tha  finita  aloswnt  mathod  and  is  intandad  for  tha 
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•olution  of  g«n*ral  SMpag*  including  auch  catagociaa  aa  scaady  confinad  and  unacaady  (tranaiant) 
unconfinad  flow.  Tha  flow  can  ba  two  dimanaionai  plana  or  axially  ayaaaacric,  laainar  (Daccy'a  Law) 
or  turbulant  flow.  Pinita  alamant  aquationa  can  ba  obcainad  by  using  a  numbar  of  diffarant 
formulation  procaduras.  Tha  raadar  should  consult  Oasai,  (1972,  1975,  1977,  and  1978)  for  furthar 
datails  of  tha  procaduraa  usad  in  this  program  coda.  Tha  origi.ial  coda  (SEBP-20n)  was  obtainad 
from  Drs.  T.  Kuppusumy  and  C.  S.  Oaaai,  (Oapartmant  of  Civil  Enginaaring,  Virginia  Polytachnic 
Instituta  and  Stata  Univaraity,  Blacksburg,  Virginia,  July  1978).  Thin  coda  was  davalopad  to  solva 
only  laminar  or  Darcy's  Law  typo  flow  problama.  Tha  original  coda  was  modifiad  during  this 
invastigation  to  solva  tha  turbulant  flow  easo. 

k  flow  domain  is  dividad  into  savaral  diacrata  finita  alaaonta  with  tha  coda  basad  on  an 
iaoparamatric  quadrilataral  alamant  using  a  4-noda  alamant  and  simpla  Bular  typa  intogration.  Tha 
procoduro  uoad  to  dacida  tha  initial  fraa  aurfaca,  ogual  potontial,  and  flow  linas  ara  tha 
alactrical  analogy  mathod,  solution  of  tha  Laplaca  aquations,  or  aaaumad  flow  nat.  Tha  initial 
fraa  surfaca,  aqual  potantial,  and  flow  linas  ara  input  to  tha  program  by  giving  tha  x-y 
coordinataa  of  tha  nodal  intarsaction  of  aqual  potantial  linas  and  flow  linas.  Thasa  initial 
positions  of  tha  fraa  aurfaca  and  flow  linas  ara  subsaquantly  corractad  by  itarations  until  thay 
approximataly  satisfy  tha  boundary  conditions. 

Tha  procadura  for  solving  tha  staady  unconfinad  flow  is  basad  on  tha  inputtad  fraa  surfaca 
location.  This  fraa  surfaca  is  considarad  imparvious  or  a  'no*  flow,  boundary  condition.  Thus, 
for  tha  first  itaration,  valuas  of  nodal  haada  ara  coe^tad  at  all  nodas  including  thoaa  on  tha 
assumad  fraa  aurfaca.  If  tha  aaaumad  fraa  aurfaca  is  indaad  tha  actual  fraa  surfaca,  than  tha 
boundary  condition,  should  ba  idantically  satisfiad.  If  not,  tha  diffaranca  battMsn  tha  eomputad 
haad  and  tha  fraa  aurfaca  or  phraatic  aurfaca  alavation  is  found.  Mow  tha  fraa  surfaca  nodas  ara 
shiftad  by  a  waightad  astount  of  tha  diffarancaa.  This  procadura  is  rapaatad  until  an  accaptably 
amall  ehanga  occurs. 

Tha  raatarial  paramatars  raquirad  for  input  to  this  coda  ara  tha  anargy  loss  coafficiant  as  a 
function  of  Raynolds  Musibar  (Raynolds  Numbar  is  only  a  function  of  velocity  for  a  given  madia)  and 
porosity.  Tha  valuas  of  nodal  haada  and  valocitias  ara  computed  at  all  nodes.  If  tha  assumed 
Reynolds  numbar  (valocity)  and  corrasponding  anargy  loss  coefficient  is  correct,  i.a.,  tha  change 
in  valocity  is  small  than  tha  solution  is  complata.  If  not,  tha  new  Reynolds  Number  is  usad  to 
find  the  corrasponding  energy  loss  coafficiant  (K).  With  this  new  (K),  valuas  of  nodal  heads  and 
valocitias  ara  computed  at  all  nodes.  This  procedure  is  rapaatad  until  an  accaptably  saiall  change 
in  velocity  occurs. 

This  coda  can  handle  most,  if  not  all,  of  tha  nonhomoganaous  and  anisotropic  madia,  and  various 
categories  of  saapaga.  In  tha  case  of  tha  phreatic  surfaca,  the  inclination  of  tha  interfaces  in 
layered  madia  should  ba  vertical  or  naar  vertical.  If  thay  are  horizontal  and  tha  phraatic  surfaca 
crossed  them,  tha  coda  may  involve  costputational  difficulties.  Tha  output  quantities  printsd 
include  tha  potentials  at  tha  nodas,  tha  quantity  of  flow  across  a  given  section  and  tha  valocity 
through  each  alssMnt.  Graphical  plotting  of  the  results  can  ba  obtainad  by  specifying  that  option. 
Tha  program  coda  was  verified  using  measured  data  published  by  Volkar,  1975.  His  axpariawntal 
results  allowed  varification  of  tha  computed  flow  not,  discharge,  valocity  distribution  for 
unconfinad  non-Oarcy  turbulant  flow. 


Rasults 

This  mathamatical  modal  and  thasa  physical  awdaling  rasults  ware  varifiod  using  data  maasurad 
during  this  study  and  other  authors'  experimental  data.  Verification  and  axamination  of  the 
modeling  rasults  ars  congruous. 

Volkar,  (1975)  performed  two-dioMnsional  flow  axparlmants  in  an  open  flusw  2  feat  wide  and  2  feat 
deep.  Tha  gravel  used  in  tha  flow  axparlmants  was  3/16  inch  affective  size  and  no  difficulty  was 
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•ncountarad  with  surfaca  tanslon  affacts.  Flow  nat  poaitiona  wara  racordad  on  tha  claar  aida  of 
tha  fluma  and  maaauraawnta  of  pxaxo«atri.c  aurfaca  wara  obtai.nad  from  tappinq  pointa  on  tha  othar 
aida  of  tha  flona.  Tha  qraval  waa  ratainad  batwaan  tvo  vartical  ahaata  of  gauza  placad 
parpandi.cular  to  tha  dlraction  of  flow.  Tha  diacharga  naaaurad  axpariaMntally  by  Volkar  waa  0.052 
cfa  whila  tha  dzaeharga  pradictad  by  (SIIP-20rE-T)  uainq  a  K,  valua  of  2.0  and  inputting  hia 
naaaurad  flow  nat  and  poroaity  waa  0.0501  cfa. 

Raaulta  of  tha  phyaical  nodaling  (ona-duaanaional  pipa  flow  nodal)  providad  a  pradiction  of  tha 
anargy  loaa  coafficiant  (K)  aa  a  function  of  tha  nominal  madia  aiza  and  gradation.  Tha  pipa  flow 
nodaling  raaulta  wara  alao  uaad  to  avaluata  tha  ability  of  tha  mathaaiatical  modal  to  pradict  two- 
dimanaional  flow  through  a  rock  dika  in  a  fluma. 

Diffarant  nominal  madia  sizaa  and  gradationa  wara  aalactad  for  tha  rock  dika  to  giva  a  ranga  of 
diffarant  matariala  so  tha  data  collactad  could  ba  uaad  to  pradict  tha  bahavior  of  K,  i.a.,  find 
a  ralationship  batwaan  tha  matarial  and  tha  anargy  loss  coafficiant.  Tha  largaat  madia  usad  was 
tha  nominal  six-inch  siza.  This  nominal  six-inch  siza  was  ratainad  on  a  fiva-inch  Msh  and  passad 
through  a  aavan-inch  mash.  Tha  nominal  four-inch  aiza  waa  ratainad  on  thraa  inch  mash  scraan  and 
passad  through  a  fiva-inch  scraan.  Tha  nominal  two  inch  madia  was  ratainad  on  ona  inch  and  passad 
through  a  thraa-inch  scraan.  Tha  nominal  ona  inch  siza  was  ratainad  on  a  ona-half  inch  scraan  and 
passad  through  a  ona  and  ono-half  inch  scraan,  ate. 

An  axtansiva  invastigation  waa  parformad  to  laarn  tha  ralationship  that  would  bast  fit  tha  anargy 
loss  coafficiant  K  varaua  Raynolds  Huobar  data.  For  aach  siza  of  graval  or  sphara  a  ralationship 
for  laminar  anargy  loss  coafficiant  K,  was  calculatad  by  dividing  tha  Raynolds  nusibar  into  sight 
hundrad  and  than  using  laast  sguarad  diffarancs  to  find  tha  K,  valua.  Aftsr  analysis  was 
complstad,  it  waa  dacidad  that  tha  ralationship  praaantad  in  Figura  1  bast  raprasanta  tha  data. 
Both  tha  graval  and  sphara  data  suggast  that  as  tha  Raynold's  Nuadiar  is  incraasad  tha  R,  valua 
tands  to  approach  two.  Thasa  rasults  indieata  that  tha  shapa,  gradation,  and  roughnass  hava  littla 
or  no  affact  on  tha  anargy  loss  coafficiant  R.  Thasa  rasults  ara  shown  in  Figura  1.  Howavar,  this 
figura  shows  soma  seattar  in  tha  ralationship  with  nominal  siza  and  aggragata  gradation,  but  no 
trand  is  obsarvad.  It  is  hypothasizad  that  tha  seattar  is  dua  mainly  to  tha  naasursd  data  baing 
in  tha  transition  zona  batwaan  laminar  and  turbulant  flow.  Tha  transition  zona  is  whsra  valuas 
ara  uncartain  bacausa  tha  flow  may  ba  aithar  laminar  or  turbulant.  Sacondarily,  placamant  and 
shapa  or  packing  ( arrangamant )  of  tha  aggragata  in  tha  tast  facility  may  also  causa  soma  seattar 
in  tha  data. 

Tha  total  longitudinal  forca  axartad  by  a  moving  fluid  upon  immarsad  madia  nacaasarily  consists 
of  the  summation  of  tha  longitudinal  componants  of  all  norsukl  and  tangantial  strassas  upon  the 
madia  surfaca.  Kara  tha  raduetion  of  prassura  intansity  in  tha  ragion  of  discontinuity  will  so 
outweigh  tha  boundary  shaar  so  that  tha  drag  is  alanst  entirely  dua  to  the  unbalanced  normal  foreas 
on  the  front  and  rear  of  tha  madia.  Thasa  forces  can  only  ba  evaluated  by  swasuramant  and 
intagration  of  tha  prassura  distribution.  Within  tha  ragion  of  discontinuity  downstream  from  tha 
point  of  boundary- layer  aaparation,  tha  mean  intansity  of  prassura  is  aasantially  tha  same  as  that 
of  the  surrounding  flow;  bacausa  tha  separation  generally  occurs  at  a  point  of  increased  velocity  - 
and  hence  of  dacraasad  prassura  -  a  low  prassura  will  prevails  throughout  tha  ragion  of  ravarsa 
flow.  Separation  is  a  source  of  instability,  conversion  of  mean  flow  energy  to  turbulant  anargy. 
This  leads  too  fully  davalopad  turbulence  in  tha  waka  of  tha  sMdia.  This  leads  to  tha  occurrence 
of  energy  dissipation  through  turbulence.  In  an  attempt  to  separata  tha  affects  of  boundary  shear 
or  tha  affects  of  surfaca  roughness,  if  any,  an  analysis  similar  to  that  parformad  on  tha  graval 
was  parformad  on  spharaa.  Tha  results  ara  similar  to  that  for  the  gravel.  Therefore,  tha 
predominate  mode  of  anargy  dissipitation  is  through  tha  conversion  of  swan  flow  anargy  to  turbulant 
flow  anargy.  Tha  result  for  tha  spheres  is  shown  in  Figura  2. 

Verification  of  tha  ralationship  presented  in  Figure  1  and  tha  mathasMtical  computer  modal  was 
accosiplishad  by  comparing  tha  computer  model's  pradictad  flow  rata  with  tha  amasurad  flow  through 
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pocoua  aadia  di.kaa  built  in  tha  hydraulic  fiuma.  Bacauaa  tha  coaputar  atodai  ia  vary  aanaitiva  to 
tha  aaauMd  fraa  aurfaca  and  flownat  for  tha  dika.  it  waa  vary  tiaa  conauaing  to  dataraxna  tha 
flotmat  accurataiy  by  an  alactrical  analog  oodal.  Initially  it  ia  dacidad  to  only  davalop  an 
avaraqa  floivnat  for  aach  haad  ranga.  Ividantly  to  gat  battar  pradrctiona  of  tha  OMaaurad  valuaa 
raguira  an  alactrical  analog  aodal  to  ba  input  to  tha  aMthaaMtical  awdal.  All  prototypa 
pradictiona  ahould  ba  baaad  on  an  alactrical  analog  otodal  baing  input  to  tha  mathaaatical  aodal 
bafora  a  aolution  ia  obtainad.  Tha  following  aolutiona  wara  obtainad  by  inputting  an  approxiaiata 
flownat  and  tha  fittad  ralationahip  for  R.  Soaa  of  thaaa  raaulta  ara  praaantad  in  Tabla  1. 

Tabla  1  -  Soaa  Coapariaona  of  (SBKP-2on-T)  ftaaulta  and  Maaaurad  Plowa 


Noaiinal 

6 

inch  aiaa  madia: 

Q(cfa) 

RUN 

Q( maaaurad) 

Q(pradictad) 

ERROR 

6 

1.140 

1.294 

♦14% 

4 

0.801 

0.755 

-6% 

Noaiinal 

4 

inch  aiaa  aadia: 

Q(cfa) 

RUN 

Q(  OMaaurad) 

Q(pradiccad) 

ERROR 

5 

0.703 

0.602 

-14% 

6 

0.522 

0.538 

♦3% 

Noaiinal 

2 

inch  aiaa  oMdia: 

Q(efa) 

RUN 

Q(flMaaurad) 

Q(pradiccad) 

ERROR 

1 

1.019 

1.034 

♦  1% 

4 

0.801 

0.882 

♦10% 

Noaiinal 

1 

inch  aiaa  madia; 

a(cfa) 

RUN 

g( maaaurad) 

Q(pradiccad) 

ERROR 

1 

0.348 

0.358 

♦3% 

2 

0.347 

0.345 

-1% 

PLOT  OF  ENERGY  LOSS  COEFFICIENT  "K" 

iWn 

j 

4  •••••Nom'lMl  1  ■«««(%  liz« 

A  _  •00/B  ♦  ro  09000  Nerr^ti^  1/3  Inch  ttio  9rw«i 

c  1 

\  «  NafwJwtf  3/*  iften  grovai 

2 

\  ooooo  NpEniwtf  1  J/*  '••Kh  «iit 

U  , 

^  \  •••••  OilOGCOirS  1  tndi  ttzo  Mil 

w 

\  DUOCtOWS  VZ  >rlc^  tin  awW 

w 

« 

\  A  0U0CC0»f3  1  1/2  incfi  m 

\  ^ 

O 

U 

•  \  ♦ 

\  •  •  ^ 

-1 

\  0  •  ♦ 

>» 

\  *  * 

O 

\  ^  ♦ 

• 

e 

bJ 

■ 

a 

1 

19  1M  1999  199M  199999  1999999 

Reynold*  Number 

Pigura  1 


B15-8 


Th«  anargy  loaa  eoafficiant  ralatlonahip  found  froai  tha  ona-dlaanalon  phyaical  nodal  ia  input  to 
tha  aathanatical  coaiputar  nodal  varying  tha  poroaity  and  aggragata  diaoMtar.  Tha  poroaity  for 
varioua  ai«a  of  aggragata  approachaa  S2%  for  tha  noninal  aix  inch  nadia. 
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AaSTMCT 

Aluminium  reduction  technology  is  a  very  intensive  energy  process  that  re¬ 
quires  consumptions  of  energy  (electric)  in  the  order  of  14000  Kw  hr/ton.  Such 
energy  is  used  ultimately  for  the  decompos i tion  of  the  ore  and  to  its  reduction 
to  aluminium.  Aluminium  Reduction  Cells  (ARC)  normally  operate  at  small  OC  volt 
and  high  current  (may  exceed  200  K  amp.).  Cells  of  the  Hall  Herrolt  type  are 
widely  used  to  reduce  aluminium  through  a  series  of  magneto-hydrodynamic  and 
thermal  interacting  processes.  Flow  and  heat  transfer  in  the  cell  cavity  that 
contains  the  heavier  molten  metal  and  the  electrolytic  bath,  are  important 
indicators  of  cell  performance,  productivity  and  cost. 

Attempts  are  made  to  thoroughly  understand  the  electromagnetic,  flow 
regimes  and  turbulence,  mixing  and  interdiffusion  as  well  as  thermal  balance  of 
the  cell.  however  earlier  attempts  made  use  of  simplified  modelling  assumptions 
both  for  electromagnetics  representation  of  busbar  system  and  cell  steel 
structure  as  well  as  using  low  order  modelling  of  flow  and  turbulence. 

The  present  work  made  use  of  a  full  elliptic  representation  of  flow  and 
turbulence  characteristics  and  took  account  of  ledge  formation  mechanism  and 
development  of  metal  topology. 

The  cell  considered  in  the  present  work  is  that  of  Egyptalum,  Egypt 
designed  as  Soderberg  with  prospects  to  raise  current  to  200  K  amp.,  using  same 
cell  cavity,  and  operating  as  prebaked  cell. 

The  results  presented  and  discussed  in  this  paper  were  obtained  with  the 


SAd  of  a  *_« : -31  mensi  onal  turbulent  flow  solver,  marching  in  the  third  direction. 
A  two  e3.a''on  turbulence  model  was  incorporated  with  appropriate  modified  wall 

functions. 

The  present  predictions  demonstrate  the  characteristics  of  the  cell  in 
terms  of  melt  velocities,  turbulence,  isopressure  and  interface  contours. 

The  predicted  results  show,  once  more  the  ability  of  the  present  modelling 
technique  to  adequately  represent  cell  characteristics  in  an  actual  full  scale 
production  cel  1 . 

I .  Introduction  to  Prebaked  Cell 
1 . 1 .  General 

Aluminium  industry  is  one  of  the  largest  energy  consuming  sectors,  and 
with  souring  energy  and  raw  materials  prices,  modernization  of  plants  becomes 
inevitable.  Most  of  Soderberg  Aluminium  Reduction  Cells  "SARC"  are  intensive 
energy  consumers  with  energy  consumption  of  the  order  of  15500  Kwhr/ton  with 
current  efficiencies  of  the  order  of  88S  and  current  densities  about  0.7  A/cm*. 
The  correspondi ng  cell  voltage  drop  is  4.46  V  and  anode  paste  consumption  is 
about  490  kg/tons  of  produced  aluminium.  New  trends  suggest  the  use  of  the  more 
efficient  multianode  prebaked  cells  to  reduce  energy  consumption  and  to  raise 
productivity  and  production  economy. 

At  Nage  Hammady,  Egyptalum  smelter  comprises  460  cells  each  producing 
about  1  ton/day  at  current  of  155  KA,  thus  producing  175,000  metric  tons/year. 
Through  a  series  of  energy  auditing  and  management  [1],  the  cell  energy 
consumption  was  reduced  to  about  15,100  Kwhr/ton.  It  was  found  inevitable  to 
change  over  to  prebaked  cell  technology  with  optimum  utilization  of  existing 
end-to-end  facilities. 


1.2.  Criteria  for  Proposed  Prebifced  Alylnlua  Reduction  Cells  ‘PARC* 


The  proposed  PARC  were  based  on  the 

Current  efficiency  not  less  than 
Aluminium  production  per  cell 
Energy  consumption 
Carbon  consumption  for  anodes 


following  criteria  : 

93* 

1.479  t/day 
135,000  Kwh/ton 
440  kg/ton 
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THe  "ew  designs  were  obtained  with  the  aid  of  computer  program  "PACEM2'' 
designed  :  ’la  t"e'na  ti  cal  1  y  represent  prebaked  aluminium  cells  in  end-to-end  and 
side-by-5:e  arrangements  under  various  operating  conditions.  This  is  carried 
out  under  the  formulation  of  the  governing  conservation  equations  in  finite 
elements  and  finite  difference  techniques  and  solving  these  equations  in  an 
iterative  manner  at  a  grid  mesh  superimposed  on  the  cell  plane  in  question. 

A  multi  anode  design  is  proposed  with  24  similar  anodes  with  side  and 
longwise  clearances,  central  channels  and  overall  cavity  dimensions  of  10  x  4  m. 
and  depth  of  0.30  m  between  cathode  and  anode  bottom.  Figure  1  shows  the  general 
cell  configuration. 

In  the  second  section,  description  of  the  computational  procedure, 
equations,  model  assumption  and  wall  conditions  is  given.  The  third  section 
presents  results  of  computations  and  discussion  is  devoted  to  show  merits  of 
present  procedure  and  its  limitations.  The  paper  ends  with  a  brief  summary  of 
conclusions. 

II.  Cowputation  of  Flow  Field  and  Welt  Velocities 

11. 1.  General 

The  current  distribution  within  the  aluminium  reduction  cell  was  obtained 
from  the  Ohm's  law  and  applying  the  current  conservation  equation  at  all  grid 
nodes  in  the  cell.  The  value  of  the  electric  conductivity  was  taken  to  vary  from 
one  location  to  other  as  previously  described  by  El-Maghraby  et  al .  [2]  and 

Aly  [3].  The  current  density  distribution  was  determined  within  the  cell  and 
consequently  the  magnetic  field  strength  and  direction  at  any  location  in  the 
cell  were  determined.  This  was  achieved  by  the  application  of  the  Biot-Savart 
law  in  the  integral  form.  The  current  densities  and  magnetic  fields  being 
calculated  within  the  cell,  the  electromagnetic  stirring  forces  can  be  readily 
obtained  from  the  Lorentz  law  [2]. 

Such  forces  are  three  dimensional  in  nature  and  were  calculated  at  all 
preset  grid  nodes. 

11. 2.  Melt  and  Electrolyte  Velocities 

In  aluminium  reduction  cells,  the  electrolyte  and  molten  metal  move  under 
the  influence  of  the  prevailing  forces.  Namely  the  electromagnetic  steering 
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force  conp3rents_,i nerti a  forces,  bouyancy  forces  and  turbulent  interactions.  In 
the  preset'  -otk,  these  forces  are  considered;  it  is  worthnoting  that  the  first 
type  of  "-^^es  is  generally  dominant.  The  general  governing  equations  of  mass 
and  momentum  are  incorporated  in  the  present  analysis.  The  general  form  of  these 
equations  are  show  as; 


3x 


.  0  Uj,)  =  ^ 


j  .  .  -..j  . 

The  above  equation  is  general  with  }  representing  any 
variable;  }  can  represent  U.  V  or  W  velocity  components, 
momentum  equations.  For  b  equals  unity,  equation  (1)  is 
continuity  equation.  The  second  term  on  the  left  hand 


(  1) 

conserved  dependent 
This  yields  the  three 
then  reduced  to  the 
side  of  equation  (1) 


represents  the  turbulent  flux  of  the  entity  i  in  question  due  to  fluctuations  of 
velocity  component  Uj  and  fluctuations  of  t. 


In  turbulent  flow  analysis,  a  commonly  adopted  technique,  is  to  use  the 
eddy  viscosity  concept  of  Launder  and  Spalding  [4],  hence  the  correlation  j  can 
be  represented  as; 


where  i  represents  velocity  components,  then  is  the  effective  viscosity 
defined  as; 


=  Mg  =  +  M  (3) 

and  using  the  two  equation  k-e  model  of  Launder  et  al .  [4], 

Mt  =  0-°^  ^  (4) 

where  p  is  Laminar  viscosity 

k  kinetic  energy  of  turbulence 

s  dissipation  rate  of  kinetic  energy  of  turbulence 
0  is  local  average  density 

The  values  of  k  and  e  at  every  grid  node  can  be  readily  obtained  from  their 
respective  transport  equations  expressed  in  the  form  (1)  with  4  equals  to  k  or  e 
respectively  [5]. 

The  term  denotes  the  source/sink  of  the  entity  $.  In  momentum 

equations,  S  ,  S  and  S  contains  the  c 1 ectromagneti c  force  components  F  ,  F  and 
u  V  w  X  y 

F^,  respectively.  Details  of  this  model  and  its  applications  and  validation  can 
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be  found  •  -  '•e^erence  5,  6,  ^  ::  d  8.  In  the  present  work,  the  values  of 

and  F^  HS'-i  :ota1ned  from  reference  (8)  and  incorporated  In  the  flow  prediction 

code . 

III.  Nuaerical  Coaputatlons  of  Flow  Characteristics  : 

Results  and  Discussions 

I II .  1 .  Predicted  Paraaeters 

In  numerical  procedure  outlined  in  the  previous  section  was  applied  to  the 
prebaked  cell  configuration  shown  earlier  in  Figure  1  for  side-by-side  cell 
arrangements.  The  present  demonstrations  were  carried  out  for  the  situation  of 
24  anode  blocks.  The  numerical  procedure  utilizes  a  24  x  24  grid  arrangement 
superimposed  on  the  cell  horizontal  plane  at  various  distances  z  from  bottom  of 
cathode,  for  a  200  Ka  cell. 

Predictions  of  current  density  J  ,  magnetic  flux  density  B  ,  B  ,  B  and 

xy  xy  X  y 

Bj,  were  obtained  with  the  aid  of  the  electromagnetic  model  of  El-Maghraby  et 
al  .  [8]  and  are  shown  here  in  Figures  2a,  b,  c,  d  and  e  for  completeness,  as  the 
present  contribution  is  devoted  to  flow  regimes  and  interface  characteristics. 

The  results  of  Figure  2  are  obtained  for  z  =  0.275  m  from  cathode  bottom. 
The  corresponding  flow  field  vectors  are  shown  in  Figure  3  which  shovs  two  large 
eddies  to  the  upstream  eid  and  smaller  eddies  near  the  downstream  side.  The  flow 
is  not  symmetrical  along  the  longitudinal  axis  of  the  cell  due  to  effect  of  the 
two  neighbouring  cell  fields  upstream  and  downstream  of  this  cell.  The  order  of 
magnitude  of  the  velocities  is  4.0  cm/s. 

The  corresponding  pressure  distribution  in  the  same  horizontal  x-y  plane 
is  shown  in  Figure  4.  The  pressure  distribution  is  non-symmetri cal  along  the 
longitudinal  cell  axis  and  larger  pressure  d.  op  are  observed  near  the  upstream 
side.  The  maximum  pressure  drop  is  of  the  order  of  40  N/iir*. 

The  corresponding  ceil  characteristics  at  z  »  0.2  were  obtained  under  the 

same  operating  conditions  and  are  shown  in  Figures  5,  6  and  7.  Figures  5A,  8,  C, 

0  and  £  shows  the  current  density  B^^,  B^,  B^  and  B^.  The  values  of  B^^, 

B  ,  B  ,  and  B  are  near  those  shown  in  Figure  2A  while  the  current  density 
X  y  z 

changes  due  to  field  changes  from  electrolyte  to  molten  metal. 
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Figu'-e  ^  shows  the  velocity  vectors  In  xy  plane  at  z  =  0.2,  the 

velocities  are  mgher  than  those  at  z  =  0.275  m  and  is  attributed  to  the  strong 
forces  at  this  plane. 

The  predicted  pressure  distribution  is  shown  in  Fig.  7  and  it  shows  better 
symmetry  than  that  observed  in  Fig.  4.  The  maximum  pressure  drop  is  42  N/mm'^  . 

Figure  8  shows  the  obtained  interface  contours  and  Fig.  9  presents  a  three 
dimensional  display  of  the  interface  that  shows  two  large  troughs  in  the  middle 
of  cell  and  larger  peaks  at  the  vicinity  of  the  four  corners  of  the  cell. 

Table  1  shows  the  maximum  values  of  cell  properties  at  three  different 
locations  of  z  =  0.125  (mid  aluminium),  z  =  0.2  m  and  z  =  0.275  mid  electrolyte. 

Table  1 


Property 

r-  ""  I 

2=0.125* 

— 

z  =  0.2 

z=0.275 

'^xy’ 

Jx 

A/m* 

Max . 

1644 

2364 

444 

1589 

2195 

444 

Jy 

1133 

-1485 

130 

Jz 

-5161 

-5738 

-5622 

8 

X 

Gaus 

114.3 

113.34 

118.29 

51,5 

54.01 

58.3 

By 

107.8 

105.6 

110.17 

40.82 

40.81 

41.65 

^y 

Ux 

11.9 

13.74 

3.916 

Abs 

11.9  - ve 

13.7  -ve 

3.89  -ve 

Uy 

Abs 

V  ;  1 

10.5 

2.92  -ve 

P 

a  ■ 

+  29 

44 

♦See  reference  [8]. 

From  Table  1,  it  can  be  seen  that  current  density  increases  in  the  core 

of  the  flow  and  decreased  towards  the  electrolyte  zone.  The  corresponding 

current  density  in  the  z-direct1on  does  not  change  drastically  as  the  other 

two  components  which  are  affected  by  the  existence  of  ledge,  walls,  ...  etc.  The 

magnetic  flux  density  vector  B  shows  minimal  changes  within  3*,  same  remark 

xy 

applies  for  B  ,  8  and  B  .  The  magnetic  force  density  F  is  obtained  from 
X  y  z  xy 

current  density  vector  J  and  magnetic  flux  density  B  by  equation  of  Lorentz, 

xy  xy 

F  =  J  X  B.  The  magnetic  forces  change  in  magnitude  and  direction  due  to  the 

-6 


changes  :*  *  ’ <  and  current  densities  and  hence  affects  the  momentum  balance.  As 
expected,  •.''’s  Id  change  velocities  and  pressures,  demonstrated  in  Table  1. 

III.  2.  Discussion 

From  results  described  above,  one  can  conclude  that  the  magnetic  flux 

distribution  is  almost  the  same  at  different  z  sections.  This  approximation  is 
reasonable  since  the  depth  of  liquid  is  small  compared  to  cell  and  busbar 
dimensions.  On  the  other  hand,  flow  results  show  remarkable  changes  along  the 
cell  depth.  In  mid  electrolyte,  the  fluid  is  relatively  calm,  while  in  the 
metal  velocities  can  reach  more  than  four  times  those  in  electrolyte.  It  seems 
that  the  zone  just  below  the  interface  suffers  the  most  violent  flow. 

These  results  stress  the  role  of  current  distribution  on  flow  charac¬ 
teristics  along  cell  depth.  When  the  magnetic  flux  is  considered  constant  along 
the  depth,  then,  current  distribution  is  the  only  factor  that  affects  force 

distribution;  the  basic  input  of  flow  equations.  This  is  true  as  shown  in  Table 
(1)  where  a  good  correlation  can  be  held  between  horizontal  currents  and  flow 

values.  Flow  velocities  clearly  increases  as  horizontal  currents  increase.  These 
horizontal  currents  cause  the  development  of  forces  that  disturb  the  relatively 
stable  force  field  caused  by  vertical  current. 

Horizontal  currents  developed  in  the  cell  depend  upon  the  geometry  of 
cell  cathode  in  relation  to  anode  blocks.  Also,  the  thickness  of  ledge  and  bottom 
ridge  affect  the  geometry  of  cell  where  current  is  forced  to  fill.  In  the 

electrolyte,  the  central  channel  ebtween  anodes  affects  current  distribution  as 
shown  in  Fig.  2A.  The  current  in  the  electrolyte  does  not  suffer  large  divergence 
towards  cell  walls.  In  the  metal,  the  effect  of  central  channel  is  screened  out 
and  the  current  flows  towards  the  walls  to  fill  cell  cavity  and  then  converges 
back  to  escape  from  the  cell  hearth. 

One  can  stress  the  geometry  effect  on  flow  characteristics  of  the 
prebaked  cells. 

IV.  SuMary  of  Conclusions 

The  present  work  addressed  the  mathematical  modelling  of  flow  field, 
turbulence  and  interface  topography  in  Prebaked  Aluminium  Reduction  Cells  "PARC" 
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under  rc^"’3'  operating  condition.  The  following  are  the  more  important 
conclu5i;''3  tms  work  ; 

1.  A  namencal  finite  difference  procedure  was  developed  and  utilized  to  predict 
local  flow  characteristics  in  “PARC".  The  procedure  solved  fully  the  time 
averaged  conservation  equations  of  mass,  three  momentum  and  energy  in  the 
cell  at  discretized  grid  nodes  mapping  the  horizontal  and  vertical  planes. 

2.  Twenty  four  prebaked  anodes  of  dimensions  1.65  x  0.72  x  0.6  m  were  used. 

3.  The  model  ability  to  adequately  predict  cell  properties  was  demonstrated  by 
parametric  investigations.  Model  calculations  can  be  readily  used  to  yield 
the  effect  of  end  and  quarter  risers  and  busbar  arrangements.  The  model  is  a 
usefull  tool  for  engineering  design. 
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AN  ANALYSIS  OF  LVT  FORCES  ON 
AEROSOLS  IN  A  WALL  SOUNDED 
TURBULENT  SHEAR  FLOW 


P.  Cherukat  and  J.  B.  McLaughlin 

Otpartmtntof  Chtmical  EnglnMHng 
ClwfcMn  UnhMraity,  Poladam,  N.Y  13699>570S 


Ab:>lracl 

This  paper  describes  work  that  will  lead  to  a  better  understanding  of  the  role  of 
lift  forces  in  the  deposition  of  aerosols  on  the  walls  bounding  a  turbulent  shear 
flow.  After  providing  some  background  information  about  aerosol  trajectories 
that  has  been  obtained  from  computer  simulations,  new  results  for  the  lift 
force  in  the  relevant  parameter  ranges  are  presented. 

I.  Introduction 

Aerosols  follow  the  streamlines  of  a  turbulent  shllar  flow  fairly  well  except 
in  the  viscous  wall  region.  Although  the  inertia  of  the  aerosols  is  small,  the 
extremely  rapid  spatial  variations  of  the  fluid  velocity  in  the  viscous  wall 
region  can  cause  aeroeols  that  are  bigger  than  about  a  micron  to  depart  from 
the  streamlines  and  travel  toward  the  wail.  Computer  simulations  by  Kallio 
and  Reeks'  and  McLaughlin^  indicate  that  as  they  pass  through  the  viscous 
wall  sublayer,  aerosols  that  deposit  on  the  wall  develop  Reynolds  numbers  of 
order  unity.  The  cause  of  the  large  Reynolds  numbers  is  the  large  streamwise 
slip  velocity  that  develops  as  the  aerosols  pass  through  the  viscous  sublayer. 
Thus,  in  spite  of  their  small  size,  it  is  possible  that  inertial  effects  could 
play  a  significant  effect  in  the  deposition  of  aerosols.  It  has  been  pointed 
out''^  that  the  Saffman  lift  formula’  would  suggest  a  significant  lift  force 
on  the  aerosols  as  they  pass  through  the  viscous  sublayer.  Although  the 
force  predicted  by  the  Saffman  formula  is  small  compared  to  the  maximum 
normal  component  of  the  Stokes  drag  force,  it  acts  on  the  aerosol  in  a  region 
of  nearly  stagnant  fluid.  As  a  consequence,  it  can  increase  the  predicted  rate 
of  deposition  by  an  order  of  magnitude.  However,  McLaughlin'  pointed  out 
that  Saffnoan’s  assumptions  are  not  satisfied  by  the  aerosols  that  deposit  as 
they  move  through  the  viscous  sublayer. 

Saffman  pointed  out  that  there  are  two  Reynolds  numbers  that  charric- 
terize  a  small,  freely-rotating  sphere  that  translates  through  an  unbounded 


B23-1 


•'.ear  shear  flow.  One  Reynolds  number.  He,,  is  based  on  the  sphere  di- 
.-.meter  and  the  velocity  of  the  sphere  relative  to  the  surrounding  fluid.  The 
other  Reynolds  number,  Rec,  is  based  on  the  sphere  diameter  and  fluid  shear 
rate.  He  assumed  that  Re,  and  Rea  were  small  compared  to  unity  and  that 
Re.  «  where  Re,  =  v,d/u  and  Rec  =  GtPiv;  the  symbol  d  denotes 

the  particle  diameter,  G  denotes  the  velocity  gradient,  smd  v,  denotes  the 
magnitude  of  the  particle's  slip  velocity.  However,  McLaughlin's*  computer 
simulations  indicate  that  Rea  is  of  order  10“*  and  Re,  is  of  order  unity.  Thus, 
two  of  SaiFman’s  assumptions  are  not  satisfled  for  most  of  the  aerosols  that 
deposit  as  they  pass  through  the  viscous  sublayer.  In  addition,  Saffman’s 
analysis  ignores  wall  effects. 

The  goal  of  the  work  to  be  discussed  has  been  to  obtain  a  better  un¬ 
derstanding  of  the  lift  force  for  the  Reynolds  number  ranges  of  interest  for 
aerosol  deposition  and  to  include  wall  effects.  In  Section  II,  asymptotic  re¬ 
sults  that  give  the  dependence  of  the  lift  force  on  the  ratio  j  Re,  and 
the  distance  of  the  aerosol  from  the  wall  will  be  presented.  These  results 
assume  that  Rea  and  Re,  are  small  compared  to  unity  and  that  the  distance 
of  the  aerosol  from  the  closest  wall  is  large  compared  to  the  aerosol  radius. 
Since  numerical  simulations  indicate  that  Re,  is  order  unity  for  most  of  the 
aerosols  that  deposit  as  they  pass  through  the  viscous  sublayer,  it  is  neces¬ 
sary  to  have  results  for  finite  Reynolds  numbers.  In  Section  III,  the  results 
of  direct  numerical  simulations  of  the  three-dimensional  flow  field  around  a 
sphere  in  an  unbounded  linear  shear  flow  will  be  discussed.  The  results  help 
to  assess  the  usefulness  of  the  asymptotic  results  at  finite  Reynolds  numbers. 
At  the  present  time,  no  numerical  results  are  available  '.hat  include  both 
finite  Reynolds  number  effects  and  wall  effects.  In  Section  IV,  some  experi¬ 
mental  measurements  will  be  presented  and  compared  with  the  asymptotic 
and  numerical  results.  Finally,  the  new  results  are  summarized  in  Section  V. 

II.  Asymptotic  Results 


Figure  1.  Sphere  translating  in  a  wall  bounded  shear  flow. 
(Reference  frame  translates  with  the  sphere) 
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!ii  lliis  seclioii,  results  for  lire  lift  force  on  a  small  sphere  in  a  wall- 
linear  shear  lluw  wilt  be  discussed.  I'lie  derivaliuiis  have  been  given 
elsewhere^’’.  The  geometry  of  interest  is  shown  in  Fig.  1.  The  center  of  the 
sphere  is  located  at  a  distance  I  from  the  wall.  The  problem  is  formulated  in 
a  frame  of  reference  where  the  sphere  is  at  rest.  The  origin  of  the  coordinate 
system  is  at  the  center  of  the  sphere.  The  wall  is  located  at  x  =  — The 
undisturbed  fluid  velocity  is 

V  =  (Gx o.)e3,  (1) 

where  Cj  is  a  unit  vector  in  the  x-direction.  Such  a  situation  could  arise,  for 
example,  by  the  sedimentation  of  a  negatively  buoyant  sphere  in  a  vertical 
channel  flow  provided  that  the  sphere  is  close  enough  to  one  of  the  channel 
walls  that  the  curvature  of  the  undisturbed  fluid  velocity  may  be  neglected. 
Unless  an  external  force  constrains  the  sphere,  it  will  migrate  laterally.  It 
may  be  verified  after  the  fact  that  the  migration  velocity  is  a  small  fraction 
of  ti,.  Thus,  the  3it".ation  in  Fig.  1  may  be  viewed  as  qutisi-steady.  An 
alternative  is  to  assume  that  an  external  force  prevents  the  sphere  from 
moving  in  the  x-direction.  In  either  case,  it  is  assumed  that  the  velocity  of 
the  sphere  relative  to  the  surrounding  fluid  is  — u.ej.  In  the  laboratory  frame 
of  reference,  the  wall  is  at  rest.  In  this  frame,  positive  values  of  G  and  v, 
correspond  to  a  negatively  buoyant  sphere  in  an  upward  flow.  If  v,  <  Gl,  the 
sphere  moves  upward,  but  it  lags  the  surrounding  fluid.  Ar  pointed  out  in 
the  Section  I,  in  the  motion  of  aerosols,  the  slip  velocity  arises  because  of  the 
aerosols’  inertia  and  the  rapid  variations  in  the  fluid  velocity  in  the  viscous 
wall  region.  However,  in  discussing  the  results  for  the  lift  force,  it  will  be 
convenient  to  picture  the  slip  velocity  as  being  caused  by  the  sedimentation 
of  the  sphere  in  a  vertical  shear  flow.  The  sphere  lags  the  fluid  if  v,  >  0,G  >  0 
or  u,  <  0,G  <  0.  The  sphere  leads  the  fluid  if  u,  >  0,G  <  0  or  v,  >  0,G  <  0. 
Considerations  of  symmetry  indicate  that  the  lift  force  (or  migration  velocity) 
dcDcnds  only  on  whether  the  sphere  leads  or  lags  the  fluid.  Thus,  one  may 
assume  that  G  >  0  and  consider  the  cases  v,  >  0  or  v,  <  0. 

The  results  to  be  discussed  are  based  on  the  following  assumptions: 

o  «  i  (2) 

Rea  «  I  (3) 

Re,  «  1.  (4) 

No  assumption  is  made  about  the  ratio  t  =s  Re)l^ j Re,.  The  assumptions 
about  Rea  and  Re,  imply  that,  near  the  sphere,  the  convective  term  in  the 
Navier-Stokes  equation  is  small  compared  to  the  viscous  term.  However,  this 
assumption  is  not  necessarily  valid  at  large  distances  from  the  sphere.  In 
an  unbounded  fluid,  inertial  effects  are  comparable  with  viscous  effects  when 
the  distance  from  the  sphere,  r,  satisfies  r  ~  min{La,  L,),  where 

Ic  =  (5) 
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n>) 


!i  may  be  seen  that  Lc  and  L,  are  both  Urge  compared  to  a  when  Rec 
and  Re,  are  small  compared  to  unity.  Thus,  as  pointed  out  by  Saifman^, 
inertial  effects  must  be  treated  with  singular  perturbation  methods.  Saffman 
considered  the  case  <  s  oo  and  showed  that  the  lift  force,  Fl,  was 


Fl  =  6.46a*v,(^)'^*. 


(7) 


where  it  is  assumed  that  (7  >  0.  To  leading  order,  one  may  obtain  an  expres¬ 
sion  for  the  inertial  migration  velocity  by  assuming  a  Stokes  drag  coefBcient; 


Fl 

bx/ia* 


(8) 


where  p  denotes  the  dynamic  viscosity  of  the  fluid. 

McLaughlin^  showed  that  the  singular  perturbation  methods  used  by 
Saffman  may  be  generalized  to  dbtun  a  result  for  the  lift  force  in  an  un¬ 
bounded  linear  shear  flow  (/  s  oo)  that  is  valid  for  arbitrary  values  of  e: 

Fl  -  (9) 


In  Eq.(9),  J  denotes  a  dimensionless  three-dimensional  integral  that  depends 
only  on  «.  As  <  goes  to  infinity,  J  approaches  2.255  and  Eq.(9)  reduces  to 
Saffman's  formula  in  Eq.(7).  For  large  but  finite  values  of  <,  J  is  given  by 
the  asymptotic  form: 


J  =  2.255  - 


0.6463 


while,  for  small  <, 


J  =  -32x*t‘/n(l/e*). 


(10) 


(11) 


Figure  2.  V  as  a  function  of  e. 

In  Fig.  2,  J  is  plotted  as  a  function  of  e.  When  t  is  smaller  than  unity,  the 
Saffman  formula  significantly  overpredicts  the  magnitude  of  the  lift  force. 
This  raises  doubts  about  the  validity  of  aerosol  trajectories  computed  with 
till'  .Siiiriniui  fxproMiioii  for  tlir  lift  force. 
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I  lu'  .k>yiii|)iuLii  ilicuiy  w.lII  I'lri'fls.  However,  w,ill  elFev  I') 

!!idy  have  a  significatii  elfeci  on  the  lift  force  experienced  by  aerosols  in  the 
VISCOUS  sublayer.  This  may  be  seen  by  considering  the  relative  sizes  of  a*  and 
Lq,  where  the  plus  sign  denotes  a  value  in  "wall  units”  based  on  the  friction 
velocity  and  the  kinematic  viscosity.  Since  the  friction  velocity  is  based  on 
the  average  wall  shear  rate,  one  may  take  s  1.  Since  the  lift  force  is 
caused  by  inertial  effects  at  distances  of  order  La  from  the  sphere,  it  is  likely 
that  the  presence  of  a  wall  will  modify  the  lift  force  at  most  points  within  the 
viscous  sublayer.  Wall  effects  will  also  change  the  drag  coefficient*,  but  only 
when  the  sphere  is  within  a  few  radii  from  the  wall  and  a*  is  typically  on 
the  order  of  0.1  for  aerosols  in  the  range  where  lift  forces  may  be  important. 

Cox  and  Brenner^  developed  a  theory  for  the  lift  force  on  a  sphere  that 
is  close  enough  to  the  nearest  wall  that  I  <<  min(La,  L,).  Under  these 
conditions,  the  leading  order  approximation  to  the  lift  force  may  oe  calculated 
by  regular  perturbation  methods.  They  also  assumed  that  a  <<  1  so  that 
a  non-neutrally  buoyant  sphere  may  be  treated  as  a  point  force  to  leading 
order.  Cox  and  Hsu*  used  the  theory  to  compute  the  lift  force  on  a  sphere 
in  a  vertical  parabolic  flow  bounded  by  a  planar  wall.  Close  to  wall,  the 
parabolic  flow  may  be  linearized.  The  Cox-Hsu  result  for  a  linear  flow  is 


„  ^  ,Zav]  11  Gou,l, 


(12) 


For  future  reference,  it  is  convenient  to  express  the  lift  force  in  Eq.(l2)  in 
terms  of  the  dimensionless  "outer”  coordinate  /.  =  // La- 


9ir  j,  1  11 , 


(13) 


Using  the  dimensionless  parameter  J  defined  by  Eq.  (9),  the  Cox-Hsu  result 


,  ’T*,!  11,, 


(14) 


The  Cox-Hsu  theory  is  valid  when  I  <<  min(La,  L,),  while  the  Saffman 
and  McLaughlin  theories  are  valid  for  I  »  max{La,  L,).  Recently,  McLaughlin* 
has  shown  that  it  is  possible  to  establish  a  general  result  for  the  lift  force 
that  reduces  to  the  above  results  in  the  appropriate  limits  and  is  also  valid 
at  intermediate  values  of  1.  The  general  result  is 


FL^n+ Fr, 


(15) 


where  F^  is  the  lift  force  on  the  sphere  in  an  unbounded,  linear  shear  flow 
and  f"  is  the  correction  due  to  the  wall.  Both  F^  and  are  obtained 
by  Fourier  transforming  an  Oseen-liks  (linear)  approximation  to  the  Navier- 
Stokes  equation  and  solving  an  ordinary  differential  equation  for  the  Fourier 
transform  of  the  disturbance  flow.  The  result  for  F^  is  given  by  Eq.(9)  and 
Fig.  2.  McLaughlin*  shows  that  F*  may  be  expressed  in  terms  of  integrals 
of  the  Airy  function,  At. 

In  the  limit  1.  «  1,  the  result  for  Ft  reduces  to  the  Cox-Hsu  result 
a.s  may  be  seen  in  Fig.  3  which  shows  the  dimensionless  lift  force,  J,  as  a 
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Figure  3.  J  m  •  function  of  /.  for  «  =  oo. 

function  of  /.  for  <  ■  oo.  It  tney  be  teen  thet  J  approuhet  the  Saffman  value 
(2.253)  at  1.  goet  to  infinity.  For  t »  oo,  the  lift  force  poinU  away  from  the 
wail  for  all  valuet  of  1..  For  t  m  -oo,  the  lift  force  pointt  toward  the  wall 
at  all  dittances  tatitfying  I  »  a.  For  potitive  valuet  of  <  larger  than  about 
0.22,  the  lift  force  pointt  away  from  the  wall  at  all  dittancet.  An  example  of 
the  dependence  on  I,  it  thown  in  Fig.  4  which  thowt  the  dimentionleu  lift 
force  for  e  a  1.  However,  for  €  *  "1,  the  lift  force  pointt  toward  the  wall 
for  large  valuet  of  /.  and  away  from  the  wall  for  tmall  valuet  of  I,  at  may  be 
teen  in  Fig.  5.  For  valuet  of  e,  that  are  tmall  in  magnitude,  the  lift  force 
pointt  away  from  the  wall  at  aU  valuet  of  1.  tatitfying  1.  «  1/e.  The  lift 
force  in  thit  cate  may  be  approximated  by  the  Vaateur>Cox*  expression  for 
the  lift  on  a  sphere  sedimenting  next  to  a  vertical,  planar  wall  in  a  stagnant 
fluid.  This  may  be  seen  in  Fig.  6  which  shows  results  for  e  s  0.2. 
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Figure  6.  Comparison  of  J  according  to  McLaughlin’s*  expression  with 
Vasseur-Cox*  expression  for  t  =  0.2. 

The  asymptotic  theory  described  in  this  section  provides  detailed  infor¬ 
mation  about  the  dependence  of  the  lift  force  on  aerosol  Reynolds  numbers 
and  the  distance  from  the  wall.  However,  before  applying  the  theory  to  tra¬ 
jectory  calculations,  it  is  important  to  determine  whether  the  theory  makes 
accurate  predictions  at  finite  Reynolds  numbers.  This  issue  will  be  addressed 
in  Sections  III  and  IV. 


To  calculate  the  lift  on  a  sphere  at  finite  Reynolds  numbers,  it  is  necessary  to 
solve  the  three-dimensional  Navier-Stokes  equation  for  the  flow  around  the 
sphere.  The  governing  equations  are 


V  •  Vv  =  —  Vp/p  -I-  j/V’v 


(16) 


V-v  =  0  (17) 

u  =  n  X  r,  jrj  =  a  (18) 

u  =  (Gx  +  v,)e3,  jr]  =  R.  (19) 


In  Eqs. (16-19),  v  denotes  the  velocity  of  the  fluid,  p  is  the  pressure,  and  p 
is  the  fluid  density.  In  Eq.  (18),  n  is  the  angular  velocity  of  the  sphere.  In 
Eq.  (19),  R  is  the  radius  of  an  imaginary  outer  boundary.  On  this  artificial 
surface,  the  disturbance  created  by  the  sphere  is  assumed  to  vanish.  Ideally, 
R  would  be  infinity.  In  the  work  to  date,  R  s  50a.  In  the  limit  of  vanishing 
Reynolds  numbers,  there  is  an  exact  solution  for  a  freely  rotating  sphere 
that  translates  relative  to  a  linear  shear  flow*®.  According  to  the  Stokes  flow 
solution,  the  disturbance  flow  is  on  the  order  of  two  percent  at  r  =  SOa. 
Furthermore,  the  effect  of  inertia  is  to  cause  the  disturbance  flow  to  decay 
more  rapidly  at  large  distances'®-". 

A  hybrid  finite  volume-spectral  method  is  used  to  solve  Eqs.  (16-19).  The 
equations  for  the  Cartesian  components  of  the  fluid  velocity  are  written  in  a 
spherical  coordinate  system.  Spectral  methods  are  applied  in  the  azimuthal 
coordinate.  The  region  between  r  =  a  and  r  =  A  is  divided  into  control 


voliiinns  with  surfactrs  that  arc  denned  by  constant  values  of  the  spherical 
<  (HiiilinaU-s.  Tlur  iiiiiiiiciiliiiii  and  roiiliiniily  equations  are  integrated  over 
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...  .  ...hiKil  volume  .lie;  .lie  ex|jit;saeil  111  lenns  of  surface  integrals'"  Tlie 
.1 .  live  U-rui  is  ex|iiesseii  iii  a  semi-impUcIl  form.  The  velocity  .\iut  pres- 
s  i.'-e  at  each  time  step  are  obtained  by  solving  the  discretized  momentum 
and  continuity  equations  simultaneously.  This  large  system  of  linear  alge¬ 
braic  equations  (typically  about  50,000)  is  solved  by  the  GMRES'^  method. 

The  results  obtained  to  date  appear  to  show  the  same  trend  with  e  as 
the  asymptotic  results  in  Eq.(9)  and  Fig.  2.  In  Fig.  7,  the  dimensionless 
lift  force,  J,  is  plotted  versus  e.  Also  plotted  in  Fig.  7  is  the  asymptotic 
result  for  J.  The  numerical  results  were  obtained  for  values  of  Rea  ranging 
from  0.10  to  3.0.  To  date,  wall  effects  have  been  ignored  in  the  numerical 
simulations. 


Figure  7.  J  computed  by  flow  simulation  as  a  function  of  e. 

IV.  Experiments 

To  test  the  asymptotic  and  numerical  results,  it  is  necessary  to  perform 
experimental  measurements.  Ideally,  one  would  measure  the  lift  force.  How. 
ever,  it  is  much  easier  to  measure  the  lateral  migration  velocity.  When  the 
sphere  Reynolds  numbers  are  small  compared  to  unity,  one  may  use  the 
Stokes  drag  coefficient  to  relate  the  lift  force  to  the  migration  velocity.  At 
finite  Reynolds  numbers,  one  should  use  a  drag  coefficient  that  is  appropriate 
to  the  flow  around  the  sphere.  However,  at  small  «  (weak  shear),  it  seems 
reasonable  to  use  the  drag  coefficient  for  axisymmetric  flow  around  a  sphere 
to  approximate  the  drag  coefficient. 

The  strategy  of  the  experiments  is  to  measure  the  lateral  migration  ve¬ 
locity  of  a  sphere  sedimenting  through  a  vertical  linear  shear  flow.  A  homo¬ 
geneous  flow  apparatus  (HFA)  (fig.  8)  similar  to  the  one  used  by  Graham 
and  Bird'^  is  used  to  produce  a  linear  shear  field.  The  HFA  consists  of  two 
timing  belts  rotating  in  the  same  sense  in  a  liquid,  the  liquid  is  contained  in 
the  space  between  two  Plexiglas  wails  in  the  front  and  rear  and  aluminum 
blocks  at  the  top,  bottom  and  sides.  It  has  been  verified  by  experiments  and 
simulation  using  the  CFD  software  NEKTON’  that  the  flow  profile  is  linear 
in  the  middle  60  percent  of  the  region  between  the  Plexiglas  walls. 

The  migration  velocities  have  been  measured  for  polymethylmethacrylate 
(pmma)  balls  (2mm  dia.)  and  polyacetate  balls(2mm  and  l.5mm  dia)  in 
aqueous  solutions  of  polyalkylcne  glycol  (viscosities  between  20cp  and  60cp 
and  specific  gravities  in  the  range  1.03  -  1.05). 

t  NEKTON  M  «  refulcre^  (rt^crnsri  «/  Ncttvnics  Ine.  and  M.l.T. 
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'*  ‘  'E  vnsii.s  (  {ui wLlut'.N  1*1  /le ,  la  Lwffii  U. I  .mil  1  0  iincl  t  bclwccii  0.  J  aiul 
0  Also  sliow  in  Fig.  9  is  ihe  a.symptotic  result  in  Eq.(9)  and  Fig.  2. 


Figure  9.  Experimentally  meuured  values  of  7  as  a  function  of  t- 
V.  Conclusion 

The  numerical  and  experimental  results  are  for  situations  in  which  wall  effects 
may  be  neglected.  They  show  that  the  asymptotic  predictions  are  robust  in 
the  sense  that  they  make  reasonably  accurate  predictions  even  when  the 
slip  Reynolds  number  is  of  order  unity.  No  numerical  results  are  available 
for  comparison  with  the  asymptotic  results  for  wall-bounded  flows.  However, 
Cherukat  and  McLaughlin'*  reported  measurements  of  the  inertial  migration 
velocity  of  a  sphere  sedimenting  next  to  a  vertical  planar  wall  in  a  stagnant 
liquid.  Their  results  agree  well  with  the  small  e  limit  of  the  asymptotic  theory 
even  though  the  slip  Reynolds  numbers  were  as  large  as  3. 

At  the  present  time,  it  is  not  clear  what  role  the  lift  force  plays  in  inertial 
aerosol  deposition.  For  small  values  of  I,  or  small  values  of  e,  the  lift  force 
points  away  from  the  wall.  The  Saffman  formula  would  indicate  that  the 
lift  force  points  toward  the  wall.  Thus,  the  actual  lift  force  may  introduce 
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lui  .1  giviM  value  of  ihe  diiiiuii^ioiiless  particle  relaxation 
'll. Ill  one  might  expect  on  the  b.Lsis.  of  the  .Salfniaii  formula. 
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EV.\LL  ATION  OF  EJECTION  DETECTION  SCHEMES  IN  TURBULENT  WALL  FLOWS 


Renard  G.  Tub«rgea  and  William  G.  Tiederman 
School  of  Mechanical  Engineering 
Purdue  University 
West  Lafayette,  IN  47007-1288 


Velocity  techniques  for  detecting  ejections  have  been  systematically  examined  by  separating 
the  detection  schemes  into  trigger  and  delimiter  algorithms.  A  new  technique  for  grouping 
ejections  based  on  a  period  of  quiesence  between  bursts  was  also  developed.  The 
combination  of  improved  ejection  detection  and  the  new  grouping  technique  have  reduced 
the  error  in  the  time  between  bursts  from  25%  to  10%.  There  is  a  similar  improvement  in 
the  uncertainty. 

1.  Introduction 

Coherent  structures  within  the  turbulent  boundary  layer  have  been  identified  using  many  difi^erent 
techniques.  Each  uses  one  particular  aspect  of  the  structure  for  detection.  This  approach  often  provides 
knowledge  about  the  detected  feature  without  providing  a  complete  picture  of  the  structure. 

The  most  complete  view  of  the  turbulent  boundary  layer  structure  was  generated  using  Spalart’s  (1S88) 
full  numerical  solutions  of  the  boundary  layer  equations.  Robinson  et  al.  (1980),  using  the  Re#  =  680 
boundary  layer  from  this  data  base,  identified  a  Reynold  Stress  Producing  Vortical  Structure  (RSPVS) 
containing  all  previous  observations  attributed  to  the  wall-layer  structure. 

The  most  straightforward  method  to  answer  questions  about  how  the  RSPVSs  are  conceived,  mature  and 
die  would  be  to  observe  a  large  number  of  samples  from  real  fiows.  However,  the  insitu  identification  of 
RSPVSs  is  a  problem  that  precludes  a  straightforward  approach.  Investigators  have  often  tried  to  identify  the 
wall-layer  structure  by  the  ejection  of  low-speed  fluid  away  from  the  wall.  Ejections  are  the  outward 
excursions  of  fluid  from  a  low-speed  region  near  the  wall  (Kline  et  al.,  1967).  Since  multiple  ejections  may 
occur  within  a  single  event  named  a  burst  (Offen  &  Kline,  1975,  Bogard  &  Tiederman,  1981),  ejections  were 
subsequently  grouped  into  bursts,  which  were  considered  to  be  the  event  of  interest.  These  ejection/burst 
events  were  identified  along  the  inboard  side  of  the  leg  and  below  the  neck  of  the  RSPVS. 

Techniques  that  have  been  used  to  identify  parts  of  what  was  believed  to  be  the  dominant  structure  are 
summarised  in  Table  1.  U  is  the  instantaneous  streamwise  velocity  and  u  is  the  fluctuation  about  the  mean. 
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Table  1  Companson  of  ejection  detection  techniques 


Milhemalicai  Oescnpcion  of  Ejection  Detection  Techniques 


I  Technique  Defining  Vahebie  Threshold  Equation  Ejeetton  Cnieha  References 


VITA 

— 

vk(x,,i.T)  =  u‘(x,,t,T)-{u(x,,t.T))' 

where; 

u(x,.i.T)=  Y  1  u(x,.s)ds 

var  >  ku'^ 

du  ,  n 

dl 

^l„<0 

dt 

u<0 

Blackwel<ler  &  Kaplan  (1976) 

Chen  &  Blackwelder  ( 1978) 

Bogard  t  Tiderman  (1986) 

Tubergen  (1991) 

Zone 

Z3=U 

■ 

Z,<0 

Zaric  (1975) 

Zaric  (1982) 

uv -Level 

uv(t)  <  -hu'v' 

u(t)<0 

md 

v(0>0 

U  A  WiUmtrth  (1973) 

Wallace  etal.(  1972) 

u-Level 

_ 

u(t)  <  -Lu' 

Lu  A  Willmarth  (1973) 

An  overbar  denotes  the  mean  value  while  a  prime  identifies  the  root  mean  square  of  the  fluctuation. 
Blackwelder  &  Kaplan  (1976)  identified  sharp  shear  layers  that  occur  at  the  interface  of  burst  events  (Bogard 
&  Tiederman,  1987).  These  sharp  shear  layers  were  located  at  the  interface  of  the  streamwise  vortex,  or  "leg", 
and  also  the  transverse  vortex  ,  or  "head"  of  the  RSPVS.  Wallace  et  al.  (1977)  used  a  characteristic  velocity 
pattern  that  was  postulated  to  result  from  the  Reynolds  stress  producing  structure.  Willmarth  &  Lu  (1973) 
and  Wallace  et  al.  (1972)  used  a  second  quadrant  (in  u-v  coordinates)  technique  to  identify  regions  of  the  flow 
having  low  streamwise  velocity  and  a  large  velocity,  v,  away  from  the  wall.  Zaric  (1975)  attempted  to  identify 
the  RSPVS  by  searching  out  the  regions  in  the  flow  where  the  streamwise  momentum  was  changing  rapidly.  In 
addition  to  these  techniques,  a  handful  of  new  schemes  created  by  using  the  older  techniques  as  building 
blocks  have  also  been  tested  (Aouad  &  Brodkey,  1990,  Mao-Zhang  ft  Bradshaw,  1988,  Falco  ft  Gendrich,  1988, 
Luchik  ft  Tiederman,  1987). 

With  each  technique  identifying  a  part  of  the  RSPVS,  there  is  a  need  to  determine  which  technique  can 
identify  the  RSPVS  most  efiectively.  The  question  of  single  point  technique  performance  has  been  considered 
by  Bogard  ft  Tiederman  (1986),  and  Luchik  ft  Tiederman  (1987).  However,  new  techniques  have  been 
published  since  the  last  critical  review.  One  purpose  of  this  study  is  to  develop  a  systematic  approach  to 
determine  which  Euierian,  single  point  technique  or  combination  of  techniques  performs  the  best. 

A  data  set  containing  simultaneous  flow  visualisation  and  two-component  velocity  records  from  the  two- 


B26-2 


dimensional  channel  Sow  of  Bogard  Sc  Tiederman  (1S8S)  waa  used  to  test  the  techniques.  The  flow 
visualization  tecnnique  based  on  florescent  dye  seeping  through  a  wall  slot  was  calibrated  using  a  hydrogen 
bubble  wire.  V  elocity  was  measured  with  a  miniature  x-wire  hot  film  probe  located  at  y*  of  15. 

2.  Evnluation  Procedure 

In  order  to  evaluate  and  to  understand  newer,  compound  techniques  that  use  multiple  algorithms  and 
multiple  thresholds,  it  waa  necessary  to  separate  the  components  of  each  compound  techniques  for  analysis.  All 
the  new  compound  techniques  use  one  characteristic  to  turn  on  the  detector  and  a  separate  characteristic  to 
turn  off  the  detector.  Therefore  it  was  natural  to  separate  the  components  into  a  trigger  or  "on"  function  and 
the  delimiter  or  "off"  function.  The  trigger  is  the  algorithm  used  to  find  an  extreme  value  having  a  very  high 
likelihood  of  being  part  of  a  detected  ejection.  The  delimiting  function,  searching  forward  and  backward  from 
the  trigger  detection,  determines  the  beginning  and  end  of  an  event.  Thus,  the  delimiter  yields  the  amount  of 
time  that  the  event  is  taking  place. 

The  trigger  functions  were  evaluated  using  two  variables,  P(At)  and  P(Vj),  defined  by 

P(At)  —  Nxv/Na  “kI  PO^t)  “  Nva/Nv  (1) 

corresponds  to  the  number  of  events  detected  with  the  algorithm,  Nv  corresponds  to  the  number  of  events 
detected  visually,  N^v  is  tlte  number  of  algorithm  detected  events  corresponding  to  some  portion  of  a  visually 
detected  events,  and  Nva  is  the  number  of  visually  detected  events  corresponding  to  some  part  of  an  event 
detected  with  the  algorithm.  Figure  1  contains  plots  which  demonstrate  typical  records  used  to  evaluate  the 

terms  in  Equation  1.  The  second  line  represents  the  events  detected  with  the  VITA  algorithm  applied  to  the 
uv  signal  with  threshold  k  =  0.4.  For  this  example  Nva  is  4,  Nv  is  S  and  P(Vt)  is  0.B7.  In  a  similar  fashion, 

=  and  Na=8  so  that  P(Ax)=0.875. 

Figure  2  shows  that  both  P(Ax)  and  P(Vx)  are  functions  of  the  threshold  level  which  is  used.  An  increasing 
threshold  results  in  more  accurate  detections.  An  increasing  threshold  also  results  in  fewer  detections  which 
decreases  the  number  of  visual  events  that  correspond  to  the  detections.  Therefore  the  increasing  threshold 
decreases  the  value  of  P(V7)  which  is  the  probability  of  a  visual  event  being  detected.  When  P(Ax)  is  plotted 
as  a  function  of  P(Vx)  the  accuracy  of  the  detector  is  seen  as  a  function  of  the  probability  of  a  visually 
Identified  ejection  being  detected  by  the  trigger.  This  allows  direct  comparison  of  different  triggers. 

The  trigger  function  is  required  to  have  a  total  "on"  time  that  is  leas  than  the  "on"  time  of  the  visual 
detection  file.  This  limit  allows  the  trigger  to  be  used  with  a  separate  delimiter.  Since  the  TPAV  algorithm 
did  not  satisfy  this  condition,  it  was  considered  to  be  a  complete  detection  algorithm  by  itself.  Thus  TPAV 
algorithms  are  considered  when  the  trigger  and  delimiter  are  evaluated  as  a  total  scheme. 

The  delimiter  functions  were  evaluated  xising  two  variables  similar  to  those  given  by  Equations  1.  These 
new  variables  reflect  the  amount  of  time  that  the  functions  are  correct.  The  second  two  variables  are: 
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Figure  1  Example  of  temporal  records  of 
visual  and  trigger  detections 


P(Vt) 

Figure  2  Cross-plot  evaluation  of  VTTAluv) 


P(Ad)-TavAa  Mid  P{VD)-TAv/rv  (2) 

Ta.  corresponds  to  the  on  time  of  the  algorithm  detected  events,  Ty  corresponds  to  the  on  time  of  the  visually 
detected  events,  and  Tav  corresponds  to  those  points  in  time  where  both  detectors  are  "on". 

Examples  of  the  signals  used  to  determine  the  quantities  used  in  Equations  2  are  demonstrated  in  Figure  3. 
The  second  line  is  from  a  file  where  VITA  applied  to  uv  is  the  trigger  and  u-level  b  the  delimiter 
(VITA(uv)-f-u-Level)  with  k=0.4  and  h=0.15,  respectively.  For  the  example,  the  vbual  detector  identifies  124 
units  of  time  as  active.  The  detection  algorithm  yielded  78  units  as  active,  of  which  70  units  were  also  detected 
by  the  visual  detector.  P(A{))  for  thb  example  b  70/78  =  0.92,  and  P(Vo)  b  70/124  =  0.58  These  two 
variables  are  also  functions  of  the  threshold.  As  the  delimiter  threshold  increases,  the  detector  becomes  more 
selective  which  results  in  less  but  more  accurate  detection  of  the  event.  P(A{))  b  the  conditional  probability  of 
the  detector  being  "on"  and  correct.  PCVq)  b  the  conditional  probability  that  the  point  within  a  vbually 
detected  ejection  was  identified  by  the  detector  as  an  ejection.  These  are  cross  plotted  so  that  different 
delimiters  can  be  compared  on  the  same  graph. 

By  optimising  these  four  variables,  a  combination  of  trigger  and  delimiter  can  be  found  that  has  not  only 
the  highest  percent  of  accurate  detections,  but  also  correctly  represents  the  beginning  and  end  of  the  event  in 
time.  With  thb  divbion,  the  effectiveness  of  the  total  algorithm  b  more  dependent  upon  the  trigger  function 
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Figure  4  Signal  Trigger  Techniques  Comparison 
Figure  3  Example  of  temporal  records  of  visual  and  of  Slope  Techniques  and  Sign  as  Second 

trigger  and  delimiter  algorithm  detections  Condition  with  VITA 


because  the  delimiter  can  not  detect  ejections  missed  by  the  trigger,  nor  can  it  reject  false  trigger  detections. 

The  number  of  velocity  components  in  the  algorithm  has  obvious  eonsequences.  More  than  one  velocity 
component  increases  the  experimental  difficulty;  but,  the  additional  data  should  yield  a  better  detector. 
Therefore  it  is  useful  to  determine  both  the  best  one-component  technique,  and  the  best  overall  technique. 

3.  Results 

A  random  number  generator  was  used  as  an  ejection  detector  to  provide  a  basis  for  comparison.  The 
effectiveness  of  any  technique  had  to  surpass  that  of  the  random  number  generator  in  order  to  be  considered. 
The  random  number  generator  yielded  a  value  of  31%  for  P(Ax)  for  all  values  of  P(Vt).  That  is,  it  was  31% 
percent  accurate  regardless  of  how  many  of  the  ejections  it  had  detected. 

The  VITA  technique  applied  to  the  u  signal  has  3  different  conditions  used  to  determine  whether  the 
detected  event  was  an  ejection  or  a  sweep  as  shown  in  Table  1.  Figure  4  shows  that  the  Tubergen(lOOl) 
technique  performs  best  so  this  is  the  technique  used  in  this  paper.  An  averaging  time  of  IS  wall  units  was 
chosen  for  the  VITA  technique  to  correspond  to  Alfredsson  &  Johansson  (1984)  and  Johansson  &  Alfredsson 
(1982).  This  was  within  a  range  in  which  the  detector  showed  minimal  change  about  some  optimum  point. 

3.1.  Trigger  and  Delimiter  Analysis 

The  VITA  and  the  Level  techniques  operate  on  either  the  u  or  uv  product  signal,  while  Zaric’s  technique 
functions  only  on  the  u  signal.  Figure  5  shows  the  accuracy  of  these  techniques  used  as  a  trigger.  The  VITA 
detector  operating  on  the  uv  product  is  slightly  more  accurate  than  the  uv-Level  and  Zaric  detectors. 
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Figure  5  Comparison  among  trigger  techniques  Figure  6  Comparison  among  delimiting  techniques 


Figure  8  shows  the  performance  of  the  techniques  used  as  delimiters.  The  Level  detector  schemes  are  the 
most  accurate  with  the  only  distinction  between  them  being  the  limited  interval  over  which  the  uv-Level 
works.  This  limitation  is  due-  to  the  highly  intermittent  fluctuations  in  v  causing  the  uv  event  to  shift  into 
quadrant  III  which  terminates  the  detection.  It  is  also  interesting  to  note  that  the  Zaric  technique,  which  does 
well  as  a  trigger,  is  the  poorest  performer  as  a  delimiter. 

3.2.  Analysis  of  Compound  Techniques 

Luchik  &  Tiederman  (1977)  compared  sche  nss  at  thrcsliolda  where  the  schemes  were  detecting  the  same 
number  of  ejections  as  detected  visually.  For  a  more  rigorous  comparison,  the  intent  of  this  study  was  to 
match  as  closely  as  possible  both  the  number  of  detections  (IM)  and  the  percentage  (approximately  31%)  of 
active  time  between  the  detection  scheme  and  the  visual  detections. 

It  is  not  clear  whether  a  comparison  based  on  the  number  of  detections  or  time  of  detections  is  more 
appropriate.  A  perfect  detector  would  match  both  the  number  and  time.  Of  the  existing  techniques,  only  the 
modified  u-Levei  (Luchik  &  Tiederman,  1987)  could  match  both  the  time  and  number  of  detections.  The 
remaining  techniques  were  evaluated  at  two  separate  sets  of  thresholds  which  both  appear  in  Table  2.  One  set 
was  used  to  match  the  number  of  detections,  while  the  second  was  used  to  match  the  active  time  of  the  flow. 
Additional  information  about  the  detector  is  gained  by  examining  both  sets  of  thresholds. 

The  most  recent  (Mao-Zhang  &  Bradshaw,  1988)  improvement  to  detection  schemes  is  an  application  of 
the  VITA  technique  to  the  uv  signal  with  an  additional  requirement  on  the  uv  level.  In  this  study,  these 
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Table  2 


Eviluanon  of  ejection  detection  schemes 

Evaluauon  of  Ejecaon  Detection  Schemes _ 

retnmqae  Threshold  Detections  P(At)  P(^T)  Time  P(Ad)  PIVq, 

Tngger  Deltmitef _ 


Schemes  Tested  by  Luchik  &  Tiedennani  1987  ) 


UV  i  > 

1,21 

1.21 

163 

0.646 

0.859 

! 

\TTA  wilh  Slope 

0,40 

0.40 

166 

0.579 

0.613 

u-Le^el 

1.28 

1.28 

163 

0.634 

0.773 

mu-Level 

1.00 

0.25 

166 

0.756 

0.747 

Schemes  Recently  Proposed  | 

TPAWu-Lcvel 

Brodkey  thresholds 

1.500 

0.400 

111 

0.390 

0.658 

11.8 

0.249 

0.662 

Most  Detecaons 

1.500 

0.100 

126 

0.433 

0.611 

14.8 

0.285 

0,605 

VITA(uv)+uv-Level 

Match  Oetecuons 

1.900 

0.000 

166 

0.362 

0.869 

12.0 

0.263 

0.696 

Match  Acuve  Time 

0.400 

0.000 

581 

0.773 

0.723 

31.5 

0.545 

0,547 

tEra 

Match  Detections 

0.625 

0.625 

161 

0.%3 

0.665 

72.7 

0.853 

0.372 

Match  Detecuons 

1.650 

1.650 

165 

0.540 

0.776 

7.4 

0.177 

0.760 

Match  Active  Time 

0.900 

0.900 

298 

0.847 

0.667 

30.4 

0.534 

0.557 

mu-Level 

Both  Matched 

1.000 

0.200 

165 

0.779 

0.645 

31.2 

0.644 

0.654 

New  Schemes  Developed  as  a  Result  of  This  Study.  Both  Detections  and  Time  Matched  | 

vrTA(uv)+u-Level 

0.400 

0.150 

167 

0.773 

0.755 

29.3 

0.626 

0.678 

ModihedZaric 

1.050 

0.150 

165 

0.791 

0.739 

30.8 

0.642 

0.660 

concepts  were  used  in  a  VITA{uv)+uY-Level  method  where  the  trigger  was  based  on  the  uv  product.  The  sign 
of  the  u-signai,  as  suggested  by  Figure  4  was  used  to  separate  ejections  from  sweeps  and  the  delimiter  was 
based  on  uv-Levei.  These  changes  add  up  to  significant  increases  in  the  effectiveness  of  the  scheme  as  shown  in 
Table  2.  The  technique  cannot  simultaneously  match  the  number  of  bursts  and  the  active  time  so  two 
different  sets  of  thresholds  were  used.  The  first  set  matched  the  number  of  ejections,  and  the  second  matched 
the  active  time  of  the  flow.  The  scheme  cannot  match  both  criteria  because  the  rapid  fluctuation  in  the  v 
signal  turns  off  the  detector.  The  scheme  detects  the  ejections  at  their  beginning  and  end,  but  is  dropping  out 
somewhere  in  the  middle,  possibly  multiple  times.  This  is  because  the  uv-level  is  not  the  best  delimiter.  When 
detecting  the  correct  number  of  ejections,  the  system  is  very  accurate  but  it  detects  portions  of  only  30%  of 
the  ejections.  When  the  time  is  matched,  however,  approximately  600  detections  are  made,  giving  an 
indication  of  the  extent  of  dropout. 

The  TERA  technique  of  Falco  &  Gendrich  (IMS)  was  examined  as  a  function  of  its  one  threshold. 
Thresholds  in  the  range  suggested  (ki<0.4)  by  Falco  &  Gendrich  (1088)  were  found  to  be  too  low.  At 
ki  =0.625,  the  number  of  detections  was  matched.  Thb  threshold  had  smoothed  together  much  of  the  flow 
identifying  70%  of  it  as  active.  To  get  a  reasonable  active  time,  the  threshold  was  increased  which  caused 
dropout  to  appear.  The  system  identified  300  ejections  when  matching  the  correct  active  time. 
Approximately  100  of  these  were  the  second  detection  of  an  event.  At  even  higher  thresholds  the  system  again 
match  the  correct  number  of  detections  by  eliminating  some  of  the  second  detections  and  incorrect  detections. 
This  reduced  the  "on  time"  to  7.4%.  This  is  less  than  the  "on  time"  for  the  VITA(uv)+uv-Level  technique 
showing  an  even  greater  problem  with  dropout.  This  performance  is  consistent  with  the  techniques  poor 
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performance  as  a  delimiter. 


The  modified  u-ievel  thresholds  used  by  Luchik  Sc  Tiederman  (1087)  were  very  close  to  the  optimum  found 
by  this  study  when  the  active  time  was  also  considered.  Using  the  time  constraint,  the  delimiter  threshold  was 
lowered  to  20%.  This  yielded  a  closer  match  to  the  active  visual  time.  Note  that  in  this  study,  the  delimiter 
is  applied  both  forward  and  backward  in  time.  With  this  new  delimiter,  more  detected  events  were  grouped 
increasing  P(Vx),  and  lowering  P(Ax).  The  trigger  threshold  was  not  changed. 

The  mu-level  technique  has  remained  the  most  accurate  single  component  technique  of  those  that  had  been 
tested  before.  This  is  due  in  part  to  the  excellent  performance  of  the  delimiter.  Based  on  matching  the 
number  and  active  time  of  the  visual  detector,  the  mu-level  outperformed  all  other,  1-  or  2-component, 
techniques  which  existed  prior  to  this  study. 

3.3.  New  Schemes 

A  new  technique  which  combines  the  best  trigger  and  delimiter  should  perform  better  than  previous 
techniques.  VTTA  on  uv  should  be  the  trigger  and  u-Level  the  delimiter.  This  combination  yields  a  slight  (3%) 
improvement  in  the  accuracy  of  the  detector,  P(Ax),  but  a  15%  improvement  in  P(Vi))  and  a  25%  increase  in 
P(Ad]  compared  to  Mao-Zhang  &  Bradshaw  (1088).  As  expected  the  majority  of  the  gains  are  made  in  the 
detection  of  active  time  due  to  the  change  in  delimiter. 

As  suggested  by  the  figures  the  best  single  component  ejection  detector  is  a  combination  of  the  trigger  of 

Zaric  with  a  u-level  delimiter.  This  simple  modification  of  the  Zaric  technique  was  termed  the  Modified-Zaric 
technique.  This  technique  performs  approximately  as  well  as  the  VTTA(uT)-f-u-Leyel,  while  not  having  the 
experimental  complexity  of  us'mg  two-component  velocity  data. 

4.  Bursts 

Grouping  ejections  into  bursts  yielded  a  region  of  thresholds  where  the  average  time  between  burst  is 
independent  of  the  threshold.  As  the  optimum  thresholds  for  each  detector  has  been  set  using  only  one  flow,  it 
is  important  that  this  region  of  threshold  independence  exist  so  that  the  techniques  may  be  applied 
successfully  to  other  flows.  This  region  of  threshold  independence  may  imply  that  the  grouped  events 
correspond  to  the  RSPVS. 

The  grouping  of  ejections  has  been  done  by  using  a  grouping  time  (r^)  which  assumes  all  ejections 
separated  by  less  than  are  from  the  same  burst  and  those  with  greater  spacing  are  from  different  bursts. 
Ideally,  a  histogram  of  the  time  between  ejections  would  have  two  separate  distributions;  one  for  ejections 
from  the  same  burst  and  one  for  ejections  from  different  bursts.  In  reality,  the  two  distributions  have  some 
overlap.  Even  though  the  concept  of  a  single  grouping  time  has  some  inherent  error,  a  single  grouping  time 
can  be  used  to  determine  a  region  of  threshold  independence  for  the  detection  techniques.  For  overlapping 
distributions,  a  grouping  time  is  determined  using  the  histogram  of  the  time  between  ejections  plotted  on  a 
semi-log  scale.  The  distribution  of  times  between  ejections  within  the  same  burst  and  the  time  between 
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ejections  in  different  bursts  should  both  decrease  exponentially,  yielding  two  linear  sections  with  a  region  in 
between  where  the  distributions  overlap.  A  grouping  time  is  then  chosen  between  r,  and  fj  which  indicate  the 
extent  of  the  overlap  region.  White  (1989)  used  an  average  of  Tj  and  Tj.  The  uncertainty  in  was  half  of  the 
width  between  'j  to  Tj.  The  propagation  of  this  uncertainty  was  the  major  contributor  to  the  uncertainty  in 
the  normalized  time  between  burst  events  TJ. 

This  technique  of  grouping  shows  the  VITA(uv)-ru-Level  (Figure  7)  technique  has  a  region  independent  of 
both  the  trigger  and  the  delimiter  threshold  (0.4  <  k  <  0.8,  0.1  <  hp  <  0.2).  The  Zaric+u-Level  technique 
does  not  exhibit  a  threshold  independent  region. 

In  an  attempt  to  reduce  the  uncertainty  and  to  improve  the  estimate  of  T^.  velocity  signals  were 
investigated  to  see  if  they  could  be  used  to  determine  the  division  between  ejections  in  the  same  and  different 
bursts.  It  was  hypothesised  that  between  ejections  from  different  bursts,  there  should  exist  some  time  in  which 
the  flow  is  in  an  quiescent  phase.  This  would  not  be  true  of  the  period  of  time  between  ejections  from  the 
same  bursts.  An  additional  detector  is  needed  that  would  detect  quiet  time  instead  of  active  time. 

The  VITA  detector  was  chosen  to  detect  quiet  time  because  minima  in  the  VITA  signal  correspond  to  quiet 
time.  This  appears  to  be  the  only  detector  which  would  detect  quiet  time  effectively.  The  other  techniques 
detect  extrema  associated  with  ejections,  while  the  opposite  extrema  is  associated  with  sweeps.  Some  average 
level  occurs  during  quiet  times. 

Using  the  VITA  signal  to  determine  quiescent  period  of  flow  requires  an  additional  threshold  which  was  set 
by  using  the  same  probability  graph  used  for  the  technique.  Since  corresponds  to  the  smallest  separation 
time  between  two  ejections  from  different  bursts,  the  VITA(uv)  threshold  was  set  so  that  all  ejections  with 
spacings  below  r,  were  grouped.  This  threshold  level  varied  but  was  typically  in  the  range  of  0.01  <  k  <  0.10. 

Since  only  approximately  75  bursts  exist  in  Bogard’s  data  flle,  the  semi-log  plots  of  rg  are  not  as  smooth  as 
those  from  larger  data  sets.  This  leads  to  uncertainty  in  the  value  for  rj.  This  was  overcome  by  choosing  two 
points  which  were  the  upper  and  lower  limits  for  r^.  The  lower  bound  was  chosen  by  being  hyper-sensitive  in 
determining  the  first  deviation  from  the  first  linear  portion  of  the  graph.  The  upper  bound  was  established  by 
requiring  an  obvious  deviation.  These  values  were  also  used  to  determine  the  uncertainty  in  T$. 

In  evaluating  the  data  and  the  technique,  both  values  were  to  determine  the  threshold  for  the  VITA(uv) 
grouping.  The  lower  value  of  rj  yielded  a  lower  threshold  and  grouped  fewer  events  causing  a  value  for  Tg 
which  was  too  low  compared  to  the  visual  result.  The  second  value  of  had  the  opposite  effect  causing  T|  to 
be  too  high.  Both  choices  had  a  threshold  independent  region  for  T|  as  shown  in  Figure  8. 

To  determine  the  value  of  the  bursting  period  for  a  set  of  thresholds,  the  average  of  the  upper  and  lower 
bound  of  rj  was  used  to  yield  T|  =s  186.  This  value  is  within  5%  of  the  value  obtained  by  Bogard  using 
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Figure  8 

Dependence  of  bursting  period  for  the 
VITA(uv)+u- Level  scheme  on  both  thresholds 


Dependence  of  bursting  period  for  the 
VITAluvi+u-Level  scheme  on  both  thresholds 
grouped  with  the  VITAluv)  grouping  technique. 


hydrogen  bubble  Sow  visualization.  The  uncertainty  in  T|  was  reduced.  The  previous  technique  had  an 
uncertainty  of  about  25%.  The  VITA(uv)  grouping  technique  has  about  15%  uncertainty.  Table  3  indicates 
the  improvements  which  have  been  made. 


Table  3  Comparison  of  bunt  detection  techniques 


Comparison  of  Eulerian  Techniques  to  Lagrangian  Techniques 

Technique 

Time.  Tb 

Uncertainty 

Lagrangian  Techniques  I 

Hydrogen  Bubbles 

168 

C^e-Plane  Lighting 

172 

Dye-Full  Lighting 

168 

Eulerian  Techniques 

uv  1 2  with  Tp«up  grouping 

212 

25 

mu-Level  with  tgioup  grouping 

225 

25 

VITA(uv)+u-Level  with  VITAluv)  grouping 

186 

15 

VITA(u)  was  investigated  to  see  if  it  would  perform  better  as  a  grouping  function  on  the  single  component 
techniques;  however,  VITA(u)  yielded  the  wrong  answer  for  T£  for  both  mu-Level  and  Zaric+u-Level 
techniques.  Once  it  was  determined  that  it  could  not  produce  the  correct  answer  the  investigation  was 
discontinued.  Since  the  other  velocity  characteristics  identify  ejections  as  one  extrema  and  sweeps  as  the  other 
extrema,  no  other  systems  were  investigated  for  use  as  a  grouping  parameter. 
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S.  Conelutiona  And  Recommendations 


The  study  suggests  the  use  of  either  a  new  single-component  technique  or  a  new  two-component  technique. 
L'sing  a  single  component  of  velocity,  the  Modified  Zaric  technique  demonstrated  better  ejection  detection  but 
did  not  exhibit  a  region  of  threshold  independence  for  ejections  grouped  into  bursts.  The  best  single¬ 
component  ejection  detector  with  threshold  independence  for  bursts  is  the  modified  u-Level  technique.  The 
new  two-component  system,  VITA(uv)-t'U-Level,  was  the  best  overall  ejection  detector  and  also  had  a  region  of 
threshold  independence  for  the  bursting  period. 

A  new  technique  requiring  a  period  of  quiescent  flow  between  two  ejections  from  different  bursts  was  used 
to  group  ejections  into  bursts.  VITA(uv)  was  used  to  determine  that  the  flow  was  quiescent.  The 
VlTA(uv)-t-u-Level  technique  with  the  VlTA(uv)  grouping  yielded  a  more  accurate  time  for  the  bursting 
period.  The  uncertainty  in  the  value  of  TJ  was  reduced  to  15%. 

With  a  single  probe,  there  is  no  information  about  which  part  of  the  event  is  being  detected.  Therefore, 
the  most  logical  next  step  is  to  use  multiple  probe  techniques.  Since  each  ejection  detector  looks  for  a  different 
characteristic  and  therefore  a  different  part  of  the  vortical  structure,  the  use  of  multiple  probes  would  lead  to 
the  ability  to  determine  phase  relationship  between  the  different  parts  of  the  RSPVS.  This  type  of  phase 
relation  would  make  it  possible  to  more  accurately  detect  turbulent  structures  in  the  flow. 
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Abstract 

The  behaviour  of  both  hot-film  and  electrochemical  sensor  is 
similarly  described  by  the  thermal  or  mass  balance  and  the  transfer 
equation  at  the  wall.  In  a  homogeneous  field  or  for  point  transducers, 
the  wall  shear  can  be  consistently  deduced  from  the  transfer  since  the 
number  of  signals  and  unknowns  coincide.  Unfortunately,  owing  to  the 
finite  size  of  the  sensor,  if  one  can  no  longer  consider  the  wall  shear 
as  independent  of  space,  new  unknowns  aopear  and  the  measurement  method 
becomes  inconsistent. 

The  influence  of  four  parameters  which  characterize  the  non-unifor¬ 
mity  of  the  velocity  field  is  studied  for  low  and  high  values  of  these 
variables.  The  results  indicate  that  the  evolution  of  the  wall-shear 
field  over  the  transducer  introduces  an  uncertainty  on  the  measurement 
position  which  is  smaller  than  half  the  sensor  length.  For  highly 
inhomogeneous  fields,  such  as  the  vicinity  of  a  stagnation  or  a  sepa¬ 
ration  line,  some  transducers  also  give  reliable  values  uo  to  distances 
of  half  an  electrode  length. 
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symbol s 

total  area  of  the  transducer 

area  of  the  part  j  of  the  transducer 

concentration  (or  temperature) 

bulk  concentration 

diffusion  coefficient 

transfer  coefficient  of  the  electrode 

transfer  coefficient  of  the  part  j  of  the  electrode 

components  of  the  wall  shear 

components  of  the  wall  shear  at  the  center  of  the  electrode 

relative  velocity  gradient 

velocity 

components  of  the  velocity 

electrode  length 

time 

width  of  the  electrode 
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X 


direction  of  the  flow 
y  direction  normal  to  the  wall 

z  soanwise  direction 

:K  difference  between  the  transfer  coefficients 

1  similarity  variable 

^  similarity  function 


1.  Introduction 

The  behaviour  of  both  the  hot-film  and  the  electrochemical  sensor  is  similarly  described  by 
the  mass  or  thermal  balance  and  the  transfer  equation  at  the  wall: 

+  7.gfad  C  =  D  (D 

3y 

C  is  the  concentration  or  the  temperature.  C  is  zero  on  the  electrode  and  in  the  bulk  of  the 
solution.  V  is  the  velocity,  0  the  diffusion  coefficient,  t  the  time,  A^.  the  area  of  the  part  j 
of  the  transducer  and  A  its  total  area.  The  transfer  coefficient  Kj  is  the  signal  delivered  on 
the  part  j  of  the  transducer  and  y  the  distance  perpendicular  to  the  wall. 

In  the  inverse  transfer  problem,  the  velocity  field  is  a  oriori  deoendent  on  a  lot  of 
parameters.  One  way  of  making  them  appear  consists  in  developping  it  in  a  Taylor  series.  The 
origin  of  the  development  is  taken  at  the  center  of  the  transducer  (index  o).  One  takes  into 
account  the  continuity  equation  and  the  no-slip  condition  at  the  wall.  The  first  order  development 
expresses  the  field  versus  the  components  of  the  wall  velocity  gradients  and 


V^(x.y.2.t)  -  y  S^^(t) 

Vy(x,y,z,t)  •  0  with 

V^(x.y.z.t)  «  y  S^jj(t) 


{— ) 

m 


(3) 


Then,  the  velocity  field  is  characterized  by  two  time-dependent  parameters  (only  one  in  twe-dimen- 
sional  flow).  The  number  of  signals  Kj(t)  received  on  a  double  electrode  (simple  in  two-dimensional 
flow)  very  exactly  corresponds  to  the  number  of  flow  parameters.  As  far  as  the  transducer  is  point 
or  the  first  order  development  sufficient,  no  hypothesis  about  the  characteristics  of  the  flow  is 
necessary  and  the  measurement  method  is  consistent. 

Unfortunately,  owing  to  the  finite  size  of  the  transducer,  if  one  can  no  longer  consider  S(t) 
as  independent  of  space,  the  method  becomes  inconsistent.  For  example,  if  we  develop  the  wall  shear 
field  at  the  second  order: 
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we  make  appear  four  extra  unknowns.  Two  of  them  induce,  by  continuity  eouation,  a  significant 
velocity  norma’  to  the  wall  (eqs.  4).  The  only  interest  of  these  new  oaraneters  in  the  measurement 
technique,  will  be  an  estimation  of  its  limits.  For  this  purpose,  we  shall  successively  examine 
the  influence  of  every  new  unknown  parameter. 

2.  Streamwise  evolution  of  the  streamwise  wall  shear  field. 


Fig.  1  Streamwise  evolution  of  the  streamwise  wall  shear  component. 


The  x  axis  is  chosen  in  the  flow  direction.  The  evolution  of  the  wall  shear  S  over  each 
point  of  the  transducer  exoresses  by; 


S  -  So  * 


(5) 


S  is  the  wall  shear  value  at  the  center  of  the  electrode  and  3S  /ax  is  a  constant.  In  the  quasi- 
0  0 

steady  state  the  mass  balance  (1)  is  then  described  by: 


s  y 


3C  _  ^  ^  3C 
dx  3x  2  ay 


3^C 

I? 


(6) 


The  following  transformation  (Py  1973)  in  which  I  is  the  total  transducer  length: 


(7) 


renders  dimensionless  the  mass  balance  and  the  transfer  equation 

sL  as*/3x^  ISl .  sV 

a*'  s;  ‘  »y'  ^ 


S+1/3 

xo 


/: 


3C* 

-1/2  3y* 


y  "0 


dx 


C8) 

(9) 
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By  introducing  the  relative  gradient  S*  =  ^*^^0  as  S*  «  1  at  the  center  of  the  transducer  and 
-S^/’X*  reoresents  the  variation  of  the  relative  wall  shear  over  the  electrode  (fig.  1),  the  mass 
balance  (81  becomes  : 

s*  /  iil .  fit  1^1  -  ifC  (10) 

■'r  ♦  2  ♦  +2 

3x  3x  3y  3y 

Equations  (91  and  (10)  can  be  solved  by  introducing  the  similarity  variable  -  (LfivSque  1928)  : 


It  results  that  : 


3C  ,  dC  ♦  ,  1  , 


3C*  .  dC*  1 


9^C*  ,  _i_ 

3y*^  dn^  1(1^ 

When  replacing  these  values  in  the  mass  balance  equation  (10),  one  gets  : 
.  ♦  9  .1 3  -  .2.+ 


If  the  similarity  variable  is  chosen  such  as  ; 

3x 

the  solution  of  the  mass  balance  (12)  is  : 


..  !•: 


'■  0.8930 

Supposing  that  does  not  annulate  on  the  electrode  (no  stagnation  ooint  on  the  electrode),  the 
variables  *  and  x  can  be  separated  in  eq.  (13)  : 

Ui^dHi  ^  dx* 

,3  .3S^ 

3 _ LJL.  1  ♦  X*— 

3x  3x 

The  integration  of  this  equation,  taking  into  account  the  condition  x^  =  -  1/2  ^^(x  )  =  0  on  the 
leading  edge  of  the  transducer,  allows  the  determination  of  the  f  function  : 


3# 

r(x  ) 


*  2  + 
^  3x 


3x  -3/2 
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It  results  that  the  space  average  which  appears  in  the  transfer  equation  (9),  is  only  a  function 


of  3S*/5x*  : 
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fig.  2  space-averaged  concentration  gradient  versus  3S*/3x*. 


This  Space  average  was  tabulated  and  related  on  fig.  2  for  the  values  of  3S^/?x'*’  to  which  it 
applies  (  '2  <  5S*/3x'*'  <  +2  ).  The  result  is  remarkable.  The  space-averaged  concentration  gradient 
is  nearly  independent  of  3S*/5x''’  and  close  to  the  value  0.807  (Dimopoulos  and  Hanratty  1966)  for 
uniform  flow.  The  variation  is  only  4.55  when  3S*/3x*  »  -  2,  thet  is  to  say  when  a  stagnation  or 
a  separation  line  is  located  on  the  leading  or  trailing  edge  of  the  transducer.  Even  in  these 
border-line  cases  the  sensor  indicates  the  value  of  the  wall  shear  which  orevails  at  the  center 
of  the  transducer, 
differential  electrodes. 

As  the  single  electrode  is  Insensitive  to  the  evolution  of  the  wall  shear  (  eg.  5  ),  the 
velocity  gradient  at  the  center  of  the  electrode  is  such  as  (  eg.  9  )  : 


K  t 
V 


0,807  ( 


1/3 


(16) 


The  upstream  electrode  constitutes  an  independent  electrode  so  that  we  also  have  from  egs.  (51 
and  (16)  : 


From  the  difference  between  (16)  and  (17),  one  calculates  the  transfer  coefficient  K,  on  the 
downstream  oart  of  the  electrode  : 
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From  (17)  and  (18)  we  deduce  : 

,2 


(K,  -  K,)  «  S 

— - - -  •  0,807  (-2, 


^1,260{1-  f  j 


(18) 


(19) 


Then  the  differential  electrode  is  sensitive  to  the  streanwise  evolution  of  the  wall  shear. 
Numerical  study  of  eq.  (19)  shows  that  the  transducer  indicates  the  value  of  the  wall  shear  which 
prevails  on  its  leading  edge  for  large  values  of  3S*/3x*  *  (3S^/3x)(l/S^) .  For  smaller  values,  the 
first  order  development  of  (19)  leads  to  : 


AK*  -  0,807  0.260  (1  -  0,4038  ^-4") 

dX  5  _  0 

0 


(20) 


such  as  the  measured  wall  shear  is  the  wall  shear  which  prevails  on  a  ooint  located  on  the  upstream 
part  0  -he  electrode.  Although  the  relative  error  can  be  important  for  large  values  of  ?S*/5x*, 
the  soatlal  resolution  is  always  equal  or  better  than  half  the  electrode  length  for  both  the  simole 
and  differential  sensors. 

3.  Spanwise  evolution  of  the  streamwise  wall  shear  component. 


e 


Fig.  3  a  and  b,  Spanwise  evolution  of  the  streanwise  wall  shear  comoonent. 


The  wall  shear  field  expresses  by  : 

as 


S  »  S  *  z 
X  xo 


xo 


at—  (21) 

and  is  related  on  fig.  3  a  and  b.  For  a  given  value  of  z,  the  transfer  coefficient  is  (eo.  16) 
0,807 


.  0-807  i-!2 - _*2 - Li. 


-g  - Ij- 

The  first  order  development  leads  to  : 
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.  0.807  ♦  I  ^ 


If  w  is  the  width  of  the  transducer,  the  space-averaged  coefficient  exoresses  by  ; 

.2 


K  t 


0,807  ( 


xo 


which  reduces  to  ; 


K*  •  0,807 


[22) 


In  the  configuration  described  on  fig.  3  a,  the  sensor  is  insensitive  to  a  spanwise  evolution  of  the 
wall  shear.  This  result  also  applies  to  the  differential  electrodes  except  in  the  configuration  of 
fig.  3  b.  Then  the  response  of  the  element  1  is  : 


2K,  t 


3S 


XO  ,1/3 


0.807  S 


♦  1/3 


xo 


,,  W  ^^XO  1  V 

*  ll~“r  > 
^xo 


The  response  of  element  2  is  : 

^  .  0.807  1  -  ^ 

^xo 

The  differnce  expresses  then  as  : 

(K.  -  K,)  t 


1  -  ^  „  om  c*  1/3 1_ a  _L. 

- - -  -  OK  -  0,807  ^  ^ 


xo 


AK*  -  K 


+  1  W  ®^XO  1 


(23) 


Then  an  interference  is  introduced  in  the  response  of  the  split  electrodes.  Their  advantage  is  the 
possession,  in  the  configuration  on  fig.  3  b,  of  a  very  low  aspect  ratio  *i/t  which  minimizes  the 
influence  of  this  signal. 


4.  Streamwise  evolution  of  the  spanwise  wall  shear  component. 

The  evolution  of  the  spanwise  wall  shear  related  on  fig.  4,  is  expressed  by  : 
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Fig.  4 


Streamwise  evolution  of  the  spanwise  wall  shear  component. 


In  the  quasi-steady  state  hypothesis,  the  mass  balance  (1)  expresses  by  : 

y  S  y  S  ^  +  y  X  0  ^ 

^  xo  a*  J  ^zo  32  ^  *  a.  TV  V 


V 


or,  introducing  the  transformation  (7)  and  choosing  the  mean  flow  in  the  x  direction  : 

.+ 


,*  .  ,*,*  lisa  ^  JeI  • 

'  3,*  '  3,*  ^ 


(24) 


For  orientated  electrodes  in  the  flow  direction  or  normal  to  the  flow  (fig.  4),  =  0  exceot 
at  their  extremities.  On  the  other  hand  (3$^^  /5x^)(1/S^q)  ’s  a  small  term  of  the  first  order.  It 
results  that  the  product  of  these  terms  is  negligible.  aS^^j/Sx  does  not  intervene  in  the  signal. 

5.  Spanwise  evolution  of  the  spanwise  wall  shear  component. 


1  1 

1  1 

1 

1 

Sno  a 

p'ig.  5  a  and  b,  Soanwise  evolution  of  the  spanwise  wall  shear  component. 

For  a  flow  in  the  x  direction,  the  wall  shear  field  related  on  fig.  5  is  described  by  : 

For  the  same  reasons  as  in  the  above  paragraph,  the  effect  of  this  term  would  he  negligible  if  the 
continuity  equation  did  not  impose  a  velocity  comoonent  normal  to  the  wall  whose  value  is  (eq.  4) 


Vy  -  Y  y‘ 


with 


^  2  32 


In  the  quasi-steady  state  hypothesis,  the  mass  balance  (1)  expresses  as  : 


xo  3x  ^  ^  iy  737 
ay 


(25) 
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(26) 


and  can  be  written  in  a  dimensionless  form  by  eqs.  (7)  and  (26) 


*  iC 


1  3^0 


*  v*2  3C^  , 


■  c ' 


sy"  3y* 


(27) 


Introducing  as  in  paragraph  2,  the  similarity  variable  n  =  y*/'i'(x''’) ,  the  mass  balance  (27) 
reduces  to  : 

+  3  fl-t 

dn  '>  *  7;r  (28) 


-  s'  ^ 


By  putting  : 

4/^4,'  .  1(1^  .  3 

'xo 


(29) 


one  finds  again  eq.  (U)  as  the  solution  of  the  mass  balance  (28).  However,  the  similarity 
function  ?  is  no  longer  the  same.  It  is  now  defined  by  (29)  and,  with  the  initial  condition 
x'*’  =  0  ^  *(0)  =  0,  integrates  on  the  form  ; 


t  y'^'^^xo 


1/3 


(30) 


As  previously,  the  concentration  gradient  at  the  wall  expresses  by  : 

ifr)/.,  ■  ■  5:1135 


(31) 


Expanding  the  exponential,  in  (30)  to  the  second  order  allows  to  calculate  the  first  order 
development  of  the  space-averaged  concentration  gradient  : 


Aic 

/O  3y 


- 1  -3f- ) 


(32) 


xo 


(33) 


and  then  the  transfer  coefficient  (9)  ; 

K*  -  0,807  (1  ♦  JL) 

5  3  +  ♦  xo 

xo 

The  sensor  is  sensitive  to  that  non-uniformity  of  the  wall  shear  field. 

Differential  electrodes. 

As  in  paragraph  2,  the  upstream  part  of  the  electrode  (fig.  5  a)  behaves  as  a  single 
electrode  with  a  1/2  length.  Then  ; 


P.  0,807  (1  -  f  s-^)  (-2^ 
xo 


(34) 


K2  »  K  -  is  calculated  by  the  difference  between  (33)  and  (34).  A  first  order  expansion  of 
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(35) 


iK'*’  =  (K^  -  KjU/D  leads  to  : 

AK*  «  0.807  S*y^  0,260  (I  -  0.284  ^  ) 

32  S 

xo 

The  signals  sura  (K  )  and  difference  (iK*)  do  not  oossess  the  same  sensitivity  to 
A  linear  combination  of  the  two  signals  can  be  performed  which  is  insensitive  to  this  term.  This  is 
oarticularly  important  in  turbulence  measurements  at  the  wall  because  the  soanwise  length  scales  are 
very  smal 1 . 

The  case  of  the  electrode  oriented  as  in  fig.  5  6  is  imoortant.  Generally  it  occurs  in 
turbulence  or  when  the  electrode  is  over  a  three-dimensional  separation  line  where  the  wall  shear 
does  not  annulate.  The  enlargement  or  the  reduction  of  the  transfer  which  results  from  the  velocity 
component  perpendicular  to  the  wall  and  induced  By  3S^^/3z,  is  the  same  over  the  two  oarts  of  the 
electrode.  By  difference,  the  errors  annulate  and  is  indeoendant  of  A  more  detailed 

demonstration  was  published  (Tournier  and  Py  1973). 


6.  Conclusion. 


Fig.  6  Influence  of  the  elementary  non -uniformity  on  the  transfer  coefficient. 


Fig.  6  summarizes  the  influence,  on  the  transfer  coefficients,  of  the  non -uniformity  of  the 
wall  shear  field.  Sixteen  cases  were  studied  following  the  arrangement  of  the  transducer  with 
respect  to  the  streamlines  and  the  measured  greatness  K  or  aK.  Exceot  in  the  case  n°  14,  where 
a  signal  independent  of  the  measured  greatness  appears,  the  other  coefficients  characterize  the 
relative  error  on  K  or  aK. 

It  must  not  be  forgotten  that  the  introduction  of  these  coefficients  in  transfer  formulae 
does  not  allow  an  improvement  of  the  resolution.  For  the  fluid  mechanicist  these  equations  possess 
then  two  unknown  variables.  The  introduction  of  an  hypothesis  (never  invalidated)  for  solving  the 
system  deprives  of  value  any  experimental  study.  At  the  best,  one  car  estimate  the  errors,  soeak 
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of  uncertainty  on  the  experimental  results,  and,  especially,  out  oneself  in  the  case  where  tnev  are 
low,  even  if  tnis  can  seem  constraining. 
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ABSTRACT 


An  estimate  of  the  low  wavenumber  component  of  surface  turbulence  shear  stress  has  been  obtained 
through  measurements  of  the  correlations  of  the  lon^tudinal  component  of  turbulent  velocity  made  close 
to  the  surface  at  y*=7.  The  data  were  acquired  in  a  fiilly-developed  turbulent  pipe  flow  at  a  Reynolds 
number  (based  on  centreline  velocity  and  pipe  diameter)  of  268000,  using  two  single  hot-wire 
anemometer  probes.  A  novel  data  analysis  procedure  has  been  introduced  to  establish  the  accuracy 
limits  of  the  low  wavenumber  turbulent  energy  estimate  for  frequencies  in  the  similarity  regime  of  wall 
turbulence  and  the  results  will  be  compared  with  other  measurement  techniques. 


NOMENCLATURE 


A  area 

f  frequency 

I  progressive  double  integral  of  the 
correlation  function  as  defined  in 
Equation  (11) 
k  wavenumber 

N  number  of  data  points 

Re  Reynolds  number 

R  Normalized  correlation  function 

u  fluctuating  velocity 

friction  velocity 
X  longitudinal  coordinate 

y  distance  from  wall 

z  transverse  coordinate 

e  noise 


T)  normalized  transverse  coordinate 

\  wavelength 

V  viscosity 

^  normalized  longitudinal  coordinate 

p  density 

a  standard  deviation 

T  shear  stress 

one  sided  spectral  density 

functions 

(0  circular  frequency  (rad/sec) 

Superscripts 

quantity  nondimensionalized 
using  U,  and  v. 

*  near  zero  value 

ovcrbar  time  average 
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1.  INTRODUCTION 


In  engineering  appUcations,  turbulent  shear  stress  can  excite  structural  resonances,  and  although  as  the 
wavenumber,  k.  approaches  0.  the  power  spectral  density  for  these  stresses  vanish,  the  low  wavenumber  shear 
stress  is  still  a  significant  component  of  the  vibradonai  drive  mechanism.  Chase  (1991).  Longitudinal 
acceleration  measurements  in  special  towed  array  modules  behind  submarines  have  been  used  to  infer  the 
strength  of  turbulent  shear  fluctuations;  however  these  data  may  be  significantly  influenced  by  surface 
roughness,  Kronauer  (1991).  Morrison  and  Kronauer  (1969)  used  longitudinal  and  transverse  correlations  of 
longitudinal  velocity  fluctuations  (u)  to  generate  u  spectra  as  functions  of  cu  and  k,  or  o)  and  k,,  where  x  and  z 
are  the  longitudinal  and  transverse  directions,  respectively.  Although  Lai,  Bullock  and  Kronauer  (1989) 
reported  full  3-dimensional  spectra  (function  of  O),  k,  and  k,),  only  the  data  of  Monison  and  Kronauer 
included  locations  sufficiently  close  to  the  surface  such  that  u  could  be  directly  related  to  the  fluctuating  shear 
stress,  T.  By  assuming  that  the  3-dimensional  spectrum  could  be  represented  as  the  product  of  the  two 
2-dimensional  spectra  which  Moihson  and  Kronauer  repotted,  and  by  extrapolating  these  two  functions  to  very 
low  k.  an  estimate  of  t  at  near  zero  k  could  be  formed.  These  estimates  have  proven  to  be  typically  about  3 
to  5  db  lower  than  similar  low  k  spectra  deduced  from  at-sea  array  acceleration  data. 


The  objective  of  this  study  was  to  provide  an  estimate  of  the  very  low  wavenumber  turbulent  shear  stress  for 
vanous  frequencies  from  measured  two-dimensional  correlation  functions  of  the  longitudinal  turbulent  velocity 
in  fully-developed  pipe  flow. 


2.  THEORY 

The  fluemating  shear  stress,  x  at  the  surface  can  be  nxxielled  by  the  gradient  of  the  longimdinal  turbulent 
velocity,  u,  and  non-dimensionalized  by  the  average  shear  stress,  pU,^  to  give 

T*  -  T/(p  -  {pyu/y)npVb  muly' 

From  Figure  4  of  Morrison  and  Kronauer  (1969),  for  y*^,  the  turbulence  intensity  of  u  fluemations  can  be 
approximated  by: 

«r^  =  (y*)*/6 

If  <I>(k,*,k,*,a)*)  is  the  one-sided  shear  stress  power  spectral  density  function,  then  from  equations  (I)  and  (2), 


///♦:(*;  =/•,(» ‘)d«*/12 


where 


(3) 


(4) 


]■«;(«  =  i 

0 

From  equation  (1),  the  shear  stress  spectral  density,  ®,(©*)  must  be  identical  to  the  longimdinal  velocity 
spectral  density  <I>„(a)’).  Also,  the  normalized  correlation  function  for  u,  R,|,(x*,z*la)*  )  is  identical  with  the 
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notmalized  correlation  function  for  x.  L’sing  the  conventional  transform  relationship  between  the  correlation 
function  and  the  power  spectral  density. 


0 

where  C  is  a  function  to  be  evaluated.  Here,  x*  and  z*  lepresem  the  incremental  longitudinal  and  transverse 
spacing  (lespcctively)  of  the  two  measuring  stations.  The  inverse  of  this  transform  is  given  by: 


0 

C  can  be  evaluated  from  equation  (6)  by  setting  x’=0=z*  where  R„  is  defined  to  be  1. 

C  -  12.(2n)V®,(»*) 

From  equation  (5),  the  zero  wavenumber  spectrum  can  therefore  be  estimated  from  the  integral  of  the  two- 
dimensional  correlation  function  as  given  by: 


♦;  (o.oi«  *)  -  — i—  *i«  *)<fc  ‘<fc  * 

C(0»*)V 

For  k,‘=0=k,’^,  this  function  must  equal  zero.  However,  for  engineering  applications,  such  as  underwater 
acoustics,  the  low  wavenumber  component  is  of  interest  and  can  be  estimated  from  equation  (8)  by  terminat¬ 
ing  the  integration  process  at  frnite  values  of  x*  and  z*.  If  a  and  b  are  the  limits  of  the  integration  process  in 
the  X  and  z  directions  respectively,  then  the  average  spectral  energy  over  the  range  of  wavenumbers  k,=at/2a, 
kj=tJt/2b.  can  be  estimated. 


3.  APPARATUS  AND  EXPERIMENTAL  CONDITIONS 


Experiments  at  y*=7  were  conducted  in  a  smooth  steel  pipe  of  internal  diameter  254  mm  and  length  14.675m. 
The  pipe  has  a  surface  roughness  of  63CLA  and  is  circular  within  0.1  mm  and  soaight  within  1  mm/m  of 
axial  length.  The  testing  section  was  located  downstream  at  stations  between  53.3  and  58.3  pipe  diameters. 
Air,  supplied  by  a  centrifugal  fan  powered  by  a  shunt  wound  DC  motor,  was  first  passed  through  a  heat 
exchanger  to  keep  its  temperature  constant  Swirl  and  large  scale  turbulence  generated  by  the  fan  and 
associated  diffuser  were  eliminated  by  a  settling  chamber.  A  wire  gauze  was  placed  at  the  entrance  of  the 
pipe  to  promote  flow  development 

The  data  acquisition  system  consists  of  an  AT  personal  computer  which  scheduled  the  operations  of  the 
various  components,  checked  the  experimental  conditions  by  monitoring  the  fan  speed,  the  fluid  temperature, 
longitudinal  and  transverse  separations  of  the  two  hot-wrire  probes  which  consisted  of  silver  plated 
tungsten  wires  with  a  working  length  of  0.7  to  0.8  mm  and  operated  at  a  constant  overheat  ratio  of  1.3.  The 
signals  from  the  two  hot-wire  probes  were  first  linearized  on  an  EA1680  analogue  computer,  then  high  pass 
filtered  to  yield  the  fluctuating  components  and  processed  by  a  Bruel  and  Kjaer  (B&K)  2034  dual  channel  FFT 
analyzer  to  generate  cross-power  frequency  spectra  of  the  longitudinal  components  of  turbulence,  u.  A 
Hanning  window  with  zero  overlap  and  record  length  of  at  least  180  seconds  were  used.  The  maximum 
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longitudinal  separation  Ax*  was  188SO,  while  the  maximum  transverse  separation,  Az*.  was  2000  and  a  total  of 
2705  expenmenial  gnd  points  (arranged  in  an  approximately  triangular  array)  were  used.  The  narrow  band 
cross-power  frequency  spectra  data  were  transferred  from  the  B&K2034  analyzer  to  the  AT  computer  for 
synthesis  into  narrow  band  filters  with  7.5%  bandwidth  centred  at  selected  frequencies  between  to*  =0.005  to 
0.?5,  corresponding  to  20  and  1340  Hz  respectively.  The  friction  velocity  used  was  U,  =0.61  m/s  which 
corresponded  to  a  Reynolds  number  (based  on  diameter  and  centreline  velocity)  of  268000.  There  were  two 
experimental  runs  utilizing  two  different  frequency  ranges  for  the  spectral  analysis.  In  the  first  experiment,  the 
frequency  range  was  1600  Hz  giving  spectral  lines  spaced  at  2  Hz  while  in  the  second,  the  frequency  range 
was  400  Hz  giving  a  line  spacing  of  0.5  Hz.  With  the  1600  Hz  range,  360  spectra  were  averaged,  requiring  3 
minutes  of  data  at  each  grid  point  for  a  total  of  136  hours  for  the  entire  grid  array.  With  the  400  Hz  range. 
120  spectra  were  averaged  requiring  4  minutes  at  each  point  for  a  total  of  180  hours.  Data  from  the  two 
experiments  were  averaged  to  improve  noise  suppression. 

4.  DATA  ANALYSIS  AND  RESULTS 


4.1  Error  Analysis 

In  estimating  the  errors  associated  with  representing  the  double  integral  by  an  appropriate  sum  of  the 
experimental  correlation  values,  two  different  sources  of  error  must  be  distinguished.  The  first  kind  of  error  is 
deterministic’.  Such  errors  can  arise  from  the  spatial  sampling  process  (i.e.  the  discrete  and  finite  nature  of 
the  Ax*.  Az*  grid  used).  If  the  grid  points  are  not  sufficiently  dense,  they  may  not  accurately  represent  the 
underlying  continuous  function  while  if  they  do  not  extend  far  enough,  they  may  fail  to  measure  the  ’tails’  of 
the  decreasing  correlation.  Although  the  spatial  sampling  frequency  used  is  adequate,  the  finite  experimental 
grid  was  found  to  truncate  some  of  the  correlation  data  at  the  lower  frequencies  studied. 

Another  deterministic  error  occurs  when  the  two  hot-wire  probes  axe  physically  close  (small  Ax'*  and  Az*).  For 
these  small  separations,  no  measurement  is  possible  hence  the  data  must  be  interpolated  between  the  R,„=l 
value  at  zero  separation  to  the  value  at  the  point  of  closest  Ax*,  Az*.  For  low  frequencies,  this  interpolation 
will  make  a  negligible  contribution  to  the  error  of  the  double  integral  of  the  correlation  because  of  the  large 
spatial  extent  over  which  the  integral  must  be  taken.  However,  for  higher  frequencies,  interpolation  is  not 
possible  because  the  characteristic  wavelength  of  the  correlation  function  is  of  the  same  order  of  magnitude  as 
the  minimum  separation  distance.  Data  outside  this  region  is  still  useful  in  estimating  the  contribution  to  the 
double  integral  from  the  ’tails’  of  the  correlation  function. 

The  second  kind  of  error  is  random.  The  turbulence  field  can  be  considered  as  a  succession  of  independent 
events  (a  Poisson  process)  and  the  variance  in  any  estimate  of  the  field  properties  is  reduced  by  increasing  the 
number  of  events  to  be  averaged.  Consider  a  correlation  taken  at  a  reference  frequency,  f,  (Hz).  Since  a 
bandwidth  of  7.5%  was  adopted  in  these  experiments,  the  relevant  frequency  for  the  averaging  process  is 
0.075f|j.  Suppose  an  independent  event  comprises  m  radians  of  this  frequency  measure,  then  an  independent 
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data  sample  is  obtained  every  fn/2R(0.075fo)  seconds  and  for  240  seconds  averaging  dme  (for  the  400  Hz 
range  expenment)  there  are  240.27t.(0.075fo)/m  independent  samples.  The  normalized  variance  of  the  u 
measured  at  a  single  point  is  the  reciprocal  of  this  number.  Since  a  two  point  correlation  involves  the  product 
of  the  two  filtered  velocity  signals,  the  variance  of  the  correlation  is  double  the  reciprocal.  Finally,  the 
standard  deviation  of  each  normalized  correlation  value  is: 

<jo-I»t/2rr(0.0754)l'«  <’» 

A  comparison  with  experimental  correlation  data  (as  in  Figure  la  for  example)  leads  to  an  estimate  for  m  of 
1.6.  For  most  frequencies  of  interest,  this  means  that  the  standard  deviation  of  the  normalized  correlation 
value  lies  in  the  range  0.01  to  0.03.  These  seemingly  modest  noise  levels  have  a  serious  impact  on  the 
assessment  of  the  low  wavenumber  spectral  density  and  wall  be  discussed  below. 

4.2  Similarity 

For  any  to*,  the  full  data  set  is  the  two-dimensional  array  of  u-u  correlations,  R,|„(x*,  z’lo)*).  However,  to 
appraise  the  geometric  similarity,  it  is  easier  to  consider  the  one-dimensional  cuts  through  this  spatial  array, 
namely  R,.„(x*,  z*=0lci)*)  and  R,„(x*=0,  z*lo)’)  which  will  be  denoted  as  R,  and  R,  respectively  The  dominant 
spatial  scales  of  these  correladons  represent  the  properties  of  the  ’convective  ridge’  of  the  wall  shear  stress.  If 
the  turbulence  structures  are  self-similar,  it  should  be  possible  to  find  a  spatial  scaling  parameter  at  aiiy  to' 
which  will  cause  R,  and  R,  to  be  identical  for  all  these  to*.  Figure  1  shows  the  raw  data  for  R,  and  R,  over  a 
wide  range  of  to*.  It  is  clear  that  R,  has  the  stronger  characteristic  shape,  which  includes  a  well-defined,  early 
zero  crossing  and  a  strong  negadve  extremum.  Consequently,  it  is  the  shape  of  R,  which  is  used  for  the 
similarity  criterion.  By  restricting  the  negadve  minimum  to  lie  in  the  range  -0.21  0.06,  the  similarity  regime 
is  given  by  0.005<co*<0.050.  The  x*  value  of  the  fint  zero  crossing  (which  is  denoted  as  x®*)  is  used  to 
estimate  the  reladve  spadal  scaling  of  the  to'  in  this  range. 

With  the  introducrion  of  the  scaled  coordinates  (where  X,*=4x,'), 

r,=z'/x; 

the  correlation  functions  R,(^),  R,(Tl),  as  shown  in  Figure  2,  are  almost  independent  of  (o*.  thus  supponing  that 
the  similarity  regime  lies  in  the  range  0.005<to' <0.050. 

4.3  Correlation  Field 

The  data  sets  for  ©'=0.02  (400  and  1600  Hz  ranges)  and  ©'=0^31  (400  Hz  range  only)  are  within  the 
similarity  regime  and,  by  being  at  the  high  end  of  this  regime,  the  scale  of  the  turbulence  structures  are 
sufficiently  small  so  that  the  overall  size  of  the  sampling  grid  is  large  by  comparison  resulting  in  no  nuncadon 
errors. 


Using  the  normalized  correlation  function  R(^,ti),  these  three  dau  sets  have  been  averaged  and  the  results  for 
the  one-dimensional  cuts  in  the  data  field.  R,(4)  and  R,(il).  are  shown  in  Figure  3.  They  have  also  been 
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smoothed  by  a  raised  cosine  (Hanning)  function  with  bandwidths  in  the  longitudinal  and  transverse  directions 
equal  to  40  percent  of  the  x*  and  z*  values  of  the  centre  of  the  cosine  function.  It  is  clear  that  the  correlations 
decay  to  an  insignificant  level  well  within  the  rar.ge  of  the  sampling  grid. 

The  smoothing  of  the  conelations  reduces  the  variance,  Oo.  of  the  correlation  data  points.  The  number  of  data 
points  used  in  the  smoothing  process  varied  from  12  to  64  depending  on  the  x*.  z*  location  of  the  particular 
point  being  smoothed.  Using  the  raised  cosine  smoothing  function,  the  reduction  in  Og  varies  between  0.33 
and  0. 14  for  the  various  number  of  data  points  used. 

By  fitting  R,  and  R,  with  conventional  exponential/cosine  functions  and  by  assuming  product  separability,  the 
corresponding  two-dimensional  correlation  field  is  shown  in  Figure  4a.  The  actual  averaged  and  smoothed 
two-dimensional  correlation  field  is  shown  for  the  combined  data  sets  in  Figure  4b  which  is  different  from 
Figure  4a  in  that  Run  drops  off  much  less  rapidly  in  the  transverse  direction  (ti  direction)  for  ^>0.25  than  it 
does  for  ^<0.25.  Thus,  the  one-dimensional  cut  at  x*=0  (which  has  been  referred  to  as  R^  greatly  underesti¬ 
mates  the  extent  of  the  large  negative  band  of  R,.  lying  approximately  between  ^=0.2S  and  1. 

4.4  Integration  Limits 

Regardless  of  any  method  of  smoothing  or  interpolation  which  may  be  used,  the  double  integral  of  the 
correlation  function  consists  basically  of  sununing  weighted  values  at  individual  grid  points.  In  order  to 
display  the  effect  of  the  change  in  the  value  of  the  double  integral  with  the  number  of  grid  points,  the 
integration  has  been  performed  outward  from  §*0,  ti=0  with  a  fixed  ratio  of  4  to  t).  The  result  was  found  to 
be  independent  of  the  ratio  of  4  w  il  4  value  of  10  was  used.  Figure  5  shows  the  change  in  the  value  of 
the  progressive  integral  versus  the  limiting  value  of  ^  used  in  the  integration  for  the  average  of  the  three  data 
sets  chosen  above  (to*  =  0.02  (400  &  1600  Hz  experiments)  and  0.31).  It  can  be  seen  that  the  progressive 
integral  has  a  significant  negative  region.  The  progressive  integral  of  the  twodimensional  correlation  modelled 
by  a  product-separable  funedon  is  also  shown  in  Figure  5.  Since  the  actual  integral  does  not  return  to  positive 
values  until  4  exceeds  1.1,  its  asymptotic  value  depends  heavily  on  the  contributions  from  larger  \  (and  larger 
T)).  Thus,  whereas  the  integral  for  the  analytic  product-separable  function  approaches  its  asymptotic  value  at 
^=1,  it  is  necessary  to  extend  the  integral  beyond  ^=2  (or  naore  than  4  times  the  integration  area)  for  the 
experimental  correlation  data.  The  variance  of  the  estimate  of  the  double  integral  with  increase  in  grid  points 
included  in  the  summation  is  examined  as  follows. 

The  progressive  integral  has  been  evaluated  as  a  simple  weighted  sum,  I(n),  of  the  individual  data  points,  the 
weighting  factor  being  the  element  of  area  associated  with  each  point.  Since  the  experimental  data,  R,, 
consists  of  the  ’true’  signal  (which  we  denote  by  R^,)  and  the  ’noise’  (e,),  the  progressive  sum  I(n)  of  the 
correlation  data  can  be  expressed  as: 
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Since  the  noise  contributions  at  the  individual  data  points  are  unconelated  and  have  uniform  variance  (which 
depends  on  the  frequency  and  integration  time  but  is  independent  of  the  signal). 

U-t  J  •-! 

where  Og  is  the  standard  deviation  of  the  noise  at  each  point 

This  summation  of  incremental  areas  can  be  calculated  directly  from  the  experimental  grid  and  can  then  be 
combined  with  the  standard  deviations  of  the  stnoothed  correlations  to  provide  an  estimate  of  the  standard 
deviation  of  the  summation.  The  standard  deviation  of  the  snnoothed  correlations  is  calculated  by  multiplying 
Oo-  obtained  in  e  9,  by  the  reduction  caused  by  the  smoothing  process.  For  30  data  points  in  the  smoothing 
process,  which  is  a  typical  value  for  much  of  the  experimental  grid,  the  stnoothed  standard  deviation  is  0.2  lOg 
Hence  the  error  estimate,  a,  can  be  calculated  for  the  five  relevant  data  sets  (in  the  similarity  regime),  as 
shown  in  Figure  6.  Although  we  expect  the  standard  deviation  of  the  sum  relative  to  the  signal  to  decrease  as 
the  number  (N)  of  grid  points  used  in  the  sum  increases.  Figure  6  clearly  shows  that  the  inclusion  of  grid 
points  at  large  values  of  ^  and  q.  where  the  signal  is  very  small  may  increase  the  standard  deviation  by  more 
(percentage- wise)  than  it  increases  the  signal  (percentagewise).  Thus,  if  we  know  a  priori  how  large  the  signal 
IS  at  any  gnd  point  and  have  an  estimate  of  the  point  variance,  we  can  decide  how  far  in  ^  and  T|  the  integral 
is  to  be  extended.  However,  since  the  aim  of  the  experiment  is  to  reveal  the  signal,  (he  data  have  to  be  used 
to  decide  where  to  terminate  the  integration  process.  Generally,  as  seen  from  Figure  6,  the  higher  frequencies 
have  less  error  at  large  The  gready  reduced  variability  afforded  by  averaging  the  five  data  sets  shows  the 
imponance  of  including  these  higher  fiequencies  of  the  similarity  regime. 

Since  the  similarity  regime  extends  down  to  to'-O.OOS,  we  can  consider  incorporating  data  sets  taken  at 
to"  =0.005  and  0.01.  To  do  so  makes  no  useful  contribution  to  the  accuracy  of  the  asymptotic  value  of  the 
double  integral  because  the  range  of  4  and  q  for  which  the  correlations  at  ©"=0.005  and  0.01  were  taken  limit 
the  double  integral  to  ^=0.77  and  1.7  respectively  and  the  estimated  error  corresponding  to  the  average  of  the 
five  sets  shown  in  Figure  6  is  satisfactory  up  to  these  values  of  %. 

The  progressive  integral  of  the  correlation  function  for  the  five  data  sets  that  are  averaged  is  shown  on  Figure 
5  and  it  is  seen  that  the  integral  does  not  'settle’  to  a  single  asymptotic  value  and  is  tending  to  0  as  predicted 
by  Chase  (1991)  however  the  integral  will  not  reach  zero  until  much  larger  values  of  %.  From  the  data  in 
Figures  5  and  6,  we  can  estimate  the  double  integral  of  the  normalized  correlation  function  from  the  smoothed, 
averaged  data  sets  as  0.00023 1 0.00007  at  ^=2.5. 
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4.5  Quantifying  the  Low  Wavenumber  Spectral  Density 

Using  this  estimate  of  the  double  integral  of  the  correlation  function,  the  low  wavenumber  spectral  energy  can 
now  be  calculated.  The  integral  estimate  has  been  evaluated  in  tenns  of  similarity  scaled  arguments.  4  and  n 
Equation  (8)  then  becomes; 

4A*  ” 

^  0 

Here.  O'  is  a  small,  non-zero  value  of  k,'  or  k,*.  Using  values  of  C  calculated  from  the  data  from  Morrison 
and  Kronaucr  (1969),  the  low  wavenumber  shear  stress  can  now  be  calculated  in  the  similarity  regime  These 
data  are  shown  in  Figure  7  and  are  seen  to  agree  well  with  the  data  obtained  Grom  Morrison  and  Kronauer 
(1969)  calculated  using  the  assumption  of  product  separability.  Agreement  between  the  two  sets  of  data  is 
because  the  correlations  in  Morrison  and  Kronauer  (1969)  had  larger  negative  values  in  the  transvene  direction 
than  the  data  obtained  here  which  consequently  reduced  the  final  value  of  the  product-separable  integral  in 
equation  (13)  to  agree  with  the  value  obtained  horn  the  current  experiment.  The  data  from  the  present 
experiments  represent  an  estimate  of  the  average  spectral  energy  over  a  wave  size  range  k,*>  0.(XXX)26  to 
0.(XX)38  and  k,**  0.00026  to  0.0038. 


5.  CONCLUSIONS 

Low  wavenumber  turbulent  energy  has  been  estimated  for  non-dimensional  frequencies  £i)*»0.005  to  0.05. 
corresponding  to  a  wavenumber  range  of  0.00026  to  0.0039,  in  the  similarity  regime  of  wall  turbulence  Grom 
measurements  of  two-dimensional  correlations  of  longitudinal  turbulent  velocity  in  fully-developed  turbulent 
pipe  flow  at  Re-268000.  The  results  fall  within  the  accuracy  limits  of  towed  array  acceleration  data  and  agree 
well  with  those  estimated  from  longitudinal  and  transverse  coirelation  data  of  Morrison  and  Kronauer  ( 1%9). 
A  novel  data  analysis  procedure  has  been  introduced  to  establish  the  confidence  limits  of  this  estimate.  It  has 
also  been  shown  that  the  lowest  value  of  the  wavenumber  for  which  the  power  spectral  density  can  be 
estimated  cannot  by  reduced  by  expanding  the  experimental  grid  due  to  the  random  noise  embedded  in  the 
correlations  data.  This  latter  error  can  only  be  reduced  by  a  significant  increase  in  the  experimental  time. 
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Abstract 

The  relationship  between  the  spectrum  of  fluctuating  voltages  from  a  hot  wire 
anemometer  signal  and  the  spectrum  of  the  corresponding  fluctuating  velocity  Held  is 
studied  in  the  case  of  a  jet  flow  with  high  turbulence  intensity.  It  is  found  that  the  linear 
analysis  commonly  used  when  converting  hot  wire  signals  into  turbulence  quantities  gives 
erroneous  results  when  determining  the  spectrum  in  high  turbulence  intensity  flows. 

Excellent  agreement  between  the  spectrum  of  hot  wire  fluctuating  voltages  and  that  of 
the  corresponding  velocity  field  has  been  achieved  by  considering  higher-order  terms. 

1.  Introduction 

Spectral  analysis  of  turbulence  quantities  is  performed  almost  routinely  at  the  present  time  as  part  of 
experimental  turbulence  research.  With  the  advent  of  modern  high  speed  digital  data  acquisition  systems  and 
techniques,  determination  of  spectra  does  not  involve  extra  effort  or  time.  Before  the  time  data  acquisition  systems 
were  used  widely,  analog  instrumentation  was  used  for  the  analysis  of  turbulence  signals.  Spectral  estimation  using 
analog  instrumentation  is  very  time  consuming  and,  therefore,  spectra  were  taken  only  when  required.  There  are 
several  advantages  of  using  digital  data  acquisition  systems.  The  most  important  advantage  being  that  the  turbulence 

t 

signals  can  be  digitally  sampled  and  stored  initially  and  then  analyzed  later  using  the  spectral  analysis  technique  that 
is  most  suited  for  the  particular  flow  situation.  Rajan  and  Munukutla  [1,2]  have  recently  compared  three  different 
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techniques  for  estimation  of  turbulence  energy  spectrum. 

There  are  two  techniques  that  are  currently  available  for  measuring  turbulence  quantities.  Hot  wire 
anemometry  is  the  earliest  and  most  commonly  used  technique  for  turbulence  measurements.  One  of  the  features  of 
hot  wire  anemometry  is  that  the  output  of  the  instrument  which  is  in  the  form  of  electrical  voltage  fluctuations  is 
related  to  the  velocity  fluctuations  that  are  being  sensed,  via  a  nonlinear  relationship.  Care  must,  therefore,  be 
exercised  in  deducing  turbulence  quantities  from  the  instrument  output. 

A  given  turbulent  flow  can  be  thought  of  as  being  comprised  of  a  steady  mean  and  a  fluctuating  component. 
Thus,  the  instantaneous  velocity  in  the  x-direction  U,  can  be  split  into  a  steady  mean  component  U  and  a  fluctuating 
component  u^.  With  a  hot  wire  anemometer,  an  electrical  voltage  output  is  generated  which  would  comprise  of  a 
steady  mean  component  E  and  a  fluctuating  component  e,.  The  instantaneous  velocity  and  the  instantaneous 
voltage  E,  are  related  by  the  equation: 

E.^  =  A  ♦  b/u” 

where  A  and  B  are  two  calibration  constants  for  the  instrument.  The  electrical  signal  E  is  the  one  that  is  measured 
in  any  turbulence  experiment  employing  hot  wire  anemometry.  The  DC  component  E  can  be  filtered  and 
measurements  can  be  performed  on  the  AC  component  e,.  Before  the  advent  of  digital  dau  acquisition  systems,  the 
AC  component  e,  was  used  with  analog  instrumentation  to  obtain  RMS  values,  correlations  and  spectrums.  The 
experimental  quantities  thus  measured  were  converted  to  turbulence  quantities  using  appropriate  scale  factors.  All 
these  scale  factors  were  based  on  a  linearized  venion  of  the  voltage/velocity  relation  given  in  Equation  1 . 

With  digital  data  acquisition  systems,  the  fluctuating  voltage  Ci  would  be  sampled  at  a  prescribed  sampling  rate 
and  stored.  Computation  of  RMS  values,  correlations  and  spectrum  would  then  be  performed  on  the  stored  e^  data. 
Scale  factors  identical  to  those  used  with  analog  instrumentation  would  then  be  used  to  obtain  turbulence  quantities. 
One  of  the  advantages  of  obtaining  the  turbulence  dau  this  way  is  that  the  noise  ordinarily  introduced  by  analog 
instruments  is  avoided.  Another  advantage  is  that  once  the  daU  are  stored,  the  processing  can  be  done  after 
completing  the  experiment,  thereby  reducing  the  experimental  time.  This  is  always  advantageous  with  hot  wire 
anemometry  because  it  reduces  the  drift  in  calibration.  Overall,  this  method  of  obtaining  turbulence  quantities  is  not 
superior  to  that  of  using  analog  instrements  since  the  linearized  version  of  the  voluge/velocity  relation  is  still  being 
used. 

There  is  another  way  of  obtaining  the  turbulence  quantities  from  the  voltage  signals  by  reconstructing  the 
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instantaneous  velocity  field.  To  each  e„  the  E  can  be  added  to  obtain  E  and  each  E,  can  then  be  converted  to  U, 
using  Equation  (1).  Thus,  the  instantaneous  velocity  field  is  obtained.  The  average  U  of  all  the  U,  can  be 
subtracted  from  each  U,  to  obtain  u^,  thus  giving  the  fluctuating  velocity  field.  RMS  values,  correlations  and  spectra 
can  then  be  obtained  by  analyzing  the  u,  data.  The  biggest  advantage  of  this  method  is  that  the  non-linearity  of  the 
E,  vs.  U,  relationship  is  preserved  and  the  results  would  be  more  accurate  than  those  obtained  by  using  the  linearized 
analysis.  However,  it  should  be  noted  that  there  is  an  increase  in  computational  time. 

The  scale  factors  relating  the  results  for  the  fluctuating  voltages  to  those  of  the  turbulence  quantities  are  well 
known  for  RMS  values  and  correlations.  These  are  described  in  standard  textbooks  [3).  However,  the  scale  factors 
relating  the  spectra  are  not  found  in  the  literature.  Ramamoorthy,  Rajan  and  Munukutla  have  recently  presented  the 
results  for  a  low  turbulence  intensity  flow  [4].  The  results  showed  that  the  scale  factors  are  different  for  a  single  wire 
and  a  two  wire  probe.  In  the  case  of  the  two  wire  probe,  the  spectrum  of  the  cross  correlation  e,e2  assumes  a  very 
important  role,  particularly  in  regions  of  high  shear  stress.  In  flows  with  high  turbulent  intensities,  the  nonlinearity 
plays  an  important  role  in  determining  the  scale  factors.  A  complete  analysis  of  the  scale  factors  in  highly  mrbulent 
flows  is  presented  in  this  paper.  The  results  are  also  examined  in  the  light  of  experimental  data. 

2.  Analysis  for  Single  Wire  Probe 

Substituting  U,  =  U  +  u,  and  E-  =  E  ♦  e^  in  Equation  (1),  we  obtain  the  following 

(E  +€()*=  A  ♦  B  y/U  ♦  u, 

Rearranging  Equation  (2),  we  obtain  the  following  relation  for  u,, 

u,  =  a,  ♦  ajCj  ♦  0,6*  ♦  a,e’  +  ajC*  (3) 

a,  . 


where 


_  (E*  -  A)^  -  B’U 


B’ 


a,  =2 


.  ,(3E*  -  A) 


B^ 


and  a,  =  JL 

*  B* 

Retaining  terms  up  to  the  order  of  e*  only  in  Equation  (3)  and  taking  the  Fourier  transform  of  the 
autocorrelation,  the  spectrum  of  e,  is  computed  as 
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(4) 


Su,(f)  *  a;Sc,(f)  ♦  aj*Se'(0  a,a,(Se,e,^0  ♦  Se.^Cf)]  ♦  K5(0 
where  K  =  2a,a,e,^  ♦ 

In  Equation  (4),  for  example,  Se,\f)  stands  for  the  spectrum  of  e,^  and  similarly  the  other  terms.  5<0 
is  the  Dirac  delta  function.  It  is  to  be  noted  that  by  retaining  only  the  linear  terms  in  e^  in  Equation  (3)  the  spectrum 
of  u,  will  be  given  by 

Su,(f)  =  a{Se,(f)  (4a) 

A  comparison  of  the  results  obtained  by  using  Equations  (4)  and  (4a)  will  be  presented  in  the  Results  section. 
3,  Analysis  for  Two  Wire  Probe 

In  the  case  of  the  two  wire  x-probe,  the  relationships  between  the  instantaneous  voltage  and  the  instantaneous 
velocity  for  the  two  wires  are 

(E,  *  e,.)*  =  A,  -  *  u,  ♦  v."  (5) 

(Ej  ♦  =  Aj  +  B,^U  *  u,  ♦  v,  (6) 

In  the  above  equations  A|,  B,  and  Aj,  are  the  calibration  constants  for  wires  1  and  2,  respectively,  u^  and 


v,  are  the  fluctuating  components  in  the  x  and  y  direction,  respectively.  Rearranging  Equations  (S)  and  (6)  and 
retaining  terms  up  to  the  order  of  ef,  and  ej'^  ,  we  obtain 


u 

1,  +  * 

b,  ♦ 

2bje„  ♦ 

2b, Ch  ♦ 

0(e’,) 

(7) 

U,  -  v,  • 

'  c,  + 

2c,ej,  * 

2c, 4  * 

0(4J 

(8) 

where  b,  = 

(Ef 

-  A,)^  - 

B?U 

(£,'  -  A,)'  -  B/U 
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The  spectra  of  u,  and  v,  are  obtained  by  taking  the  Fourier  transforms  of  the  autocorrelations  of  Equations  (9) 


and  (10)  and  are  given  by 

(v"fo)  *  *  Ci-Se,,(f)  ±  bjCj[Sc,,e,,(0  ♦  Se,.e„(f)] 

>  b,-Sef,(0  ♦  c,-Se/.(0  *  bjb,tSc,.e?,(f)  ♦  Se,'.e,.(f)l 
±  b,Cj[Se„e;^.(0  ♦  Sej*,e,.(f)l  ±  bjCjISe;,ef,(0  +  Se?,e,.(f)] 

+  c,C3[Se,,ej^,(f)  +  Se;^,e,,(0]  ±  b3Cj[Sc?.ei’,(0  +  Sei*.ef,(f)l  ♦  5(0  (*0 

Note  that  Equation  (1 1)  is  a  concise  form  for  representing  the  spectra  of  u,  and  v,  by  one  single  equation.  The 
-  sign  and  Kj  correspond  to  the  spectrum  of  v,.  In  Equation  (11) 


K,  =  L,(L,  ♦  Zbjcf.  ♦  2036-^3 

(12) 

K,  =  L,(L,  ♦  2b3er,  -  2c, O 

(13) 

and  &(f)  is  the  Dirac  delta  function. 


By  retaining  only  the  linear  terms  in  e„  and  Cj,  in  Equations  (9)  and  (10),  the  spectra  of  u,  and  v,  will  be  given 
by 

Su,(0  =  bj'Se„(0  ♦  Cj'SeJO  ♦  bjCj[Se,.ej.(0  *  Se,,e„(0]  O'*) 

Sv,(0  *  b/Se„(0  *  Ci’Se,,(0  -  bjC,[Se,,ej,(0  +  Sei,e„(0]  (15) 

A  comparison  of  the  results  obtained  by  using  the  linear  analysis  (Equations  (14)  and  (15))  with  those  obtained 
by  using  the  nonlinear  analysis  (Equation  (1 1))  is  given  in  the  results  section. 

4.  Results 


Spectra  are  presented  for  turbulence  data  obtained  by  hot  wire  anemometer  using  both  single  wire  and  cross 
wire  probes.  Measurements  were  made  in  a  circular  free-air  jet,  7/8’  diameter  at  jet  exit.  The  probes  were  located 
8"  downstream  of  the  jet  exit  and  1/2"  off  the  jet  axis.  The  turbulence  level  at  this  location  was  estimated  to  be  about 
44%  of  the  mean  velocity.  The  mean  velocity  in  the  core  of  the  jet  was  nominally  1(X)  ft. /sec. 

The  hot  wire  anemometer  output  signals  were  sampled  at  20  kHZ  for  2  seconds  and  stored.  The  data  were 
subsequently  processed  in  a  Sun  spare  workstation.  In  the  case  of  single  wire  data  and  cross  wire  data,  spectra  were 
estimated  by  three  different  ways.  First,  the  velocity  field  was  constructed  as  explained  in  the  Introduction  and  the 
spectrum  was  evaluated  directly.  Next,  the  spectrum  was  estimated  using  the  linear  version  (Equation  (4a)  for  single 
wire  and  Equations  (14)  and  (15)  for  cross  wire).  Finally,  the  spectrum  was  estimated  using  the  full  non-linear 
version,  as  given  by  Equations  (4)  and  (11). 


The  results  for  the  single  wire  case  are  shown  in  Figure  1 .  It  can  be  seen  that  the  spectra  obtained  directly 
from  u  and  that  obtained  by  non-linear  analysis  agree  well  with  each  other  over  the  entire  frequency  range.  The  linear 
approximation  gives  an  error  which  progressively  increases  with  the  frequency.  The  results  for  the  cross  wire  probe 
are  shown  in  Figures  2  and  3.  Figure  2  shows  the  comparison  of  the  spectra  of  Ui  and  Figure  3  that  of  v,.  It  can  be 
noted  that  the  spectra  obtained  directly  from  u,  and  v,  agree  very  well  with  the  corresponding  spectra  using  non-linear 
analysis.  However,  the  linear  analysis  is  in  error  over  the  entire  frequency  range. 

5.  Conclusions 

It  can  be  concluded  that  the  spectra  of  the  velocity  fluctuations  evaluated  directly  from  the  velocity  field  and 
the  spectra  evaluated  by  using  a  non-linear  analysis  of  the  voltage  signals  agree  very  well  with  each  other.  This  is 
true  for  single  wire,  as  well  as  two  wire  probes.  It  should,  however,  be  noted  that  the  computations  needed  for 
converting  the  spectra  of  the  fluctuating  voltages  to  those  of  the  velocity  fluctuation  are  very  involved.  It  would, 
therefore,  be  much  easier  to  convert  the  voltage  fluctuations  to  velocity  fluctuations  and  then  perform  spectral  analysis 
in  highly  turbulent  flows. 
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Figure  3.  Comparison  of  v  Spectra  Estimated  by 
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Abstract.  This  paper  presents  an  acoustic  Doppler  velocity  profiler  (ADVP)  for 
hydrodynamic  research  in  channels,  rivers  and  lakes.  It  is  non-intrusive  and, 
different  from  other  existing  velocity  measuring  instruments,  it  allows  to  take  an 
instantaneous  velocity  profile  across  the  water  column  in  turbulent  flow.  Extensive 
tests  of  the  ADVP  system  in  laboratory  open  channel  flow  with  optically  clean  water 
have  been  carried  out.  Spectral  and  autocorrelation  signal  processing  algorithms 
were  evaluated  with  respect  to  the  extraction  of  the  velocity  information.  Using  a  1 
MHz  acoustic  frequency  and  a  pencil  beam  (2  degree),  complete  instantaneous 
velocity  profiles  of  up  to  128  points  are  obtained  in  a  continuous  mode  with  a 
resolution  of  6  mm  in  the  vertical  and  at  a  rate  of  IS  Hz.  Profiles  of  mean  velocity, 
variance  and  turbulence  scales  in  uniform  flow  are  presented  showing  that  the 
instrument  is  well-suited  for  measurements  in  turbulent  flow. 


1.  Introduction 

Velocity  and  turbulence  are  important  hydrodynamic  parameters.  Many 
instruments,  working  on  a  variety  of  principles,  have  been  developed  for  their 
measurement.  These  instruments  have  two  major  drawbacks:  they  provide  single 
point  measurements  and,  except  for  the  Laser  Doppler  Anemometer  (LDA),  they  are 
intrusive,  perturbing  the  flow.  Furthermore,  to  esublish  a  velocity  profile  either  the 
instrument  has  to  be  displaced  or  several  instruments  have  to  be  employed  at  the 
same  time.  Measurements  in  non-stationary  or  non-uniform  flow  become  tedious 

and  difficult.  Thus,  an  instrument  which  can  take  instantaneous  velocity  profiles 

with  a  resolution  in  the  range  of  turbulence  scales  and  which  at  the  same  time  is 

non-intrusive  will  be  of  advantage  in  hydrodynamic  research. 

We  are  developing  such  an  instrument  on  the  basis  of  a  Doppler  sonar.  The  potential 
of  ultrasonic  waves  for  the  determination  of  flow  speeds  was  recognized  long  ago  in 
medical  research.  Since  blood  flow  is  typically  turbulent,  much  of  the  experience 
gained  there  can  be  directly  applied  to  hydraulic  research.  Different  concepts  of  an 
acoustic  velocity  measuring  instrument  have  been  realized.  The  most  versatile  for 
hydraulic  research  is  the  so-called  pulse-to-pulse  coherent  Doppler  system 

developed  for  medical  research  by  Baker  and  Watkins  (1967).  Its  application  in 
oceanic  research  was  first  descril^d  by  Lhermitte  (1983)  and  the  feasibility  for 
hydraulic  research  was  tested  by  Lhermitte  and  Lemmin  (1990).  In  this  paper  we 
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present  an  acoustic  Doppler  velocity  profiler  (ADVP).  Based  on  results  from 
measurements  in  an  open  laboratory  channel  we  discuss  the  possibilities  and  the 
limitations  of  this  instrument. 


2.  Principle  of  operation 

The  principle  of  operation  of  the  instrument  is  based  on  the  Doppler  effect.  The 
frequency  at  the  source  is  fg  =  C/X.,  where  C  is  the  speed  of  sound  and  X  is  the 
wavelength.  A  listener  moving  with  the  speed  vi  will  experience  additional  vjT/X 
waves  during  a  time  T  resulting  in  the  frequency  fo  -  (C+vi)/X.  The  difference 
between  the  two  is  the  Doppler  shift  frequency 

fd  =  fo  -  fs  =  VI  fs/C.  (1) 

A  Doppler  frequency  for  the  case  in  which  the  source  moves  at  speed  Vg  can  be 
derived  in  a  similar  way.  The  general  Doppler  shift  frequency  becomes 

fd  =  fs  (vi  +  vs)/(C-vs).  (2) 

Assuming  that  is  small  compared  to  C  one  can  write 

fd  =  fs  (vi  +  VsVC.  (2a) 

Sonic  waves  are  typically  reflected  at  density  interfaces.  If  the  echo  is  returned 
from  a  moving  inteiface,  the  returning  signal  receives  a  Doppler  shift.  In  this  case 
the  interface  causing  the  echo  is  acting  first  as  a  listener  and  then  as  a  source,  thus 
v]  =  vj  =  v.  The  Doppler  shift  frequency  then  becomes 

fd=fs2v/C.  (3) 

In  practical  applications  of  this  principle,  the  omnidirectional  spherical  sound  source 
is  often  replaced  by  a  narrowly  focused  cylindrical  transducer  which  for  technical 
reasons  typically  has  a  conical  shaped  narrow  sound  beam.  Since  only  the 
component  of  the  velocity  directed  towards  or  away  from  the  transducer,  called 
radial  velocity,  contributes  to  the  Doppler  shift  frequency,  it  must  now  be  scaled  by 
the  cosine  of  the  angle  between  the  velocity  vector  of  a  sound  scatterer  and  the  line 
connecting  the  axis  of  the  transducer  and  the  scatterer.  The  Doppler  shift  frequency 
can  then  be  expressed  as: 

fd  =  (2  fs  v/C)  cos  e.  (4) 

This  equation  can  be  inverted  to  yield  the  velocity  of  interest 

V  =  C  fd  /  (  2  fg  cos  0  ).  (4a) 

The  angle  between  the  velocity  direction  and  the  sound  beam  becomes  an  important 
parameter  in  the  application  of  the  ADVP  instrument.  The  smaller  this  angle,  the 
less  resolution  and  accuracy  in  the  determination  of  the  velocity  can  be  expected.  In 
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hydrodynamic  research  a  profile  of  the  horizontal  velocity  component  u  along  a 
vertical  axis  is  frequently  sought.  However  from  eq  (4a)  it  is  obvious  that  this 
orientation  of  the  transducer  cannot  provide  any  information  on  the  horizontal 
velocity  component.  ADVP-profiles  will  therefore  always  be  taken  along  a  line 
inclined  to  the  vertical. 

2.1  A  pulse-tO'pulse  coherent  ADVP-system 

Different  system  concepts  can  be  applied  to  provide  a  Doppler  shift  frequency.  In 
the  pulse-to-pulse  coherent  system  of  the  present  ADVP  a  single  sonar  transducer  is 
used.  The  'pulse'  •  a  short  train  of  several  sinusoidal  waves  with  frequency  fj  •  is 
emitted  from  the  transducer  into  the  water  (Fig.  la)  at  regular  intervals,  the  pulse 
repetition  frequency'  (PRF).  Between  two  emissions  the  transducer  serves  as  a 
receiver.  A  wave  of  frequency  fo  is  reflected  back  to  the  transducer.  An  electronic 
system  detects  the  difference  between  the  two  frequencies  which  is  the  Doppler 
frequency  and  provides  a  signal  which  corresponds  to  the  instant  water  velocity. 

By  gating  the  received  signals  to  correspond  to  the  pulse's  time  of  flight  to  the  point 
of  interest,  a  small  sampling  volume  (the  'gate')  can  be  interrogated  (Fig.  lb)  instead 
of  the  entire  length  of  the  beam.  As  the  depth  to  which  one  wishes  to  interrogate 
the  fluid  flow  increases,  the  time  interval  between  the  emitted  pulse  and  the  sample 
gate  increases.  Each  echo  must  be  allowed  enough  time  to  return  from  the  maximum 
depth  of  interest  before  the  next  pulse  is  emitted  to  prevent  ambiguous  range 
information.  The  pulse  repetition  frequency  PRF  in  turn  determines  the  maximum 
Doppler  shift  frequency  that  can  be  detected  without  aliasing.  Since  the  pulsed 
Doppler  instrument  requires  sampling  the  returning  echoes  at  fixed  times  after  the 
pulse  emission,  it  is  possible  for  the  higher-frequency  Doppler  shift  to  alias  to  lower 
frequencies.  As  a  result  a  tradeoff  between  the  maximum  sampling  depth  D^ax 
the  the  maximum  unaliased  flow  velocity  Vj^ax  exists,  called  the  'range-gate 
ambiguity'  (Lhermitte,  1983): 

^max  ^max  *  A8  fs  cos  0.)  (5) 

Within  these  limits  any  depth  can  be  chosen.  The  method  of  interrogation  can  be 
extended  if  more  than  one  gate  is  dealt  with  after  each  emitted  pulse.  By  sampling 
at  a  certain  number  of  gates  in  sequence  a  quasi-simultaneous  profile  of  the  velocity 
distribution  between  the  transducer  and  Dmax  obtained  (Fig.  Ic).  At  the 

same  time  the  water  depth  can  be  determined  if  D^ax  chosen  larger  than  the 
anticipated  depth. 

2.2  Determination  of  the  velocity 

The  Doppler  shift  frequency  is  typically  extracted  by  mixing  the  received  signal 
with  the  emitted  signal.  If  the  received  signal  is  processed  in  quadrature,  the  sign  of 
the  Doppler  frequency  shifts  can  be  distinguished,  indicating  the  direction  of  the 
flow.  From  the  Doppler  shift  frequency  the  flow  velocity  is  determined  by  eq  4a.  For 
this  purpose  different  methods  of  signal  processing  exist;  best  known  are  the 
spectral  analysis  and  the  'pulse  pair'  method,  an  auto-covariance  algorithm.  Since 
the  echoes  come  from  turbulent  flow,  the  time  series  of  Doppler  shift  frequencies  at 
each  gate  have  a  spectrum  of  finite  width.  These  methods  and  their  errors  have 
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been  discussed  by  Lhermitte  and  his  co-workers  (1983.  1984.  1990.  1991).  For 
routine  data  treatment  we  have  found  the  auto-covariance  algorithm  (Lhermitte 
and  Serafin.  1984)  to  be  the  most  efficient  due  to  its  computational  simplicity  and 
the  elimination  of  subjective  spectrum's  interpretation.  For  each  velocity  estimate, 
an  average  over  several  consecutive  measurements  is  taken  in  order  to  augment  the 
statistical  stability  of  the  results. 


3  Experimental  apparatus  and  set-up 

A  pulse-to-pulse  coherent  ADVP  unit  operating  at  1  MHz  was  assembled.  The  design 
allows  software  selection  of  number  of  gates,  pulse  widths  and  pulse  repetition 
frequencies  but  most  of  the  experiments  were  conducted  with  a  8  microsecond 
pulse  width  and  a  800  -  1200  Hz  PRF.  The  scattering  volume  of  each  of  the  equally 
spaced  gates  consisted  of  a  cylinder  of  20  mm  diameter  and  6  mm  height.  The  above 
conditions  are  well-adjusted  for  measurements  in  the  laboratory  channel,  providing 
about  0.75  m  unambiguous  range,  0.9  ms*^  unambiguous  velocity  (eq.  5;  0  =  15®) 
and  6  mm  vertical  resolution.  The  effects  of  spurious  signals  resulting  from 
reflections  on  channel  walls,  bottom,  etc.,  were  virtually  removed  in  the  system,  by 
pseudo-random  coding  of  the  transmitted  signal  phase. 

The  experiments  were  conducted  under  uniform  flow  conditions  in  an  open  channel 
of  16  m  total  length.  The  measurements  were  made  at  about  12  m  from  the  channel 
entrance,  so  that  the  flow  profile  was  well-established  at  the  measuring  point.  The 
channel  width  is  60  cm  between  glass  walls  which  is  acceptable  for  the  20  cm  water 
depth  set  in  most  of  the  experiments.  The  channel  bed  is  covered  with  4  mm  mean 
diameter  gravel  glued  to  the  bottom  plate. 

For  the  experiments  the  sonar  transducers  were  first  mounted  from  the  top  with  the 
face  of  the  transducer  submerged  in  the  flow.  Better  results  were  obtained  when  the 
transducers  are  mounted  below  the  channel  bed  looking  up  into  the  flow  through  a 
small  window  in  the  floor  which  was  covered  by  Mylar  film  to  minimize  flow 
disturbance.  Three  transducers  pointing  in  different  directions  as  shown  in  Fig.  2 
were  installed.  In  this  configuration  the  measuring  installation  produced  no 
perturbation  of  the  flow.  For  stationary  flow  the  two  velocity  vectors  u  in  the 
direction  of  the  mean  flow  and  w  in  the  vertical  direction  can  be  determined  by 
trigonometric  manipulation  (Lhermitte  and  Lemmin,  1991)  from  three  consecutive 
measurements  with  transducers  at  different  orientation.  For  this  operation  the 
ADVP  system  was  connected  to  the  transducers  following  a  1  through  3  sequence. 
Each  time,  the  instrument  acquired  data  for  up  to  1  min  at  up  to  128  gates. 

Experiments  conducted  with  the  ADVP  system  were  concerned  with  clear  water 
(better  than  98  percent  transmissivity).  The  water  used  in  the  channel  and  in  the 
holding  tank  was  continuously  Hltered  to  remove  any  particulates.  There  was  no 
seeding  by  physically  defined  targets  to  provide  tracers  for  the  water  motion.  Very 
small  size  particulates  (less  than  50  micrometer  size)  could  still  be  seen  in  the 
water.  However,  calculating  the  sonar  reflectivity  expected  from  these  targets  as  a 
function  of  their  estimated  size  and  concentration  showed  that  the  reflectivity 
expected  from  their  presence  was  well  below  (three  orders  of  magnitude)  the  water 
reflectivity  actually  measured.  The  experiments  conducted  have  shown  that  in 
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normal  distribution.  It  is  systematically  negative  indicating  the  probability  of 
slightly  overestimating  the  true  velocities.  Similar  results  with  respect  to  sample 
size  were  obtained  for  the  kurtosis. 

4.2  Turbulence  paramenters 

The  data  obtained  with  the  ADVP  were  subsequently  analyzed  for  turbulent  flow 
characteristics.  Particular  attention  was  given  to  the  effect  of  the  limited  transversal 
resolution  of  the  acoustic  beam  size  in  the  present  prototype  system.  The  profile  of 
the  standard  deviation  (Fig.  7)  shows  an  increase  towards  the  channel  bed  in  the 
way  reported  in  the  literature.  In  this  case  we  have  investigated  the  effect  of 
sample  size  on  the  resultant  standard  deviation.  Each  individual  sample  is  calculated 
from  a  number  data  points  by  a  double  pulse-pair  algorithm.  It  can  be  seen  that  for 
a  small  sample  size  (16  data  points)  the  slope  of  the  curve  is  correctly  represented 

but  the  actual  value  is  too  high  and  (not  shown  here)  has  itself  an  important 

standard  deviation.  When  the  sample  size  is  increased  to  512.  the  curve  approaches 

the  theoretical  prediction  by  Nezu  and  Rodi  (1986)  and  the  deviation  is  greatly 

reduced.  This  sample  size  represents  a  measuring  period  of  about  30  seconds  at 
about  1000  data  points  per  second.  Further  increase  of  the  sample  size  does  not 
change  the  variance. 

Turbulent  energy  spectra  from  data  taken  at  different  gates  show  a  well-developed 
inertial  subrange  over  more  than  one  decade  and  self-similarity  for  different  layers 
in  the  flow.  Spectra  calculated  from  samples  which  were  produced  by  a  running 

mean  pulse-pair  over  82  data  points  advanced  by  6  data  points  show  the  -5/3 
inertial  subrange  and  also  a  -3  to  -4  diffusive  subrange  at  higher  frequencies  (Fig. 
8).  For  open.-channel  flow  a  diffusive  subrange  with  a  comparable  slope  in  the  same 
frequency  range  was  already  reported  by  McQuivey  and  Richardson  (1969)  and  is 

close  to  the  -13/3  slope  measured  by  Komatsu  et  al.  (1989). 

The  spatial  autocorrelation  function  along  the  profile  was  calculated.  This  function 
provides  an  estimate  of  the  eddy  size  as  associated  with  the  turbulent  flow.  The 

area  under  the  curve  gives  an  indication  of  the  mean  eddy  size  in  the  flow  direction, 
called  macro  scale  L.  We  find  a  distribution  of  L  (Fig.  8)  which  corresponds  to 
profiles  reported  in  the  literature  (McQuivey  and  Richardson,  1969;  Nalluri  and 
Novak,  1977).  However,  due  to  rough  bottom  and  higher  Reynolds  number  (Re  -1.5 
*  10^),  the  largest  scales  are  limited  to  about  30%  of  the  water  depth.  This  limit 
corresponds  to  Kironoto  and  Graf  (1991)  who  measured  in  the  same  flow  conditions 
in  the  same  channel  using  hot  film  instrumentation.  The  micro  scale  was  also 
calculated  and  is  shown  in  Fig.  9.  Again,  we  find  close  resemblance  with  the 
literature  and  results  by  Kironoto  and  Graf  (1991).  Thus,  even  though  the  sound 

beam  diameter  of  the  present  instrument  is  rather  large  (about  20  mm),  turbulence 
scales  can  be  well-resolved  with  this  instrumentation,  because  sonar  echoes  come 
from  interfaces  which  are  much  smaller  than  the  beam  dimensions. 


5.  Conclusion 

The  data  acquired  have  been  analyzed  to  evaluate  their  use  for  the  probing  of 
boundary  layer  flow  conditions  in  open  channel  flow.  From  the  analysis  it  is 
apparent  that  the  ADVP  hardware  and  the  software  algorithms  applied  to  the 
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turbulent  flow  a  well-defined  spectrum  with  a  nearly  Gaussian  shape  is  always 
observed  from  clear  water  backscattering  (Lhermitte  and  Lemmin.  1990). 


4.  Results  and  discussion 

4.1  Mean  velocity  profiles 

For  verification  of  the  measurements  the  ADVP  is  compared  with  standard 
instrumentation:  Pitot  tube  and  hot  film.  While  the  Doppler  measurement  of  the 
ADVP  is  an  absolute  measurement  and  does  not  require  calibration,  certain  aspects 
of  the  installation  of  the  instrument  can  influence  the  result.  One  of  these 

parameters  is  the  inclination  of  the  transducer.  Tests  have  shown  that  the  resultant 
velocity  (eq.  4a)  is  strongly  dependent  on  this  angle.  When  comparing  the  ADVP 
mean  velocity  proflle  with  one  obtained  by  a  Pitot  tube  (Fig.  3),  it  is  seen  that  a 
deviation  of  the  transducer  angle  of  less  than  2°  changes  the  estimated  speed  by  up 
to  10%.  In  a  similar  way  an  observed  systematic  deviation  in  the  profile  of  the 
vertical  mean  velocity  could  be  attributed  to  an  angle  deviation  of  0.1**.  Thus  a 
carefully  controlled  installation  of  the  transducers  is  an  important  prerequisite  for 
good  measurements  with  the  ADVP.  The  shape  of  the  measured  mean  profile 
corresponds  to  a  logarithmic  velocity  profile,  well-established  for  uniform  open- 
channel  flow. 

Since  the  ADVP  measures  the  radial  velocity  in  the  axis  of  the  acoustic  beam, 
measurements  by  a  single  inclined  transducer  cannot  distinguish  between 

contributions  from  the  horizontal  (u)  and  the  vertical  (w)  components  of  the  velocity 
vector.  Under  stationary  flow  conditions  the  two  components  can  be  obtained  from 
measurements  with  a  single  transducer  at  a  time  if  measurements  are  repeated  at 
different  transducer  angles  6.  Using  the  two  inclined  transducers  2  and  3  (Fig.  2) 
two  profiles  of  the  mean  velocity  were  obtained  (Fig.  4)  which  due  to  the  transducer 

orientation  are  slightly  different.  From  the  two  profiles  the  profile  of  the  'true' 

horizontal  velocity  vector  was  calculated  (Lhermitte  and  Lemmin,  1991)  and  falls  in 
between  the  two  measured  profiles  (Fig.  4).  The  difference  between  the  measured 
and  the  calculated  velocities  never  exceeds  5%  and  can  be  attributed  to  the  vertical 
velocity  w.  The  w  profile  is  shown  in  Fig.  S  together  with  the  vertical  velocity 
measured  directly  with  transducer  1.  High  measured  velocities  near  the  bed  are  due 
to  the  change  in  bottom  roughness  caused  by  the  smooth  Mylar  window  of 
transducers  2  and  3  which  is  upstream  from  the  window  for  transducer  1.  One  can 
see  that  the  general  trend  of  the  two  w  profiles  is  identical  but  the  actual  values  of 
the  rather  small  velocity  may  differ.  The  general  trend  of  w  can  be  explained  by  a 
secondary  circulation  as  suggested  by  Nezu  and  Rodi  (1985)  for  channel  flows  with 
small  width  to  depth  ratios.  Thus  profiles  of  horizontal  velocity  can  be  measured  by 
a  single  observation  if  not  too  high  an  accuracy  is  required.  The  results  could  be 
further  improved  if  the  angle  (9;  Fig.  2)  of  inclination  of  the  transducer  would  be 
increased. 

The  effect  of  the  number  of  data  points  used  to  calculate  the  velocity  has  been 
investigated  by  calculating  higher  statistical  moments  of  the  time  series.  The 
skewness,  shown  in  Fig.  6,  does  not  change  much  once  the  number  of  dau  points 
exceeds  64.  For  lower  sample  lengths  a  large  scatter  was  observed.  For  64  points 
and  above,  the  skewness  is  relatively  small  implying  a  small  deviation  from  a 
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extraction  of  the  velocity  vector  are  well  suited  for  the  analysis  of  turbulent  flow 
characteristics.  Without  the  need  for  a  calibration  procedure,  mean  vertical  and 
horizontal  water  velocity  is  effectively  measured  by  the  ADVP,  turbulence  scales  are 
well  resolved.  Measurements  can  be  made  to  a  degree  of  accuracy  better  than  most 
conventional  in  situ  sensors  which  can  also  modify  the  local  flow  conditions 
significantly  by  intruding  into  the  flow.  The  ADVP  is  easier  to  operate  than  laser 
velocimeters  and  essentially  provides  instantaneous  velocity  profiles  instead  of 
point  measurements.  Up  to  128  points  in  each  ADVP-profile  can  be  resolved.  Thus  a 
higher  spatial  resolution  is  achieved.  Compared  to  existing  instrumentation,  the 
ADVP  profile  measurements  take  only  a  small  fraction  of  the  time  for  the  same 
resolution.  Furthermore,  since  ADVP  profile  measurements  are  taken 
simultaneously  under  the  same  flow  conditions,  the  resultant  profiles  are  found  to 
be  smoother  than  those  taken  in  sequence  by  existing  instruments. 

Our  conclusion  at  this  point  is  that  the  high  frequency  ADVP  is  a  valuable  tool  for 
hydraulic  research.  Turbulent  clear  water  constitutes  an  appropriate  backscattering 
medium.  The  relevance  of  more  sophisticated  techniques  for  beam  focalization,  data 
acquisition  and  signal  processing  of  the  Doppler  information  may  need  to  be 
investigated  before  the  configuration  and  domain  of  application  of  a  high  frequency 
ADVP  designed  for  hydraulic  research  can  be  finalized. 
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Fig.  I.  Principle  of  operation  of  an  ADVP.  a:  The  change  in  frequency  (fo-fs)  >s  i*>e 
Doppler  shift  frequency  which  is  proportional  to  the  velocity  v  in  the  water,  b: 
Single  gate  pulse-to-pulse  coherent  instrument,  c:  Multi-gate  pulse-to-pulse 
coherent  instrument. 
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Fig.  2;  Installation  of  acoustic 
transducers  in  the  bottom  of  the 
laboratory  channel. 
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Fig.  3.  Horizontal  mean  velocity 
profiles  taken  with  an  ADVP  and  with 
a  Pitot  tube.  The  angle  of  inclination 
of  the  acoustic  transducer  was 
changed  between  the  two  ADVP 
profiles. 
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Fig.  4;  Horizontal  mean  velocity 
profiles  taken  with  the  two 
transducers  T2  and  T3  (see  Fig.  2)  and 
the  profile  calculated  from  the  two 
measurements. 


Fig.  5:  Vertical  mean  velocity  profiles 
a;  calculated  for  the  profiles  taken  by 
transducers  T2  and  T3  and  b: 
measured  by  transducer  Tl.  A 
positive  velocity  is  oriented 
downwards. 


Fig.  6:  Skewness  profiles  as  function 
of  data  points  used  to  calculate  the 
velocity  estimates. 
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Fig.  7;  Horizontal  velocity  variance 
ADVP  profiles  compared  with  the 
profile  predicted  by  Nezu  and  Rodi 
U986).  The  two  ADVP  profiles  differ 
in  the  number  of  data  points  over 
which  the  variance  was  estimated. 


Fig.  8:  Energy  density  and  energy 
dissipation  spectrum  for  a  gate  in  the 
central  part  of  the  velocity  profile. 
The  -S/3  slope  of  the  inertial 
subrange  and  the  -4  slope  in  the 
diffusive  subrange  of  the  energy 
density  spectrum  are  indicated. 


Fig.  9;  Profiles  of  the  dimensionless 
micro-scale  X  and  macro-scale  L.  D  is 
the  water  depth,  z  is  the  vertical  axis. 
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ABSTRACT 

The  turtxjlent  entry  flow  in  a  two-dimensional  channel  is  characterized  by 
an  initial  inviscid-core  region  followed  by  a  profile-development  region  which 
leads  to  fully-developed  turbulent  flow.  The  length  at  which  turbulent  bursts 
initiate  the  transition  process  is  very  dependent  on  the  Reynolds  number. 
Previous  studies  have  been  carried  out  for  high  Reynolds  numbers  (Re  >  10^) 
only  so  that  the  transition  has  been  assumed  to  start  from  the  inlet  section.  For 
flows  at  low  Reynolds  numbers  (2,000  <  Re  <  1 2,000),  transition  is  observed  to 
occur  significantly  downstream  of  the  inviscid-core  region;  for  such  flows  the 
flow  resembles  the  laminar  flow  entry  region  up  to  the  poim  of  transition  so  that 
the  pressure  gradient  prior  to  transition  is  less  than  that  of  the  fully-developed 
turbulent  flow.  For  intermediate  Reynolds  numbers  (12,000  <  Re  <  20,000), 
transition  occurs  downstream  of  the  inlet  section  but  before  the  disappearance 
of  the  invisdd  core.  For  such  flows,  the  pressure  gracfient  is  near  its  fully- 
developed  value  throughout  the  entire  entry  region. 


1.  IHTRODUCnON 

The  study  of  turbulent  entry  flows  is  important  in  many  engineering  applications,  including  the  designs  of 
wind  and  water  tunnels,  as  well  as  piping  and  duct  systems.  Turbulent  entry  flow  is  characterized  by  an  initial 
inviscid-core  region  that  changes  to  a  profile-development  region.  This  is  followed  by  fully-developed  flow 
downstream.  The  location  of  a  transition  region  in  whidr  turbulence  initiates  is  dependent  on  the  Reynolds 
number.  Although  researchers  have  developed  relations  for  laminar  entry  flows  that  satisfactorily  precfict 
experimental  findings,  similar  success  has  not  been  achieved  for  turbulent  flow  at  all  Reynolds  number  ranges. 
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Many  resaarchars  hava  studiad  turt>ulant  antry  ttows  in  snx>oth  pipas;  thasa  includa  Ross  and  Whippany 
(1956),  6art>in  and  Jonas  (1963).  Bowlus  and  Brighton  (1968),  Klein  (1961),  and  Salami  (1966).  Wang  and 
T ullis  1 1 974)  provided  an  analysis  for  flow  in  a  rough  pipe.  In  all  of  these  studies,  the  analysas  wars  carried  out 
for  highar-RaynoldS'numbar  (Re  >  10^)  flows  than  studiad  hers.  One  common  conclusion  was  that  the 
pressure  gradient  at  the  entrance  to  the  pipe  was  significantly  higher  than  the  value  for  fully-developed  flow. 
Moreover,  it  was  determined  that  the  pressure  gradient  reduces  to  its  fully-developed  value  in  less  than  fifteen 
(15)  pipe  diameters.  Bart>in  and  Jones  (1963)  estimated  the  entrance  length  (distance  to  achieve  fully- 
developed  flow)  to  be  forty-four  (44)  pipe  diameters  at  Re  «  388,000.  Wang  and  Tutte  (1974)  estimated  the 
entrance  length  to  be  forty-nine  (49)  pipe  diameters  for  10^  <  Re  <  3.7  x  10*.  In  sharp  contrast,  Klein  (1981 ) 
predicted  that  the  entrance  length  may  exceed  one  hundred  forty  (140)  pipe  diameters.  Even  though  the 
entrance  length  was  not  measured,  the  distance  at  which  the  boundary  layer  filled  the  pipe  and  the  inviscid 
core  disappeared  was  determined.  Bartin  and  Jones  (1963)  measured  the  invisdd-core  length  to  be  twenty- 
eight  (28)  diameters,  while  Wang  and  Tullis  (1974)  achieved  this  at  thirty  (30)  diameters.  Bowlus  and  Brighton 
(1968)  developed  the  following  equation  for  the  inviscid-oore  length.  Lj.' 

g  «  6.19  in  Re  -  46 

where  0  is  the  pipe  diameter  and  Re  is  the  Reynolds  number  based  on  0  and  the  uniform  velocity  at  the  inlet 
section.  This  equation  agrees  with  experimental  data  collected  by  Barbin  and  Jonas  (1963)  within  10%.  The 
results  of  past  investigations  of  turbulent  entry  flows  in  pipes  indicate  a  need  for  further  research  for  flows  at 
lower  Reynolds  numbers. 

In  addition  to  the  studies  in  pipes,  investigations  have  been  conducted  for  flows  in  channels  and  ducts. 
Two  studies  of  interest  were  conducted  by  Cebeci  and  Keller  (1974)  and  Shcherbinin  and  Shkiyar  (1980).  In 
these  analyses,  excellent  agreement  between  predicted  and  experimental  velocity  profiles  was  obtained.  Both 
studies  employed  the  equations  of  motion  (momentum  and  continuity)  and  an  eddy-viscosity  model  for  the 
turbulent  structure  to  predict  velocity  profiles.  These  equations  were  solved  numerically.  As  with  studies  in 
pipes,  values  for  Reynolds  numbers  (based  on  average  velocity  and  channel  height)  in  these  studies  exceeded 
10®. 

Even  though  a  great  deal  of  research  has  been  conducted,  there  appears  to  be  Httle  data  at  low  to 
intennediate  Reynolds  numbers  (4,000  ^  Re  $  18,000)  for  emry  flows.  Addhionally,  data  over  the  entire  entry 
region  to  determine  the  entrance  length  for  fully-deveioped  turbulent  flow  is  lacking.  Therefore,  the  purpose  of 
this  study  is  to  investigate  turbulent  entry  flows  for  low  to  intermediate  Reynolds  numbers  in  a  smooth,  two- 
dimensional  channel,  with  attention  given  to  the  entire  entry  region. 
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2.  FLOW  CHARACTERISTICS 

Simplified  models  of  turtKilent  entry  flows  depict  the  flow  as  a  growing  turbulent  boundary  layer  that 
eventually  fills  the  entire  channel.  Often,  the  entrance  length  is  defined  as  the  distance  for  the  inviscid  core  to 
disappear  and  the  flow  is  considered  fully  developed  beyond  that  point.  However,  the  flow  changes 
considerably  beyond  the  disappearance  of  the  inviscid  core  before  reaching  its  fully-developed  velocity  profile. 
Moreover,  this  simplified  model  does  not  accommodate  turbulent  entry  flows  in  which  turbulent  bursting  does 
not  initiate  at  the  channel  inlet  section.  Therefore,  to  accurately  describe  flow  in  the  entire  region,  a  more 
complex  model  is  required. 

To  provide  a  more  comprehensive  description  of  developing  flow,  several  lengths  have  been  defined  and 
are  shown  in  Figure  1.  The  distance  from  the  channel  inlet  section  to  the  location  where  turbulent  bursting 
initiates  is  called  the  turbulence-initiation  length,  L^.  The  turbulence-initiation  length  is  dependent  on  the 
Reynolds  number  and  occurs  near  the  channel  inlet  section  for  high  Reynolds  numbers  (Re  >  10^).  As  noted 
earlier,  the  invisdd-core  length,  Lj,  is  the  distance  from  the  inlet  section  to  the  location  where  inviscid  core 
disappears  as  the  viscous  wall  layer  fills  the  channel.  The  distance  at  which  the  entire  flow  is  turbulent  is  the 
established-turbulence  length,  L,.  The  distance  at  which  the  pressure  gradient  achieves  its  fully-developed 
value  is  denoted  Lp.  Finally,  the  distance  from  the  channel  inlet  section  to  the  location  where  the  velocity  profile 
attains  its  fully-developad  shape  is  the  entrance  length,  Lp.  It  may  be  possible  that  the  turbulent  structure  has 
not  been  completely  established  at  L,,  as  has  been  suggested.  This  study  did  not  address  that  point. 

The  choice  of  a  velocity  profile  to  represent  fully-devetoped  turbulent  flow  varies  between  researchers. 
For  this  study,  the  one-seventh  power-law  velocity  profile 


Figure  1 .  Definition  of  turbulent  entrance  lengths. 
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has  been  selected.  Here  u  is  the  mean  velocity  component  in  the  streamwise  direction.  Uq  is  the  average 
velocity,  y  is  the  transverse  coordinate,  and  H  is  the  channel  height. 

In  addition  to  studying  the  development  of  the  velocity  profile,  the  development  of  the  pressure  gradient 
is  also  of  interest.  In  earlier  studies  at  higher  Reynoids  numbers,  where  turbulent  bursts  imtitte  near  the  inlet 
section  of  the  channel,  the  pressure  decreased  from  a  relatively  large  value  near  the  inlet  section  to  its  fully- 
developed  distribution  downstream.  However,  at  lower  Reynoids  number  flows  the  pressure  distribution  should 
behave  quite  differently.  For  steady  developed  flow,  the  pressure  gradient  is  directly  related  to  the  wail  shear 
stress,  Furthermore,  wall  shear  stress  relates  to  the  velocity  profile  near  the  wall  by 


where  p  is  the  dynamic  viscosity. 

The  wall  velocity  gradient  for  laminar  flow  is  substantially  less  than  that  of  turbulent  flow.  For  low  Reynolds 
numbers,  the  flow  is  initially  laminar  and  turbulent  bursts  initiate  downstream  of  the  channel  inlet  section  in  the 
profile-development  region.  Consequently,  the  pressure  near  the  inlet  section  is  substantially  less  than  the 
pressure  associated  with  the  high-Reynolds-number  flow,  as  shown  in  Figure  2.  For  the  high-Reynolds- 
number  flow,  the  pressure  approaches  its  fully-developed  value  earlier  in  the  flow,  as  shown.  For  intermediate- 
Reynolds-number  flow,  the  pressure  gradient  distribution  approximates  its  fullydeveJoped  value  throughout 
the  entire  entry  flow,  a  rather  interesting  observation. 


Rgure  2.  Proposed  pressure  distributions  for  different  ranges  of  Reynolds  number. 
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3.  EXPERIMENTAL  FACILITY 

The  experiments  tor  this  study  were  conducted  in  a  rectangular,  parallel-sided,  straight  channel.  The 
channel  assembly,  shown  in  Figure  3,  consisted  of  an  entrarwe,  a  settling  chamber,  a  plenum,  a  contraction, 
and  a  horizontal  parallel-plate  test  section.  A  fan  was  located  downstream  of  the  test  section  to  reduce  flow 
disturbances  associated  with  an  otherwise  upstream  fan  location.  The  channel  occupied  two  rooms  so  that  the 
entrance  could  be  in  a  separate  room  sealed  from  the  test  section.  This  allowed  for  a  pressurized  test  section 
which  prevents  highly  undesirable  leaKage  into  the  test  section  as  is  found  for  a  single  room  arrangement  with 
a  downstream  fan  location. 

The  entrance  and  settling  chamber  consisted  of  a  smooth  inlet;  a  one-inch  hog-hair  filter;  a  honeycomb 
section  filled  with  7.5  inch  long,  0.25  inch  diameter  plastic  straws;  and  four  stainless  steel  screens,  6  inches 
apart,  with  screen  meshes  of  59.5%,  57.6%,  57.4%,  and  49.6%,  respectively.  The  plenum  was  46  inches  long 
and  made  of  plywood.  The  two-dimensional  contraction  was  formed  from  a  styrofoam  block  and  covered  with 
linoleum.  The  experimental  test  section  was  1 6  feet  long  by  4  feet  wide,  with  a  0.75  ±  0.005  inch  wide  gap.  The 
top  of  the  test  section  was  constructed  of  acrylic  sheets.  The  bottom  surface  consisted  of  aluminum  plates 
covered  with  a  sheet  of  linoleum,  spray  painted  black  and  wet  sanded  smooth.  The  data  was  collected  with 
commerdaily  available  instruments. 

4.  RESULTS 

To  provide  a  ■'omprehensive  description  of  turbulent  flow  development,  experiments  were  conducted  to 
determine  the  turb..  nce-initiation  length,  the  inviscid-core  length,  the  established-  turbulence  length,  the 
length  at  which  the  pressure  gradient  achieves  its  fulfy-deveioped  distribution,  and  the  entrance  length.  These 
experiments  were  conducted  for  Reynolds  numbers  ranging  from  4,000  to  16,000  and  are  plotted  in  Figure  4. 


Figure  3.  Experimental  facility;  top  view. 
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Rgurb  4.  Various  turbulent  entrance  Lengths  as  lunctions  of  the  Reynolds  number. 


The  measurements  to  determine  the  turbulencsHnitiation  length,  L),  were  taken  along  the  chanrtel 
centerline.  As  shown  in  Figure  4,  Lf  decreases  as  the  Reynolds  number  increases.  Eventually,  turbulence  will 
initiate  at  the  channel  inlet  section  at  high  Reynolds  nun^rs.  The  plot  of  the  inviscid-core  length  shows  that 
Li  gradually  decreases  as  the  Reynolds  number  increases.  This  indicates  that  a  relation  of  the  form  derived  by 
Bowius  and  Brighton  (1966)  tor  pipe  flow  is  not  applicable  for  the  conditions  in  this  channel  flow  study  at  the 
Reynolds  numbers  considered  because  the  equation  they  proposed  would  lead  to  an  increasing  Li  with 
increasing  Reynolds  number.  For  Re  <  12,(XX),  the  initiation  of  turbulent  bursts  occurs  downstream  of  the 
invisdd-core  region.  Therefore,  the  velocity  profiles  and  static  pressure  distributions  tor  Re  <  12,000  should 
resemble  laminar  flow  conditions  until  turbulence  initiates  downstream. 

Measurement  of  the  established-turbulence  length  indicates  that  L«  decreases  with  increasing  Reynolds 
number.  The  distance  Lp  at  which  the  pressure  gradient  attains  its  fully-deveioped  value  also  decreases  with 
increasing  Reynolds  number  tor  Re  <  16,000.  For  Re  >  16,000,  Lp  increases  with  Reynolds  number.  This 
change  is  related  to  the  pressure  gradtont  devetopment  and  will  be  discussed  later.  The  entrance  length  was 
established  by  curve  fitting  the  velocity  profile  to  a  one-seventh  power-law  distribution.  From  the  plot  of 
entrance  length  it  can  be  seen  that  unKKe  the  other  distances  measured,  L,  gradually  increases  with  Reynolds 
number.  Moreover,  changes  in  the  Reynolds  number  do  not  affect  values  tor  L«  as  significantly  as  the  other 
lengths  measured.  Because  L«  is  in  the  range  of  190  to  21S  channel  heights,  the  conclusions  of  Klein  (1961 ), 
that  entrance  lengths  could  exceed  140  pipe  rSameters,  would  tend  to  be  suppofted  over  those  of  Baibin  and 
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FIgum  5.  Low-Reynolds-number  static  pressure  distribution;  Re  >  4,000. 


Jones  (1963)  or  Wang  and  Tullis  (1974).  This  would  further  indicate  that  some  past  experiments  tor  fully- 
developed  turbulent  flow  were  actually  conducted  on  flows  that  were  not  yet  fully  developed. 

Experimental  streamwise  static  pressure  distnbutions  were  measured  using  taps  in  the  channel  side  wall. 
The  results  of  ten  trials  at  each  Reynolds  number  were  averaged.  The  measured  distributions  can  be  divided 
into  three  categories.  The  first  category  of  st^  pressure  distributions  are  designated  as  low-Reynolds- 
number  distributions.  These  flows  are  represented  by  the  curve  of  Figure  5  and  are  characterized  by  the 
disappearance  of  the  inviscid  core  before  the  first  turbulent  bursts  are  detected  (i.e. ,  L|  <  1^).  For  this  category, 
the  pressure  gradient  initially  follows  a  gradient  characteristic  of  laminar  flow.  After  turbulent  bursts  initiate,  the 
pressure  gradient  deviates  from  the  laminar  gradient  and  approaches  the  lUtly-developed  tuibulent  profile. 

The  second  category  of  static  pressure  distributions  are  represented  by  the  curves  of  Figures  6, 7,  and 
8,  and  are  designated  as  intermediate-Reynolds-number  distribubons.  For  this  case,  the  turbulent  bursts 
initiate  prior  to  but  near  the  disappearance  of  the  inviscid  core  (i.e.,  L(  s  L^).  The  pressure  gradient  is  near  its 
fully-developed  value  throughout  the  entry  region.  There  is  a  value  for  which  the  pressure  distribution  remains 
at  its  fully-developed  value  throughout  the  entire  flow;  the  available  data  indicates  that  it  is  approximately 
around  Re  -  16,000,  as  demonstrated  in  Figure  7. 

The  final  category  of  pressure  distributions  is  the  high-ReynoMs-number  distributions.  For  this  case,  the 
pressure  at  the  entrance  to  the  channel  is  significantly  greater  than  its  fuHy-developed  value.  This  category  is 
not  represented  by  data  collected  in  this  study.  However,  Figure  6  for  flow  at  Re  ■  18,000  is  a  dear  indicative 
of  this  trend. 
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Rgur*  6.  Intermediate-Reynolds-number  static  pressura  distribution;  Ra  -  ^  2,000. 


Rgura  7.  Intermediate-Raynolds-numbar  static  pressura  distribution;  Ra  - 1 6,000. 
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Rgura  8.  Intermediats-Reynolds-number  static  pressure  distribution ;  Re  *  1 8,000. 


5.  CONCLUSIONS 

Based  on  the  results  of  this  investigation,  the  following  conclusions  can  be  made  for  flow  in  the  entry 
region  of  a  smooth  channel. 

1 .  The  inviscid-core  length,  Lf,  decreases  with  increasing  Reynolds  number,  it  can  be  approximated  by 
the  relationship 

Lj 

^  « -0.00156  Re  >69  Re  <16,000. 

H 

The  Reynolds  number  is  Re  «  UqH/v,  where  v  is  the  kinematic  viscosity. 

2.  The  turbulence-initiation  length,  1^,  decreases  with  increasing  Reynolds  number.  It  can  be 
approximated  by  the  relationship 

L 

9  ■ -0.0072  Re  >140  Re  <18,000. 

H 

3.  The  established-turbulence  length,  L,,  decreases  with  increasing  Reynolds  number.  It  can  be 
approximated  by  the  relationship 

^ -6.8  X  10’®  Re^- 0.008  Re  >168  Re  <18,000. 

M 

4.  The  distance  from  the  channel  inlet  section  to  the  location  where  the  pressure  gradient  attains  its  fully- 
developed  value,  Lp,  decreases  with  Reyno:  js  number  for  Re  <  16,000.  It  can  be  approximated  by 
the  relationship 
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^  .  -6.9  X  10  ®  Re^  -  0.01  Re  220  Re  <  16.000. 

n 

For  Re  >  16,000  the  value  for  Lp  increases  with  increasing  Reynolds  number. 

5.  The  entrance  length,  L,.  for  the  velocity  profile  to  attain  its  fully-developed  form,  increases  with 

Reynolds  number  and  exceeds  190  channel  heights.  It  can  be  approximated  by  the  relationship 

L. 

>0.00104  Re 190  Re  <18,000. 

H 

6.  There  are  three  categories  of  turbulent  flows  that  are  designated  as  follows: 

a.  Low-Reynolds-number  turbulent  flow  for  which  Li  <  L^.  In  this  category,  Re  <  10,000  and  the 
pressure  in  the  entry  region  is  less  than  the  pressure  associated  with  the  fully-developed  flow 
distribution. 

b.  intermediate-Reynolds-number  turbulent  flow  for  which  Lf  S  Lj.  In  this  category,  10,000  <  Re  < 
20,000  and  the  pressure  gradient  is  approximated  by  its  fully-developed  turbulent  values.  This 
category  includes  a  flow,  at  Re  - 1 6,000,  for  which  the  pressure  gradient  retains  its  fully-developed 
value  throughout  the  entire  entry  region. 

c.  High-Reynolds-number  flows  for  which  L|  •  0.  in  this  category,  Re  >  1 0®  and  the  pressure  is  above 
the  pressure  value  associated  with  the  fully-developed  flow  distribution  and  reduces  monotonicaily 
to  its  fully-developed  distnbution  downstream. 
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ABSTRAa 

From  the  longitudinal  mean  velocity  profiles  in  eight  decreasing  adverse 
pressure  gradient  turbulent  diffuser  flows,  and  in  similar  regions  of  an 
initially  increasing  adverse  pressure  gradient  diffuser  flow,  it  can  be  shown 
that  there  are  two  half-power  regions,  starting  outside  of  the  viscous 
sublayer.  In  these  flows,  the  longitudinal  development  of  the  two  half-power 
regions  indicates  an  entry  region  and  a  universal  region.  The  ranges  of 
applicability  of  different  semi-empirical  velocity  profiles  are  also  described 
in  terms  of  the  two  half-power  coefficients. 

I.  INTRODUaiON 

Mean  velocity  profiles  in  wall-bounded  turbulent  flows  with  adverse 
pressure  gradients  is  a  topic  which  has  generated  much  research  due  to  the 
common  occurrence  of  such  flows  in  engineering  applications.  Although  there 
is  a  large  volume  of  literature  on  the  topic,  no  one  theory  is  wholly 
satisfactory,  the  reason  being  the  high  degree  of  complexity  in  these  types  of 
flows.  Developing  a  better  understanding  of  the  mean  velocity  behavior  in 
this  class  of  flows  will  allow  engineers  to  more  effectively  design  plane  or 
conical  diffusers.  In  addition,  such  an  understanding  of  flow  development 
will  also  help  in  practical  prediction  without  having  to  resort  to  expensive 
experimentation  or  direct  numerical  simulation. 

In  the  present  work,  with  the  ultimate  objective  of  more  accurate 
semi-empirical  prediction  of  the  mean  velocity  field  in  decreasing  adverse 
pressure  gradient  turbulent  flows,  the  experimental  data  from  the  nine 
turbulent  diffuser  flows  listed  in  Table  1  are  examined.  Although  this  is 
certainly  not  all  of  the  experimental  data  available  in  the  literature  for 
this  class  of  flows,  it  is  a  representative  sample.  Only  unseparated, 
incompressible  flows  which  have  no  swirling  are  considered.  It  has  been 
observed  that  there  are  two  half-power  regions  in  all  the  flows  examined.  In 
fact,  the  longitudinal  development  of  the  mean  flow  can  be  described  in  terms 
of  the  half-power  characteristics. 

The  nine  flows  listed  in  Table  1  include  four  plane  diffuser  flows, 
namely.  Flows  1100,  1200,  2900  of  the  1968  Stanford  Conference  (Coles  and 
Hirst  1968)  and  Flow  0141  of  the  1980-81  Stanford  Conference  (Kline  et  al. 
1981).  In  addition,  the  exoerimen^al  data  from  five  conical  diffuser  flows  of 

^Address  correspondence  to  this  author.  Tel.  (416)  525  9140  Ext.  7296  or  7321. 
Facs.  (416)  572  5944. 
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ten.  six  and  eight-degree  conical  angles,  have  been  examined.  The  ten  and 
six-degree  conical  diffuser  flows  are.  Flows  5000  and  5100  (Coles  and  Hirst), 
and  Flows  0142  and  0143  (Kline  et  al.),  respectively.  The  eight-degree  conical 
diffuser  data  are  from  Turan  (1988),  Kassab  (1986)  and  Ozimek  (1985).  One  of 
the  plane  diffusers.  Flow  0141,  has  an  increasing  adverse  pressure  gradient 
over  much  of  the  length  of  the  flow.  The  other  eight  flows  have  decreasing 
adverse  pressure  gradients,  except  for  a  short  region  at  their  entrances.  .Ml 
of  the  diffusers  have  either  a  developing  channel  (or  boundary  layer)  or  pipe 
flow  at  their  inlet  except  for  the  eight-degree  conical  diffuser  which  has  a 
fully-developed  pipe  flow  at  its  inlet.  The  inlet  Reynolds  numbers  of  these 
flows  are  also  listed  in  Table  1. 

Based  on  local  flow  variables,  three  different  distinct  length  scales  can 

be  developed  in  a  wall-bounded  adverse  pressure  gradient  flow  (Kader  and 

Yaglom),  such  that  6  <<  6  <<  6.  where  is  the  viscous  length  scale,  6  = 

vp  v  2  1/2'' 

pressure  length  scale,  6^  =  ujj/a  ( u^  =  (t/p)  '  is  the 

friction  velocity  and  is  the  wall  shear  stress).  The  values  of  these  three 

length  scales  in  the  eight  decreasing  adverse  pressure  gradient  flows  examined 

have  been  found  to  differ  by  at  least  an  order  of  magnitude  at  a  given 

measuring  location  ( Kopp  1991).  Therefore,  these  three  length  scales  can  be 

distinctly  identified.  As  a  result,  there  should  be  at  least  three  different 

functional  forms  of  the  mean  velocity  at  each  particular  mea.suring  station. 

In  the  following,  first,  the  two  half-power  regions  are  discussed  in 
detail.  Subsequently,  applicability  of  the  profiles  of  Coles  (1956),  Kader  and 
Yaglom  (1978),  Perry  (1966),  Townsend  (1961),  McDonald  (1969),  Mellor  (1966), 
and  Nakayama  and  Koyama  (1984)  are  examined  with  respect  to  the  development  of 
the  two  half-power  regions. 

II.  Prediction  of  the  Mean  Velocity  Field  in 
Decreasing  Adverse  Pressure  Gradient  Flows 

A.  THE  TWO  half-power  REGIONS 

It  is  observed  that  in  turbulent  adverse  pressure  gradient  internal  flows, 
there  are  two  regions  at  each  measuring  station  where  the  mean  velocity  varies 
with  the  square  root  of  the  distance  from  the  wall.  All  of  the  flows  examined 
here  exhibit  a  similar  development  of  two  half-power  regions.  Examples  of  this 
progression  is  shown  in  Figure  1,  for  the  plane  diffuser  flows.  Flows  2900, 
1200  and  0141.  Figure  2  shows  the  same  development  in  the  conical  diffuser 
flows.  Flows  5100,  0142  and  the  eight  degree  conical  diffuser  are  given  as 
examples.  Here,  the  inner  half-power  region  is  where  the  mean  velocity  profile 
can  be  described  by, 

L7U,  =  C./LVy/6)’/2  ^  ,1, 

while  in  the  outer  half-power  region,  the  mean  velocity  is  given  as  follows; 

=  C^/U^(y/6)’'2  ^  ,2) 

In  addition  to  experimental  evidence,  the  presence  of  the  inner  half-power 
region  can  be  shown  from  a  dimensional  analysis,  as  done  by  Kader  and  Yaglom 
(1978)  and  Perry  et  al.  (1966);  or  it  can  be  analytically  linked  to  the 
presence  of  an  approximately  linear  turbulent  shear  stress  distribution,  as 
done  by  Townsend  (1962),  Mellor  (1966),  McDonald  (1969)  and  Nakayama  and 
Koyama  (1984).  It  has  been  observed  here  for  the  three  flows  with  turbulence 


B36-2 


measurements  (Flows  0142,  C  i  .  and  the  eight-degree  conical  diffuser)  that 
outer  half-power  region  occurs  alter  the  peak  of  the  Reynolds  shear  stress  uv , 
as  ijv  decreases  in  an  approximately  linear  manner.  The  outer  half-power 
region  can  hence  be  related  to  this  linear  stress  layer,  just  as  the  inner 
half-power  region  is. 

B.  THE  Cq  <  Cj  REGION 

Figures  1  and  2  show  that  early  in  the  development  of  these  flows,  the 
outer  half-power  slope,  is  less  than  the  inner  half-power  slope,  C^.  .As 
the  flows  develop,  the  inner  slope  decreases  while  the  outer  slope  increases 
until  they  become  approximately  the  same.  The  region  where  is  the 
half-power  region  discussed  by  Perry  (1966),  Samuel  and  Joubert  (1974).  and 
Kader  and  Yaglom.  .As  the  flows  develop,  the  inner  half-power  slope  becomes 
smaller  than  the  outer  slope. 

When  C  >  in  all  of  the  diffusers,  the  blending  region  between  inner 
and  outer  half  power  regions  is  small,  indeed  almost  non-existent  on 
half-power  coordinates.  At  this  point  there  are  no  substantial  linear  regions 
present  in  any  of  the  flows  examined,  as  seen  in  Figures  1  and  2. 

C.  THE  Cq  >  Cj  REGION 

Once  exceeds  C.,  the  two  half-power  regions  begin  to  separate  and  the 
blending  region  becomes  linear.  Specif ically,  the  linear  blending  region 
begins  for  approximately  2  <  <  3  in  all  of  the  flows  examined  here. 
Further  downstream,  the  blending  region  becomes  longer  and  has  a  3/2-power 
velocity  distribution.  This  occurs  when  4  <  C^/C^  <  5.  Examples  of  this 
development  can  be  seen  in  Figures  3  and  4.  Figure  3  shows  the  linear 
blending  region  at  Station  5  (x  =  0.382  m)  in  Flow  0142  on  linear  coordinates 
while  Figure  4  shows  the  3/2-power  blending  region  at  Station  11  of  the  same 
flow  (x  =  5.92  ml  on  3/2-power  coordinates.  It  is  observed  that  the  region  of 
overlap  can  be  quite  long. 

Trupp  et  al.  (1986)  reported  the  presence  of  two  half-power  regions  in  the 
eight-degree  conical  diffuser  examined  here.  The  experimental  data  examined 
in  that  paper,  however,  were  only  for  the  near  wall  region,  so  that  towards 
the  exit,  there  were  no  data  for  the  outer  half-power  regions.  Upon  further 
examination  of  the  experimental  data  of  Turan,  Kassab,  and  Ozimek  from  the 
same  diffuser,  it  has  been  observed  that  there  are  two  half-power  regions 
present  throughout  the  flow,  as  mentioned  above. 

The  only  exception  to  the  above  discussion  is  Flow  0143.  This  flow  has  a 
very  long  entry  length  caused  by  the  "backward  facing  step"  arrangement  just 
upstream  of  the  diffuser  entrance,  which  was  used  to  generate  high  core 
turbulence.  The  development  is  much  slower,  and  becomes  greater  than  C. 
only  at  the  last  measuring  station  (the  entry  length  concept  is  discussed 
further  in  Section  E). 

Flows  1100  and  1200  developed  in  much  less  extreme  adverse  pressure 
gradients.  Hence,  flow  1100  never  develops  a  3/2-power  region  and  flow  1200 
only  barely  develops  a  3/2-power  region.  All  of  the  other  flows  have  larger 
adverse  pressure  gradients  and  the  3/2-power  region  develops  more  readily. 

The  development  of  the  linear  regions  of  this  class  of  flows  is  related  to 
the  decreasing  adverse  pressure  gradient.  Upon  examining  Samuel  and  Joubert 's 
increasing  adverse  pressure  gradient  flow.  Flow  0141,  it  can  be  seen  that  the 
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linear  blending  regions  between  the  inner  and  outer  half-power  regions  are 
delayed  until  the  adverse  pressure  gradient  starts  to  decrease.  In  the  other 
flows  e.xamined.  the  pressure  gradient  increases  for  a  short  distance  from  the 
inlet.  At  this  point,  the  ratio  of  the  outer  half-power  slope  to  the  inner 
slope  starts  to  increase  rapidly  and  finally  the  long  linear  blending  region 
between  the  two  1 /2-power  regions  occurs. 

As  the  3/2-power  blending  region  begins,  the  flow  has  developed 
sufficiently  so  that  the  pressure  gradient,  freestream  velocity,  and  the 
friction  velocity  do  not  decrease  as  rapidly  as  upstream.  The  logarithmic 
region  begins  to  return,  or  becomes  longer.  As  a  result,  the  mean  flow  field 
can  be  said  to  be  in  a  moving  equilibrium  at  this  stage. 

Figure  5  shows  how  the  ratio  of  C^/C.  changes  with  u*/L'  .  The  flows 
develop  as  u*/L'  decreases  (right  to  left  on  this  plot),  with  C  /C.  increasing 
in  this  direction.  Figure  6  shows  that  the  ratio  of  the  intercepts, 
also  correlates  well  with  the  ratio  of  u^/U^.  The  ratio  of  the  two  half-power 
slopes  seems  to  be  quite  important,  as  discussed  in  more  detail  below. 

D.  ENTRY  LENGTH  AND  COLES*  LAW  OF  THE  WAKE  IN  THE  UNIVERSAL  REGION 

Coles  (1956)  showed  that  the  mean  velocity  profile  in  the  outer  region  is 
similar  to  that  for  a  wake  flow.  He  obtained  a  velocity  profile  of  the  form 

U*  =  /(y^)  g(n,y/6)  ,  (3) 

where  f(y*)  is  the  Log  Law  and  g(n,y/6)  is  the  departure  from  the  Log  Law  in 
the  outer  region.  Coles  determined  that  g(n,y/6)  =  n(x)w(y/6)/x  where  w(y/6) 
is  called  the  Law  of  the  Wake,  which  was  determined  empirically.  FKx)  is 
determined  from 

where  w(1)=2.  Hinze  (1975)  approximated  w{y/6)  as  follows: 

w(C)*l+sin[(2C-1  )»t/2].  (5) 

where  C  =  y/5.  There  is  a  small  error  in  this  approximation  at  C  *•  0.1  and  C 
<•  0.8  to  0.9.  In  the  outer  region  of  the  boundary  layer.  Coles'  Law  of  the 
Wake  should  be  valid  if  a  logarithmic  velocity  profile  exists  and  the  adverse 
pressure  gradient  is  not  severe. 

Coles'  Law  of  the  Wake  fits  the  experimental  data  at  every  station  of  the 
plane  diffuser  flows  examined,  as  shown  in  Figure  7a  for  selective  stations  in 
Flow  1100,  Flow  1200  and  Flow  2900,  although  there  are  a  few  exceptions  where 
the  agreement  is  not  as  good.  These  minor  inaccuracies  seem  to  be  due  to 
inaccuracies  in  determining  the  boundary  layer  thickness,  such  as  in  the  case 
of  Flow  2900  in  Figure  7a.  Sample  profiles  are  presented  in  Figure  7b  from 
the  six  and  ten-degree  conical  diffusers,  and  in  Figure  7c,  from  the 
eight-degree  conical  diffuser.  In  Figure  7b,  the  Log  Law  intercept  is 
unmu lif ied.  In  addition,  u^  was  calculated  from  the  Preston  tube 
measurements,  as  opposed  to  Clauser's  method.  This  figure  shows  that  Coles' 
formulation  predicts  the  data  reasonably  in  the  outer  layer,  although  the  fit 
is  much  better  when  the  Log  Law  intercept  is  modified  or  the  Clauser  friction 
velocity  is  used. 

In  the  entry  region  of  these  flows.  Coles'  Law  of  the  Wake  does  not  fit 
the  experimental  data,  as  shown  in  Figure  7c  for  the  eight-degree  conical 
diffuser  Station  2  (x  =  0.18  m).  However,  because  Coles'  Law  of  the  Wake 
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reasonably  fits  all  of  the  data  sets  after  an  "entry  length",  it  is  considered 
here  to  be  a  universal  mean  velocity  profile.  This  universal  mean  velocity- 
profile  depends  on  two  parameters  ( u^  and  Hi  x  I  )  .  and  hence,  it  does  not 
collapse  onto  one  line  for  all  flows.  This  can  be  seen  in  Figure  8  which 
shows  the  data  for  the  eight-degree  and  two  six-degree  conical  diffuser  flows 
on  the  usual  U*  versus  log  y*  coordinates.  For  these  three  flows,  the  outer 
layer  occurs  at  varying  distances  from  the  wall. 

The  entry  length  is  hence  defined  as  the  distance  to  the  point  where 
Coles’  Law  of  the  Wake  starts  to  accurately  predict  the  data.  After  the  entry- 
length,  the  universal  region  starts.  In  the  universal  region,  the  local  flow 
parameters  such  as  the  friction  velocity,  freestream  velocity  and  kinematic 
pressure  gradient  do  not  change  very  rapidly  in  comparison  with  the  entry- 
region  where  the  gradients  are  large.  There  are  not  enough  experimental  data 
to  examine  whether  the  entry  length  is  Reynolds  number  dependent. 

E.  ENTRY  LENGTH  IN  TERMS  OF  THE  TWO  HALF-POWER  REGIONS:  Cq/Cj  <  3 

Since  the  ratio  of  the  inner  to  outer  half-power  slopes  is  also  related  to 
the  entry  length,  the  mean  velocity  becomes  universal  for  the  flows  examined 
here  specifically  in  the  range  1.1  <  <  1.4  for  the  plane  diffusers  and 

1.2  <  C^/C.  <  3.5  for  the  conical  geometries.  This  criterion  is  dependent  on 
initial  conditions  as  can  shown  with  the  data  from  the  six-degree  conical 

diffuser.  Flows  0142  and  0143.  Flow  0142  develops  a  universal  profile  at 
=  3.2;  while  in  Flow  0143,  the  mean  velocity  profile  attains  the  universal 
form  at  C^/C^  «  1.2.  Generally,  the  Law  of  the  Wake  predicts  the  experimental 
profile  well  when  C^/C.  >  3.  A  summary  is  given  in  Table  2. 

Attempts  were  made  to  relate  the  slope  and  intercept  for  the  inner 

half-power  region  to  the  local  flow  parameters  so  that  Figures  5  and  6  can  be 
used  to  evaluate  and  D^.  It  is  observed  from  examining  the  experimental 

data  that  the  inner  half-power  region  overlaps  with  the  Log  Law,  especially 
when  the  Log  Law  is  long.  Therefore,  it  seems  reasonable  to  expect  to  be  a 
function  of  the  friction  velocity  just  as  the  Log  Law  is.  The  best 

non-dimensional  correlation  of  the  inner  half-power  slope  is  as  shown  in 
Figure  8  in  terms  of  [C./(U^  5  )]  versus  This  plot  is 

most  useful  in  the  entry  length  region  where  Coles'  profile  does  not  apply  and 
the  Log  Law  region  is  small.  The  Law  of  the  Wake  occurs  at  different 
distances  from  the  wall  for  different  flows.  This  causes  difficulty  in 
correlating  the  intercepts  (or  slip  velocities)  of  the  two  half-power  regions. 
The  best  correlation  for  D.  has  been  found  to  be  D  /U_  versus  A  =  w/u*,  as 
shown  in  Figure  9. 

F.  TOWNSEND’S  AND  MCDONALD’S  PROFILES 


In  the  region  where  C^/C^ 


<  1,  the  only  mean  velocity  formulations  that 
predict  the  data  are  those  of  Townsend  and  McDonald.  Mellor’s  and  Nakayama 
and  Koyama ' s  models  yield  profiles  similar  to  Townsend's,  as  shown  by  Nakayama 

X 


and  Koyama. 
ay,  and  the 


With  the  stress  distribution  approximated  as,  ^  p 

Driest  ( 1 956  ) , 


w  2 

+■  av  =  u 


same  mixing  length  as  used  by  van 


I  = 


Townsend's  mean  velocity  profile  is 

I,  > 

,  1,  .  ay>''2  . 

where  a  =  u^  and  x  is  the  universal  mixing  constant.  Using  the  Log  Law, 


1  ^  2( 1  -  B  sgnla) )  ^ 


a  -t-  ay  ) 


1/2 


•*-  U. 
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half-power  law,  but  do  not  adequately  predict  the  half-power  region,  except 

for  McDonald's  profile  at  a  lew  stat ions  in  the  entrance  regions.  McDonald's 

model  can  be  used  in  the  entry  region  of  these  flows  with  the  shear  stress 

gradient  approximately  0.6  times  the  pressure  gradient.  \s  summarized  in 

Table  2,  McDonald's  formulation  works  reasonably  well  for  C^/C^  <  3  while 

Townsend's  model  works  when  C  /C.  <  1.2. 

o  1 

For  plane  diffuser  flows  there  is  no  entry  region  data  available,  where  C 
>  C^:  whereas  in  the  conical  diffuser  flows,  the  inner  half-power  law  is 
easily  observed  in  the  entry  region  since  there  is  a  multitude  of  entry  region 
data  for  these  flows,  and  hence,  there  is  less  uncertainty. 

G.  THE  PROFILES  OF  PERRY  AND  KADER  AND  YAGLOM 

As  Stated  above,  when  becomes  equal  to  approximately  unity,  the 

half-power  region  described  by  Perry,  Samuel  and  Joubert  and  Kader  and  Yaglom 
begins.  Perry  stated  that  in  the  half-power  layer,  the  flow  is  dependent 
primarily  on  the  kinematic  pressure  gradient  and  the  distance  from  the  wall. 
Since  there  should  be  a  half-power  layer  in  adverse  pressure  gradient  flows, 
and  if  the  velocity  gradient,  obtained  from  dimensional  analysis,  is  of  the 


following  form, 


au 


=  4  K 


2  t',  “772*  integration  the  half-power  velocity 


profile  is  obtained.  Perry  also  pointed  out  that  the  universal  constant,  K^, 
shows  rea.sonable  agreement  with  experimental  results  when  the  major  portion  of 
the  velocity  profile  at  a  particular  station  varies  with  the  square-root  of  y. 
Perry's  half-power  equation  is  as  follows: 

slip  velocity  or  additive  constant,  can  be  obtained,  and  is  given  by, 


*  X*  -  2[1  -  B  sgn(o.)]j  ♦  A, 


(7) 

where  A  is  the  intercept  of  the  Log  Law,  B  •  0.2  is  a  constant  representative 

3 

of  the  rate  of  turbulent  kinetic  energy  diffusion,  and  A  =  w/u^. 

With  the  stress  distribution  modified  as,  t/p  *  a  +  jwy,  where  a  can  be 
either  positive  or  negative,  and  /  x  1  is  empirically  determined,  McDonald's 

profile  is  given  as,  follows,  for  a  positive  a, 

.2 


( a 


ray,’/2.,1/2 


,1/2^a’/2  )  "  ‘'s- 


( 8 ) 


(a  *  lay  ] 

with  the  slip  velocity  matched  to  the  velocity  at  the  end  of  the  buffer 
region.  The  resulting  expression  is  similar  to  Equation  6  with  B  =  0,  and  the 
linear  shear  stress  gradient  is  empirically  or  experimentally  determined. 

Townsend's  model,  in  general,  agrees  with  the  measured  profiles  at  only 
the  first  few  axial  stations  in  all  of  the  flows  if  the  slip  velocity  is 
modified.  In  these  locations  Townsend's  model  provides  a  moderately  better 
approximation  to  the  data  then  the  Log  Law.  Further  downstream,  however,  his 
model  does  not  predict  the  mean  profiles  as  significant  amounts  of  advection 
of  turbulence  kinetic  energy  become  apparent.  In  addition,  the  predicted  slip 
velocity  also  becomes  too  large  for  these  stations. 

At  all  the  axial  stations  in  the  entry  region,  McDonald's  formulation  is 
in  good  agreement  with  the  six  and  eight-degree  conical  diffuser  data  sets 
over  a  longer  region  then  the  Log  Law.  This  is  also  a  substantially  longer 
range  of  measuring  stations  than  Townsend's  model  worked  in.  Far  from  the 
wall,  the  models  of  McDonald  and  Townsend,  mathematically  asymptote  to  the 
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..  f  av  ^2 


(  9  I 


where  K,  is  a  universal  constant  and  K  is  a 
1 

IS  given  as.  ~  “  7  C/dl  +  A,  where  x  and 


function  of  d.  The  slip  velocity 
A  are  the  Log  Law  constants. 
is  a  universal  constant.  Because  of  Perry's  definition 


=  4.16.  and  C  =  0.19 
of  the  slip  velocity,  the  half-power  region  is  to  follow  immediately  after  the 
logarithmic  region.  Perry,  thus,  assumed  the  presence  of  a  logarithmic  region 
in  all  unseparated  adverse  pressure  gradient  flows.  As  indicated  before,  it 
has  been  observed  in  the  present  study  that  this  assumption  is  correct  only 
after  the  3/2-power  blending  region  appears,  for  4  <  C^/C^  <  5. 

Kader  and  Yaglom's  half-power  law,  after  performing  a  similarity  analysis 
and  obtaining  the  constants  empirically,  is  as  follows: 


L'*  = 


where  K  =  (2000^/016  ♦  201^^^, 


( aS ) 


t/2 


(  10  ) 


—  =  2.44  InlT) 


15 

-1/2 


6 

f* 


and  r  = 


3 


5  50u^/a6 


Kader  and  Vaglom’s  half-power  slope  is.  thus,  seen  to  be  a  function  of  aS/ul, 

9  * 

while  the  intercept  is  a  function  of  ®^/uJ  and  A. 

Following  the  half-power  region  (and  possibly  a  small  blending  region)  is 
the  velocity  defect  region.  Kader  and  Ifaglom  use  dimensional  analysis  and 

empirical  results  from  a  wide  range  of  experiments  to  obtain  their  defect  law 

r  -4\1/2r  2 

(  11  ) 


where  C  =  9.6  is  an  empirical  constant.  A  wide  degree  of  scatter  in  the 
e.'cperimental  data  around  C  »  9.6  is  indicated  by  Kader  and  Yaglom. 

It  is  observed  that  Perry's  and  Kader  and  Yaglom's  half-power  laws  have 


approximately  the  correct  slope  where  in  these  flows.  Kader  and 


Yaglom's  half-power  law  gives  prediction  over  a  wider  range  of  axial  stations 
in  most  of  the  flows  then  Perry's  half-power  law.  It  should  be  noted, 
however,  that  Perry's  half-power  law  is  designed  to  predict  the  half-power 
region  only  when  it  is  the  dominant  region  of  the  flow.  On  the  other  hand, 
Kader  and  Yaglom's  defect  profile  gives  better  prediction  in  the  plane 
diffusers  than  in  the  conical  ones.  These  results  are  summarized  in  Table  2 
(where  Equations  9,  10  and  11  are  referred  to  as  Perry-1/2,  KY-1/2  and 
KY-defect.  respectively).  From  the  presented  results,  it  can  be  seen  that 
these  half-power  laws  work  in  the  region  1  <  C^/C.  <  2.5  (approximately)  and 
the  Kader  and  Yaglom  defect  law  in  the  range  around  C^^/C^  =  1.5. 


III.  Conclusions 


It  was  observed  that  there  are  two  half-power  regions  present  in  the  eight 
adverse  pressure  gradient  flows  examined.  The  ratios  of  the  inner  and  outer 
half-power  slopes  and  intercepts  correlate  well  with  the  ratio  of  the  friction 
velocity  and  the  freestream  velocity.  The  blending  region  between  the  two 
1/2-power  regions  is  small  when  the  inner  half-power  slope  is  larger  then  the 
outer  half-power  slope.  As  the  flows  develop,  the  outer  half-power  slope 
grows  larger  than  the  inner  half-power  slope  and  the  blending  region  becomes 
longer  and  is  linear.  Further  into  the  flows,  the  blending  region  varies  with 
the  3/2-power  of  the  distance  from  the  wall. 
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It  IS  apparent  from  the  experimental  data  that  there  is  a  universal  mean 
velocitv  profile  in  wal I -hounied  adverse  pressure  gradient  flows.  This 
universal  profile,  the  Log  Law  with  Coles'  Law  of  the  Wake,  occurs  after  the 
entry  length.  >  3,  and  before  separation  occurs,  as  the  mean  field  comes 

to  a  moving  equilibrium. 
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Figure  2.  Half  power  development  in  conical  diffuser  flows.  Three  examples  are 
given,  namely.  Flows  5100,  0142  and  the  eight-degree  diffuser,  respectively. 


Figure  3.  An  example  of  the  linear 
blending  region  between  the  inner  and 
outer  half-power  regions  in  Flow  0142 
at  X  =  0. 382  m. 


Figure  4.  An  example  of  the  3/2-power 
blending  region  between  the  inner  and 
outer  half-power  regions  in  Flow  0142 
at  X  =  1.813  m. 
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Figure  5.  Variation  of  the  outer  to 
inner  half-power  slope  ratio  in  the 
eight  decreasing  adverse  pressure 
gradient  flows  examined. 


0  0.01  0.03  0.03  0  CM  0  OS 

U./U, 

Figure  6.  Variation  of  the  outer  to 
inner  half-power  intercept  ratio  in  the 
eight  decreasing  adverse  pressure 
gradient  flows  examined. 


Figure  7.  Coles'  Law  of  the  Wake  compared  with  experimental  data.  From  top  to 
bottom  in  each  frame,  the  following  stations  are  shown:  7a,  Flow  2900  (x  = 
4.572m),  Flow  1100  (x  =  3.532m),  Flow  1200  <x  =  0.782m);  7b,  Flow  5000  (x  = 
0.443m),  Flow  0142  (x  =  0.572m),  Flow  0143  (x  =  1.813m):  7c,  the  eight-degree 
diffuser  ( x  =  0.18m). 


Figure  8.  Variation  of  the 
non-dimensional  inner  half-power  slope 
in  the  flows  examined. 


Figure  9.  Variation  of  the 
non-dimensional  inner  half-power 
intercept  in  the  flows  examined. 
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ABSTRACT 

Four-wire  hot-wire  probe  measurements  are  used  to  examine  the  relationships  between  the  motions  bearing  span- 
wise  vorticity,  oou  and  the  mechanisms  responsible  for  turbulem  stress  transport.  The  measuremema  were  carried 
out  in  diick  zero  pressure  gradient  turbulem  boundary  layers  over  the  Reynolds  number  range.  1010  <  R«  <  48S0. 
Because  of  the  scale  of  the  flow,  die  spatial  resolution  of  the  probe  was,  in  geaieraL  very  good.  The  capdiilities  of 
the  probe  allowed  all  of  the  terms  in  the  balartce  equation  <u^,  except  the  pressure  strain  comUdon,  to  be 
direcdy  measured.  Regarding  wall  region  vorticity  dynamics,  relations  between  velocity-vordciQr  correlationB  and 
gradients  of  the  turbulent  stresses  are  established.  In  particalar,  vcDk  statistics  ve  examined  relative  to  issues  con¬ 
cerning  die  wall-normal  transport  of  suUayer  fluid.  Relationships  between  the  motions  bearing  0)^  and  the  tweqp 
and  ejection  bursting  events  are  examined,  and  the  re^dts  are  diaciissed  in  connection  with  the  turbulem  diflusion 
term  in  the  budget  for  <uS.  The  overall  resulu  are  discussed  relative  to  coherent  motion  interactions  and  the 
known  properties  of  die  inner  region  vorticity  field. 


1.  Introduction 


Numerous  results  (see,  for  exanqile,  Kline  et  al.*,  Robinson^)  indicate  that  die  essential  flow  field  biteractions  asso¬ 
ciated  with  the  generation  and  maintenance  of  turbulent  stresses  in  boundaiy  layers  involve  motions  coveting  a 
range  of  scales,  which  interact  over  extended  spaceAime  domains.  Qualitative  flow  visualization  as  well  as  quantiu- 
tive  measurements  indicate  that  specific  phase  relationships  between  the  differem  scales  of  motion  are  of  particular 
importance  regarding  the  initiation  and  evolution  of  the  stress  producing  events.  Furthermore,  there  is  an  ever  ex- 
paraling  body  of  evidence  (see,  for  example,  Wallace^,  Kline  et  aL‘,  Robinson^  Smith  et  al.*,  Falco*  )  irsiicating 
that  the  {nedominam  motions  participating  in  the  stress  production  and  transport  have  well  defined  vortical  signa¬ 
tures.  bi  general,  these  findings  support  the  assertion  that  an  increased  understanding  of  the  relationships  between 
the  vorticity  field  and  turbulent  stresses  will  lead  to  new  insights  pertaining  to  the  underlying  physics  of  boundaiy 
layer  turbulence  and  its  effective  control.  In  this  study,  experimoital  measurements  in  zero  pressure  gradiem  tur¬ 
bulent  boundary  layers  are  examined  with  the  intent  of  clarifying  the  roles  of  velocity-vorticity  field  imeractions  re¬ 
garding  turbulent  stress  production  and  transport. 

l.l  Conveaing  Eddy  Induced  Sublayer  Vorticity  Redistribution 


Contained  within  many  physical  modeb  describing  the  turbulence  production  process  are  the  dynamics  associated 
with  convecting  vortical  motions.  Willmaith*  presents  numerous  multt  whitdi  lend  support  to  the  notion  that  con- 
vecting  vortices  are  responsible  for  the  instantaneous  chvacter  of  the  viscous  sublayer.  Consistent  with  this,  the 
studies  of  Falco*  (also  see,  Falco\  Falco  et  al.*)  indicate  that  vortex  ring-like  motions  ctmvecting  above  and  toward 
the  subl^er  are  capable  of  causing  sublayer  passive  contaminant  rearrangements  in  the  form  of  streaks  and  pockets, 
as  well  as  initiating  both  upstream  oriented  pocket  vortices,  and  downstream  oriented  hairpin  voitkes. 


The  generation,  evolution,  and  interaction  of  hairpin  vortices  (either  qnnmetiic  or  asymmetric)  in  die  wall  region 
finds  both  experimental  and  computational  support  (e.g.  Smith  et  al.*,  Robinson  et  al.*)  as  being  an  integral  com- 
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ponent  of  the  proceties  responsible  for  susuining  boundvy  layer  ontsukiice.  Particularty  detailed  results  regarding 
hairpin  vortex  dynamics  have  emerged  from  the  on-going  studies  at  Lehigh  University,  and  are  repotted  in  the 
comprehensive  paper  by  Smith  et  al/  In  their  studies,  connections  are  drawn  between  the  flow  fields  associated 
with  hairpin-like  vortices  convecting  within  dte  near-wall  region  (above  the  sublayer),  and  unsteady  separatkn 
phenomeiu  leading  to  rapid  erupQons  of  sublayer  fluid  aw^  from  the  surface.  This  eruptive  behavior  is  generally 
preceded  by  a  strong  viscous/inviscid  interacdan  between  the  sublayer  fluid  and  the  convecting  hairpin  vortex.  The 
irueraction  then  rapidly  evolves  to  a  conditian  of  unatearty  sepvation.  which,  in  accord  with  with  the  Moore-Ron- 
Sears  criterion,  occurs  along  a  surface  of  zero  vortkity.  The  culminating  ouptive  behavior  is  viewed  as  both  a 
mechanism  for  <uv>  production  and  a  source  of  coherent  voracity  m  the  outer  layer. 

While  the  studies  by  Smith  et  al.^  focus  primarily  on  hairpin  vortex  itxiuced  ^ihenomena.  there  is  also  good  reason 
to  expect  that  the  vortex  ring-like  modon/sublayer  mteracdons  revealed  by  F'dco’  lead  to  variadons  of  generically 
the  same  type  of  phenomena.  In  particular,  under  the  most  commonly  observed  of  these  interactions,  the  topology 
of  vortkity  field  is  characterized  by  the  wallwaid  portion  of  the  ring-like  motion  having  spanwise  vordcity,  op¬ 
posite  that  of  the  mean.  £2,  (tb^  =  O,  -»■  ca^.  Given  duu  for  y*  less  than  about  12  the  instantaneous  spanwise  vordci¬ 
ty  has  the  same  sign  (negadve)  as  the  mean  vordcity  over  99%  of  the  time  (Klewicki  et  al.*)  the  presence  of  posi¬ 
tive  spanwise  voracity  in  the  buffer  region  necessarily  indkates  that  a  condidon  of  zero  occurs  between  the  sub¬ 
layer  and  the  wallward  lobe  of  the  ring-like  eddy.  Consistem  with  this,  the  two  poiru  to,  correlations  of  Klewkki'” 
indicate  that  in  the  region  10  <  y*  <  25  (Si,  regularly  undergoes  an  instantaneous  change  in  sign.  Thus,  the  supply 
of  posidve  di,  in  the  buffer  region  provided  by  the  ting-like  eddies  promotes  a  flow  field  condition  essential  for  the 
onset  of  unsteady  separation  of  the  surface  layer,  as  described  by  Smith  et  al. 

12  Vortical  Motions  and  Stress  Transport 

Overall,  the  results  reviewed  above  support  the  assertion  that  rapid  wall-normal  transport  from  the  sublayCT  is 
generically  inibated  by  organized  vortkal  modons  convecting  above  the  sublayer.  Regarding  these  motions,  the 
analysis  below  gives  reason  to  expect  that  there  exists  well  defined  connections  between  their  velocity  and  voracity 
signatures  and  saess  transport. 

It  can  be  shown  (see,  for  example,  Hinze^')  that  the  gradients  of  the  turbulent  saesses  in  an  incompressible  tur¬ 
bulent  flow  are  related  to  velodty-vottkity  correlations  through  the  following  tensor  idemi^: 


d<UjUi> 

dxj 


-  eijk<Uj<nk>  -t- 


d<UjUj> 

dXj 


(1) 


where  tijt  is  the  alternating  tensor,  and  the  brackets  denote  the  long  time  average.  For  nirbulent  wall  flows, 
Klewicki'^  demonsaates  that  the  three  component  equadons  (i  =  1,  2,  3)  represented  in  Eq.  1  may  also  be  derived 
directly  from  the  momentum  equadons  describing  the  mean  flow.  In  the  context  of  convecting  vordcal  modons,  Eq. 
1  describes,  in  an  average  sense,  how  the  interacdon  of  these  modons  and  the  velocity  field  results  in  turbulent 
saess  gradients.  Furthermore,  the  velocity-vorticity  correladons  appearing  in  Eq.  1  may  be  interpreted  (rfiysically  in 
terms  of  body  forces  per  unit  mass  associated  with  vordcal  modons  (see,  for  example.  Tennekes  and  Lumley.‘^) 

Very  few  studies  have  presented  data  pertinent  to  the  analysis  of  Eq.  1.  Hinze"  does,  however,  utilize  the  i  =  1 
form. 
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-^<-uv> 

dy 


<v'-  > 


■  <W(0y>  -  -  <uS  -  <W^), 
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as  a  means  of  more  precisely  defining  the  "acdve/inacdve"  modon  decomposidon  proposed  by  Townsend.'*  (In  this 
decomposidon,  the  bulk  of  stress  producdon  and  aansport  is  atoibuted  to  the  active  modons.)  Under  Hinze's 
ittterpretadon  of  Eq.  Z  the  active  modon  contrilnitions  to  d<-uv>/dy  come  from  the  velocity-vordcity  correlation 
terms,  while  the  saeamwise  gradient  terms  r^esmt  the  inactive  component  contributions.  For  the  present  flow, 
Klewicki'"  shows  that  the  d<ah>/d\  and  dcvS/dx  terms  are  approximately  two  orders  of  magnitude  less  than  the 
<v(iv>  term.  Conversely,  however,  it  is  also  demonsaated  that  the  variances  of  the  saeamwise  gradient  terms  are  at 
least  as  large  as  the  variance  of  voo,.  The  negligible  magtutiides  of  the  d<u^/dx  and  d<v^/dx  terms  are  consistent 
with  Townsend’s  original  notion  that  most  of  the  saess  transport  is  atoibutable  to  the  active  vortical  motions.  The 
larg:  variances  of  the  fluctuating  saeamwise  gradient  signals  indicate,  however,  that  the  acdve/inactive  motions 
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decomposition  is  only  relevant  to  time  averaged  structure  -  as  first  suggested  by  Bradshaw.'^ 

The  d/dx  terms  being  very  small,  is  good  reason  to  believe  that  those  motions  which  persistently  produce  single- 
signed  contribudons  to  the  Reynolds  stress  gradient  should  be  identifiable  as  a  subset  of  velocity-vorticity  field 
interactions.  This  point  is  significant  since,  while  existing  evidence  indicates  that  the  dynamics  associated  with 
coherent  vorncity  give  rise  to  stress  producing  events,  not  all  organized  vortical  motions  are  important  in  this 
regard.  To  illustrate  this  point.  Smith  et  al.*  give  non-trivial  examples  of  locally  organized  vortical  motions  which, 
on  average,  provide  very  little  contribution  to  <uv>.  They  then  use  these  examples  to  motivate  the  assertion  that 
the  most  relevam  flow  field  interactions  are  those  which  have  on  average  asymmetries  associated  with  their  spatial 
and  temporal  evolution.  This  inherent  asymmetry  property  results  in  persistent  and  single-signed  <uv>  production 
from  these  motions.  Smith  et  al.  include  within  diis  subset  of  motions  the  meduuiisms  for  the  generation  of 
hairpin-like  vortices  which  subsequently  move  outward  from  the  surface,  and  the  wallward  sweep-type  motions 
which  follow  the  ejection  of  low  momentum  sublayer  fluid.  The  results  of  Falco^-**  also  reveal  specific  flow  fields 
associated  with  the  convection  of  coherent  vortical  motions  (hairpin-like  and  ring-like)  whidi  result  in  persistent 
single-signed  contributions  to  <uv>.  An  underlying  motivation  for  the  present  study  is  based  on  the  belief  that  flow 
field  interactions  which  produce  indelible  contributions  to  stress  transport  are  statistically  represented  in  the 
velocity-vorticity  conelations  contained  in  Eq.  2. 

A  logical  point  of  departure  for  the  study  of  turbulent  stress  transport  is  an  analysis  of  the  associated  budget  equa¬ 
tions. 
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With  regard  to  the  mechanisms  involved  in  the  wall-normal  transport  of  low  momentum  sublayer  fluid,  of  particular 
relevance  is  the  budget  equation  for  <u^.  Given  that  to  a  very  good  approximation  the  present  flow  exhibits 
streamwise  homogeneity  (see  discussion  above),  this  equation  becomes. 


0  =  -2<uv> 


dy 


2<£.^>. 

p  dx 


d<u*v>  d^<u*> 


dy 


-2v< 


du 

dXi 


(4) 


The  first  term  on  the  right  of  Eq.  4  is  the  familiar  production  term.  The  second  term  is  the  pressure-strain  redistri¬ 
bution  term,  while  the  last  two  terms  are  the  viscous  diffusion  and  dissipation  terms  respectively.  The  third  term  on 
the  right  is  a  turbulent  diffusion  term  which  accounts  for  the  transport  of  <\ih>  by  v  component  velocity  fliKtua- 
tions.  This  term  has  particular  relevance  to  the  present  study  since  its  near-wall  characteristics  should  reflect  wall- 
normal  transport  of  sublayer  fluid. 

The  d<u^>/dy  term  also  has  a  well  defined  connection  with  the  near-wall  motions  bearing  spanwise  vonicity.  To 
show  this  connection,  it  is  important  to  recognize  that  in  the  near-wall  region  the  motions  bearing  <3,  are  mudi 
more  qrt  to  be  like  a  shear-layer  than  having  solid  body  rotatioiL  In  an  average  sense,  this  fact  has  been  verified 
by  examining  the  ratio  of  the  rms  gradients  (du/dy)'  to  (dv/dx)'  (not  shown),  which  exceeds  a  value  of  10  for  y* 
less  than  about  12.  Furthermore,  the  conditional  averaging  results  of  Eckelmann  et  al.‘^  indicate  this  property  also 
holds  during  the  bursting  phenomena.  Expansion  of  the  turbulent  diffusion  term  yields. 


d<u^> 

dy 


=  -2<uv-^>  - 

dy  dy 


Or,  in  light  of  the  near-wall  character  of  (hi,  one  may  also  write. 


d<u^>  „  ,  dv 

- — —  =  2<uv(i)^  -  -cu^-— >. 

dy  dy 
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Thus,  near  the  wall,  the  turbulent  transport  and  production  terms  from  Eq.  4  combine  to  represent  a  ooirelatian 
between  the  uv  shear  product  and  the  total  spanwise  votticity,  Regarding  the  mean  voracity  (£2,  =  -dU/dy),  the 
combination  with  <uv>  always  reiffesents  a  positive  contribution  to  die  tiine  rate  of  change  to  <u^.  In  the  case  of 
the  <uv(iip>  correlation,  however,  both  positive  arul  mgative  values  may  occur. 

In  the  present  study,  four  element  hot-wire  probe  measurements  in  flat  plate  turbulent  boundary  layers  are  used  to 
examine  relationships  between  the  motions  bearing  (0^  and  the  mechaninns  responsible  for  turbulent  stress  transport 
as  described  in  Eq.s  2  and  4.  In  the  next  section  a  brief  description  of  the  experiments  is  given,  as  well  as  results 
pertaining  to  the  spatial  resolution  of  the  measurements.  In  the  section  following,  results  are  presented  relative  to 
the  issues  raised  above.  These  results  are  then  discussed  in  coimection  with  known  coherent  motion  characteristics 
and  the  known  structure  of  the  wall  region  voracity  field. 

2.  Experimental  Procedures  and  Conditloas 

The  data  herein  are  derived  from  the  measurements  of  Klewicld.'"  Data  were  taken  at  die  duee  Reynolds  numbers, 
R«  =  1010,  2870,  and  48S0.  Because  of  the  low  flow  speeds  and  the  long  flow  development  length,  the  boundary 
layers  at  the  measurement  site  were  about  0.2m  thick.  The  measurements  were  obtained  using  a  four-wire  spanwise 
vorticity  probe  similar  to  that  developed  by  Foss  et  al.‘*  The  probe  is  comprised  of  a  paraUel-array  and  an  x-array, 
which  is  positioned  at  the  same  axial  and  wall-normal  position  as  the  parallel-array,  but  offset  in  the  spanwise,  z, 
direction.  The  individual  wires  in  the  probe  are  3  mm  in  length  with  a  center  unplated  active  length  of  1  mm.  The 
Ay  spacing  between  the  parallel-anay  wires  is  nominally  1  mm,  as  is  the  spacing  between  the  wires  contained  in 
the  x-array.  The  Az  spacing  between  the  centers  of  the  parallel  and  x-arrays  is  nominally  3.4  mm.  For  reference  1 
mm  is  equal  to  about  1.8S,  4.7S  and  7.7S  viscous  units  at  R«  =  1010,  2870  and  48S0  respectively.  For  fiirdier 
details  concerning  the  experiments  and  the  accuracy  of  the  measurements  see  Klewicld  and  Falco.'* 

When  discussing  vorticity  and/or  near-wall  flow  field  behavior,  issues  regarding  the  spatial  resolution  of  the  meas¬ 
urement  probe  are  of  particular  importance.  Fig.  1  presents  results  concerning  the  resolution  of  the  probe  in  the 
spanwise  direction  relevant  to  the  measurement  of  the  <v(d^  and  <uv(d^>  correlations.  The  results  in  diis  figure  are 
derived  from  the  two  point  (0,  probe  experiments  of  Klewicld.**’  In  diese  experiments,  correlations  with  spanwise 
probe  separation  were  performed  in  the  R«  =  1010  boundary  layer.  By  correlating  the  v  and  uv  fluctuations  with 
the  (0,  fluctuations  for  dirferent  spanwise  sqiaradons,  the  effect  of  the  spanwise  scale  of  the  probe  on  the  measured 
value  of  <v(u^  and  <uv(0,>  can  be  estimated.  The  correlation  between  v  and  is  derived  from  measurements  at 
y*  =  6.7,  while  the  conelation  between  uv  and  (o,  are  derived  from  measurements  at  y*  =  15.3.  These  positions 
were  chosen  since  they  are  near  the  peaks  in  the  <vov>  and  <uv(i)a>  distributions  shown  in  Fig.s  3  and  8  respec¬ 
tively,  and  they  are  in  a  region  where  small  scale  motions  are  expected  to  be  significant  In  each  of  the  curves  of 
Fig.  1  the  point  of  closest  spanwise  separation  is  derived  from  a  single  (O^  probe.  Therefore,  a  linear  extrapolation 
to  Az  =  0  (using  the  two  points  of  smallest  separation)  gives  an  indication  of  the  spatial  resolution  of  the  probe 
itself  -  relevant  of  course,  to  the  particular  measured  quantity.  For  the  <v(o^  results,  this  procedure  indicates  an 
attenuation  of  about  7%.  For  <uvca^  an  attenuation  of  about  12%  is  deduced.  The  spanwise  scale  of  the  four-wire 
probe  is  6.4  viscous  units  at  Rg  =  1010.  The  single  probe  results  from  the  correlation  experiments  of  Fig.  1  are 
also  plotted  in  Fig.s  3  and  8.  As  can  be  seen,  the  results  in  Fig.  1  indicate  that  both  <v(iv>,  and  especially  <uv(i),>, 
are  quite  sensitive  to  probe  scale  effects. 

3.  Results  and  Discussion 

A  detailed  presentation  of  the  present  flow  field  characteristics  is  given  in  Klewicki’*’  and  Klewicki  and  Falco.’* 
Logarithmic  mean  velocity  profiles  have  been  previously  shown  to  follow  the  law-of-the-wall  using  Coles^  parame¬ 
ters.  as  well  as  Van  Driest's^'  formula.  Many  of  the  other  flow  field  statistics  derived  from  the  oi^  probe  have  been 
previously  examined  (see  above  references),  and  in  general  show  very  good  agreement  with  other  studies  of  com¬ 
parable  spadal  resolution.  In  particular,  the  inner  normalized  Reynolds  stress  profiles  of  Fig.  2  show  the  expected 
sharp  rise  through  the  buffer  region  and  af^oximate  constancy  in  the  log-law  region.  Furthermore,  the  data  of  Fig. 
2  also  exhibit  the  recently  identified  Reynolds  number  dependencies  in  both  the  magnitude  and  peak  position 
(Srecnivasan,^  Klewicki’",  Falco*).  With  regard  to  the  present  study,  much  of  the  attention  will  focus  on  velocity- 
vorticity  interactions  which  contribute  to  the  large  stress  gradient  starting  near  the  edge  of  the  sublayer. 

3.1  Wall-Normal  Transport  of  Spanwise  Vorticity 

As  indicated  in  Eq.  2,  the  correlation  between  v  and  (Oi  is  associated  with  the  gradient  of  -<uv>.  According  to  this 
equation,  positive  values  of  <V(o^  result  in  positive  contributions  to  3<-uv>/dy.  Inner  normalized  profiles  of  the 
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present  cveo^  are  given  in  Fig.  3  for  Reynolds  ntunbers  R«  s  1010,  2870  and  48S0.  In  the  region  4  <  y*  <  20,  the 
R«  =  1010  and  2870  results  suggest  an  approiiimaie  Reynolds  number  independence  -  although  it  is  clearly  recog¬ 
nized  that  the  R«  s  2870  data  ate  incomplete.  Across  the  log-law  region,  however,  m  apparent  Reynolds  number 
dependence  is  observed.  Of  course,  in  asseuing  the  validi^  of  this  observation  the  effects  of  finite  probe  scale 
must  be  considered.  Based  upon  the  results  of  Fig.  1,  orte  would  expect  the  R«  =  48S0  dau  (Az*  =  26.4)  to  be 
attenuated  to  a  magnitude  of  atout  50%  of  the  R«  =  1010  data  (Az*  =  6.4).  Near  y*  =  100,  however,  the  R«  «  4850 
value  is  less  than  15%  of  the  R«  ^  1010  value.  (Note  also,  that  since  the  results  of  Fig.  1  are  derived  from  meas¬ 
urements  near  the  edge  of  the  sublayer,  the  ap{dication  of  these  results  at  positions  farther  from  the  wall  it  likely  to 
result  in  an  overestimadon  of  the  attenuation.)  Thus,  it  is  concluded  that  between  R«  =  1010  and  4850  the  <vco^ 
contribution  to  -  Reynolds  number  dependent  across  the  log-law  region.  It  less  certain,  however, 

whether  the  ob^  ,ces  between  the  R«  =  2870  and  4850  profiles  are  predominantly  a  consequence  of  spa¬ 

tial  averaging  effects. 

In  the  log-law  region,  the  Reynolds  stress  is  nearly  constant  By  virtue  of  Eq.  2,  this  indicates  that  the  contribu¬ 
tions  to  the  stress  gradient  fiom  <v(iv>  and  <w<u^  are  approximately  equal  md  opposite.  The  deduced  Reynolds 
number  dependence  indicates  that  at  lower  R«  the  iitdividual  contributions  from  both  of  dieae  velocity-vordcity 
correlations  are  more  significant.  Furthermore,  given  that  -<uv>Ait^  itself  has  a  strudler  peak  value  with  decreasing 
R«.  negabve  contribudons  from  <v(a,>  in  the  buffer  region  must  increasingly  outweigh  the  posidve  <wo>y>  contribu- 
dons  as  the  Reynolds  number  is  decreased.  These  observations  may  be  taken  to  indicate  a  Reynolds  number  depen¬ 
dence  in  the  vortical  modon  contributions  to  stress  transport  near  the  surface.  In  connection  with  the  mixing  length 
based  analysis  of  Termekes  and  Lumley,'^  one  concludes  that  at  lower  R«  the  gradient  transport  of  vordcity 
becomes  increasingly  sigruficant  in  comparison  with  change-of-scale  effects. 

The  posidve  values  of  <v(iv>  in  the  region  4  <  y*  <  IS  indicate  that  this  correladon  has  significant  contribudons  to 
the  rapid  increase  in  <-uv>  shown  in  Fig  2.  (Over  this  y*  range,  <-uv>  begins  near  zero  and  iitcreases  to  readi 
about  60%  of  its  maximum  value.)  Posidve  values  of  ves,  arise,  of  course,  when  v  and  to,  are  instantaneously  of 
the  same  sign.  As  a  result  of  the  no-slip  condidon.  it  is  expected  that  u  and  to,  should  be  strongly  negadvely  corre¬ 
lated  in  and  near  the  sublayer.  The  direct  measurements  of  <u(i)^  by  Klewicld'^  clearly  indicate  this  to  be  the 
case.  Because  of  this,  in  the  sublayer  one  may  associate  posidve  to,  fluctuations  with  low  momentum  fluid.  Thus, 
it  is  seen  that  (-•■],  [+]  combinations  of  v  and  (o.  are  cottsistent  with  the  outward  modon  of  sublayer  streaks. 
According  to  Eq.  2,  this  process  alorre  (i.e.  without  other  associated  dynamics)  results  in  a  posidve  gradient  of  <- 
uv>.  Contribudons  to  the  posidve  correlation  from  simultaneously  negative  v.  (o^  pairs  results  from  vordcity  of  the 
same  sign  of  the  mean,  and  of  greater  magnitude  than  mean,  being  traitsported  toward  the  surface.  This  type  of 
process  may  occur  when  near-wall  hairpin  and/or  shear  layer-like  modons  are  convected  toward  the  surface,  as  a 
result  of,  for  example,  outer  layer  influences.  This  type  of  process  is  also  more  specifically  described  in  the  self- 
induced  modon  of  pocket  vortices  toward  the  surface  (see,  Falco  et  al.'). 

Contribudons  to  the  <v(iv>  correlation  may  be  revealed  via  two  dimensional  probability  density  futKtions  (pdfs). 
The  V,  0),  pdfs  from  the  R*  =  1010  boundary  layer  at  y*  =  5.3,  14.2  and  26.3  are  shown  in  Fig.s  4,  5,  and  6 
respectively.  Fig.  4  indicates  that  the  contributions  to  the  posidve  correlation  at  y'^  =  5.2  are  approximately  shared 
between  [-i-],  [-f]  and  [-],  [-]  combinations  -  although  examination  of  a  quadrant  contribution  plot  (not  shown)  indi¬ 
cates  that  the  [-f],  [•)■]  oombinadons  have  a  slightly  greater  contribution.  Near  y*  =^15  the  <v(iv>  correladon  exhibits 
a  zero  crossing.  Given  the  prevalence  of  lifting  hairpin  vortices  and  shear  layer-like  motions  in  this  region,  one 
might  expect  this  zero  crossing  to  result  from  a  shift  to  the  fourth  quadrant  in  the  v,  to,  plane  (i.e.  negative  to,, 
posidve  V  combinations).  Examination  of  Fig.  5,  however,  indicates  that  this  is  not  the  case.  This  figure  shows 
that  second  quadrant  events  (i.e.  posidve  a>„  negative  v)  are  predominantly  responsible  for  the  reduction  in  the  posi¬ 
dve  correlation.  Examination  of  the  quadrant  contribution  plot  (not  shown)  confirms  this  assertion.  Farther  from 
the  wall,  the  <vciix>  correlation  becomes  strongly  negative,  and  the  pdf  at  y*  =  26.3  in  Fig.  6a  indicates  that  this 
occurs  through  significant  quadrant  4  and  especially  quadrant  2  contributions.  The  quadrant  breakdown  (derived  by 
multiplying  the  probability  and  magnitude  of  vos^)  in  Fig.  6b  shows  that  at  this  location  the  greatest  contribution 
comes  from  posidve  to,,  negative  v  contribudons.  Furthermore,  the  absolute  spanwise  vordcity  line  indicates  that 
the  largest  fraction  of  the  second  quadrant  events  arise  from  positive  total  vorticity,  Regarding  the  interpreta¬ 
tion  of  quadrant  4  events  in  the  context  of  hairpin  vortices  and/or  lifting  shear  layers,  it  is  also  interesting  to  note 
that  the  movement  of  negative  vorticity  outward  from  the  surface  actually  serves  to  reduce  the  gradient  of  -<uv>. 

The  fact  that  <v(op>  makes  positive  contributions  to  d<-uv>/dy  in  the  region  5  <  y*  <  IS  and  negative  contributions 
farther  from  the  wall  suggests  that  motions  lifting  from  the  sublayer  may  generate  posidve  and  negative  contribu¬ 
tions  to  the  stress  gradient  during  the  earlier  and  later  phases  of  their  evolution  respectively.  The  likelihood  of  this 
phenomena  is  made  more  apparent  when  it  is  recognized  that  the  mean  vorticity  drops  to  about  30%  of  its 
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maximum  value  by  y*  »  IS.  Thus,  if  one  oonsiden  a  motkm  lifting  from  the  suUaya  with  an  initial  moinennim 
deficit  of  50%.  and  assumes  that  the  voracity  of  this  motion  remains  apfroximately  cmistsnt  during  this  process  (i.e. 
an  initially  positive  (0^  fiuctuatian  such  that  =  -05  u,^/v).  then  in  die  region  y*  <  10  this  motkm  will  nudee  posi¬ 
tive  contributions  to  d<-uv>/dy  as  it  moves  outward.  However,  near  y*  lO  the  (Bb  associated  this  motkm  will 
exceed  the  mean,  and  its  furdier  outward  motkm  from  the  surface  will  produce  negative  contributions  to  the  stress 
gradient  Given  that  <-uv>  reaches  about  60%  of  its  maximum  value  by  y*  =  IS.  the  formation  processes  by  which 
sublayer  voracity  becomes  redistributed  into  mote  locally  organized  motions  is  seen  to  be  of  peatest  importance 
with  regard  to  buffer  region  stress  transport 

32  Vortical  Contributions  to  <uS  Budget 

Wall-noimal  transport  of  suUayer  fluid  should  also  leave  statistical  signatures  in  the  balance  for  <u^.  The  <uS 
budget  (Eq.  4)  from  die  R4  =  1010  boundary  layer  is  shown  in  Fig.s  7a  and  7b.  lii  these  figures  die  results  of  the 
computation  of  Spalart^  (R«  =  1410)  are  also  ^wn.  For  the  nirbulent  transport  and  viscous  diffusion  terms,  the 
gradients  were  computed  by  the  differentiation  of  a  moving  five-point  curve  fit  of  die  <uV>  and  <uS  profiles 
respectively.  These  curve  fits  were  differentiated  at  the  center  point,  and  dius  the  first  two  points  in  each  of  the 
profiles  are  omitted  in  Fig.  7.  The  dissipation  terms  were  computed  directly  from  the  fluctuating  gradient  time 
records,  and  for  convenience,  die  computatkm  of  die  production  term  utilized  the  formula  of  Van  Driest^  The 
pressure  strain  term  was  the  only  unmeasured  term,  and  was  obtained  by  difference. 

Comparison  with  Spalart's  results  indicates  that  die  dissqialion  shows  best  agreement,  while  the  experimental  pro¬ 
duction  profile  is  consistently  lower.  Both  the  present  turbulent  tranqiort  and  viscous  diffusion  terms  peak  closer  to 
the  waU  than  the  computational  profiles.  The  deduced  pressure-strain  profile  shows  very  good  agreemem  inlil  y*  = 
10,  but  then  shows  a  strong  positive  excurskm.  This  large  difference  is  probably  a  consequence  of  the  sensitivity  of 
this  deduced  profile  on  the  cumulative  difference  of  all  of  the  other  tenns  —  which  show  large  variations  in  this 
region.  Overall,  however,  given  the  multiple  differencing  required  to  obtain  the  budget,  the  agreettieiu  between  the 
experiment  and  computation  is  felt  to  be  quite  good. 

Examination  of  Fig.  7a  indicates  that  the  turbulent  transport  term  is  positive  in  the  sublayer,  and  exhibits  a  negative 
excursion  in  the  region  5  <  y"^  <  20.  Thus,  in  and  near  the  sublayer,  this  term  contributes  to  a  gain  of  <u*>,  and  in 
the  buffer  layer  it  contributes  to  a  loss  of  <u^.  The  negative  values  of  die  turbulent  transpon  term  indicate  that  the 
spanwise  voracity  term  in  Eq.  6  is  also  likely  to  be  negative.  Verification  of  this  is  provided  in  Fig.  8,  which  shows 
that  the  <uvoi>,>  correlation  is  negative  in  the  buffer  layer,  and  that  it  reaches  a  peak  magnitude  of  approximately 
the  same  value  and  at  nearly  the  same  location  as  the  Oirbuleni  transport  term  in  Fig.  7a.  Fig.  8  also  includes  the 
conelation  of  — <uvdu/dy>  at  R«  =  1010.  This  profile  is  nearly  identical  to  the  <uvav>  profile,  and  thus  the  approx¬ 
imation  of  Eq.  6  is  shown  to  hold.  Based  iqxm  the  results  of  Fig.  1.  the  lower  magnitudes  of  the  cuvu^  coirelation 
at  R«  -  2870  and  48S0  probably  result  largely  from  probe  resolution  effects.  Given  the  results  of  Figx  7a  and  8. 
one  may  conclude  that  across  the  buffer  layer  the  <uva)b>  correlation  is  nearly  equal  to  the  <u^dv/dy>  correlation  in 
Eq.  6.  (Note  that  the  <uvav>  conelation  is  multiplied  by  2  in  diis  equation.)  In  the  sublayer,  however,  because  of 
the  lack  of  correlation  between  u  and  v  (see  Fig.  2).  the  magniOide  of  <uva)y>  is  expected  to  remain  small.  Thus, 
positive  turbulent  transport  predominantly  arises  from  a  negative  value  of  <u^dv/dy>.  Given  that  u^  is  always  a 
non-negative  quantity,  a  negative  <u^dv/^>  must  result  from  negative  dv/dy  fluctuations.  As  a  result  of  the  imper¬ 
meability  of  the  wall,  wallward  flows  will,  as  a  result  of  continuity,  give  rise  to  fluctuations  of  the  tn-plane  velocity 
components,  Lighthill.^  The  present  results  indicate  that  with  regard  to  the  transport  of  <uS  these  "continuity" 
generated  motions  are  predominant  only  in  the  sublayer. 

In  the  Introduction  it  was  shown  that  in  the  near-wall  region  the  nirbulem  aansport  term  in  Eq.  2  has  a  vortical 
componem.  Furthermore,  by  expanding  this  term  it  was  shown  that  this  vortical  contribution  could  be  combined 
with  the  production  term  to  form  a  total  spanwise  vorticity  Reynolds  stress  correlation,  <uv(ap>  (under  the  condition 
of  approximate  saeamwise  homogeneity).  The  jnoduction  term  from  Fig.  7a  indicates  that  the  mean  vorticity  part 
of  this  total  conelation  is  always  positive  and  peaks  near  y^  =  12.  The  results  from  Fig.  8,  however,  indicate  that 
the  contribution  from  the  fluctuating  part  is  negative  in  the  buffer  layer.  Based  upon  the  vco^  results  above,  it  is 
likely  that  this  exffaction  of  <u^  in  the  buffer  layer  is  associated  with  the  formation  of  organized  vortical  motions. 
As  discussed  by  Offen  and  Kline^  and  illustrated  in  detail  in  the  studies  of  Falco  et  al.*  and  Smith  et  al.\  vortical 
motions  formed  at  an  upstream  location  in  the  near-wall  region  are  likely  to  reinitiate  stress  producing  events  at 
locations  farther  downsaeam. 
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3J  Spanwise  Vorticity  and  the  Bursting  Events 


Because  of  their  distinct  contributions  to  <uv>,  the  sweep  (-hi.  -v)  and  ejection  (-u,  -w)  bursting  events  represent  a 
useful  decomposition  of  the  flow  conditions  associated  with  the  production  of  new  turbulence.  With  regard  to 
understanding  the  significance  of  organized  vortical  motions  and  stress  generation,  it  is  therefore  useful  to  explore 
the  vonicity  characteristics  associated  with  the  bunting  events. 

The  dau  of  Fig.s  3  and  4  give  clear  indications  that  in  the  region  y*  <  12,  positive  tn^  fluctuations  are  conelaied 
with  positive  v  fluctuations.  By  virtue  of  the  negative  correlation  between  u  and  01^  in  the  sublayer,  this  process 
was  associated  with  the  lifting  of  low  momentum  fluid,  and  thus  is  descr^ve  of  ejections.  The  statistical 
significance  of  this  process  is  reinforced  by  the  increasingly  negative  value  of  <uvciv>  in  this  region. 

Near  the  position  where  vto,  crosses  zero  and  becomes  negative  (y*  =  IS),  <uv(o,>  reaches  its  maximum  value  (see 
Fig.s  3  and  8).  Thus,  for  y*  >  IS,  it  is  expected  tiuu  die  nature  of  correlation  between  u  and  vto,  changes.  In  par¬ 
ticular,  it  is  expected  that  u  «vill  be,  on  average,  positive  during  those  times  in  which  veob  is  aegedve.  Furtiteimore, 
based  iqion  the  predominance  of  [-]  v,  [■«■]  to,  contributions  in  Fig.  fib,  it  is  expected  that  [■«-]  u,  (-*-]  combinations 
ate  significant.  The  quadrant  contribution  plot  of  u  vs  to,  at  y'^  =  2fi.3  in  Fig.  9  clearly  shows  this  to  be  the  case. 
Furthermore,  the  zero  vorticity  line  in  this  figure  indicates  that  the  majority  of  these  contrilnitions  not  only  involve 
positive  (Oj  but  positive 

Combining  the  above  results,  it  is  concluded  that  for  y*  <  IS  the  negative  <uv(i>^  correlation  arises  primarily  from 
[-1  n,  [-)■]  v  and  [■«■]  <0,  combinations,  which,  by  definition  are  associated  widi  the  ejection  of  low  momennun  sub¬ 
layer  fluid,  and  by  virtue  of  Eq.  fi  are  associated  with  a  gain  in  <u^.  Conversely,  for  y"  >  IS  the  negative  <uvcti^ 
correlation  results  primarily  from  [-t-]  u,  [-]  v,  and  [-•-]  <0i  combinations,  which,  by  definition  are  associated  with  the 
wallward  sweep  of  high  momentum  fluid,  and  are  associated  with  an  extraction  of  <uS. 

4.  Concluding  Remarks 

In  this  smdy  the  relationships  between  spanwise  vorticity  and  near-wall  stress  transport  were  examined  via  experi¬ 
mental  measurements  in  low  Reynolds  number  turbulent  boundary  layers.  Overall,  the  results  point  to  the  impor¬ 
tance  of  positive  vmticity  fluctuations.  In  the  region  y*  <  IS,  diese  fluctuations  predominantly  have  magnitude  less 
than  the  mean,  and  thus  represent  weak  but  negative  A,.  For  y*  >  15,  however,  many  of  these  positive  fluctuations 
exceed  the  mean,  and  thus  represent  positive  A^.  These  motions,  which  were  shown  to,  on  average,  reduce  the 
Reynolds  stress  gradient  (see  Eq.  2),  are  believed  to  have  importance  regarding  the  regenerative  mechanism  of  wall 
turbulence.  In  support  of  this  assertion,  the  motion  of  positive  A,  toward  the  surface  is  explicitly  contained  in  the 
physical  model  of  Falco  et  al.*  as  an  initiating  mechanism  for  the  generation  of  new  turbulence.  Furthermore, 
recent  results  regarding  unsteady  separation  of  the  surface  layer  (described  in  Smith  et  al.*)  indicate  the  importance 
of  those  motions  capable  of  generating  a  zero  vorticity  surface  above  the  sublayer.  Positive  A^  in  the  buffer  layer 
ensures  this  condition  for  the  z-component  by  virtue  of  the  single-signed  nature  of  the  sublayer  vorticity  field.’ 
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Figure  1.  Inner  normalized  correlations  of 
<(i)t(0)v^)>at  y*a6.7  *  and  -<«a*(0>iv(dLZ)> 
at  y^=lS.3  a  .both at R,s  1010. 


Rgure  2.  Inner  normalized  Reynolds  stress  profile 
at  R, >1010  A  .R,s2870  □  .R,»4850  o 


Figure  3  Inner  normalized  correlation 

(symbols  same  as  Figure  2.) .  Correlation  point  * 
from  Figure  1,  Az*~  6.4. 
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Abstract 

Characteristics  of  coherent  structures  in  boundary  layer  flows  over  smooth  and  rough  walls 
have  been  studied  using  a  scanning  LDV  capable  of  measuring  essentially  instantaneous 
velocity  profiles.  A  unique  spatial  detection  technique  allowed  classification  of  events  in 
terms  of  size  and  maximutn/miniinum  height  from  the  wall,  giving  a  more  resolved 
description  of  the  structures.  Differences  in  characteristics  of  low  speed  events  (bursts)  for 
flow  over  smooth  and  rough  walls  indicate  differences  in  bunt  dynamics.  Over  rough 
walls  low  speed  events  were  larger  and  independent  of  high  speed  events.  Bunt  and 
ejection  ricquencies  for  smooth  and  tough  walls  were  found  to  scale  with  outer  variables 
and  a  combination  a  convection  velocity  and  inner  variables. 

1.  Introduction 

The  presence  of  coherent  structures  in  turbulent  boundary  layen  has  been  well  established.  Although  there  is 
general  agreement  in  turbulence  literature  about  several  of  the  kinematic  issues  of  coherent  structures,  the  dynamics 
remain  largely  unsettled.  The  extent  to  which  the  outer  region  of  the  boundary  layer  interacts  with  the  wall  region  is  also  a 
subject  of  controveny  in  the  turbulence  community.  In  the  present  study  boundary  layer  flows  over  smooth  and  rough 
walls  were  studied  to  determine  changes  in  near  wall  coherent  structures  which  might  give  insight  to  the  dynamics  of 
turbulence.  Fot  experiments  conducted  with  smooth  and  rough  walls  with  nominally  the  same  outer  scaling,  the  inner 
scaling  will  be  significantly  different  because  of  the  much  larger  wall  shear  for  the  rough  wall.  Therefore  finding  the 
appropriate  scaling  for  the  spatial  structure  and  for  burst  and/or  ejection  frequencies  for  the  two  different  wall  conditions 
would  be  very  informative. 

There  are  relatively  few  studies  of  boundary  layer  nirbulence  structure  over  rough  surfaces.  Grass  (1971)  used 
the  hydrogen  bubble  technique  to  visualize  open-channel  turbulent  flow  over  smooth  and  transiiicmally  and  fully  rough 
surfaces.  He  fouixl  that  fluid  ejections  and  sweeps  both  make  strong,  intermittent  contributions  to  the  Reynolds  stress, 
irrespective  of  the  change  in  surface  toughness.  Sabot,  Saleh  and  Comte-Bellot  (1977)  studied  the  effecu  of  roughness 
on  intermittent  maintenance  of  shear  stress  in  pipe  flow.  They  indicate  that  the  mean  shear  stress  is  maintained  primarily 
by  ejection  events.  They  found  that  compared  with  smooth  wall  flows,  ejections  in  tough  wall  pipe  flows  at  the  same 
Reynolds  number  had  larger  mean  periods  of  occurrence,  larger  ttrean  time  duration  and  length  scale,  and  larger  negative 
instantaneous  shear  stress  peaks. 

The  few  studies  of  the  effects  of  rough  wail  on  ejections  have  obtained  conflicting  results  on  the  appropriate 
scaling  for  ejectioa  Aequency .  Raupach  ( 1981),  using  quadrant  analysis  found  that  using  $  and  ux  as  scaling  parameters 
collapsed  ejection  frequencies  from  a  smooth  wall  and  rough  surfaces  of  different  concentration.  Sabot,  Saleh  and 
Comte-Bellot  (1977)  using  quadrant  analysis  in  smooth  and  rough  pipe  flow,  found  that  above  a  certain  threshold, 
ejections  are  the  sole  contributors  to  Reynolds  stress.  They  found  that  the  frequency  of  these  'violent'  ejections  did  not 
scale  with  the  generally  accepted  outer  variables  (pipe  radius  and  centerline  velocity),  but  did  scale  with  a  convective 
velocity  and  length  scale  derived  from  space-time  coiielations.  Osaka  and  Mochizuld  (1988)  using  VITA  detection  found 
that  ejection  frequencies  at  y*** »  15  varied  slightly  over  a  range  of  Reynolds  numbers  for  a  tough  wall  when  scaled  with 
inner  variables.  In  a  definitive  study  of  ejection  frequency  for  smooth  walls  over  a  large  range  of  Reynolds  numbers, 
Blackwelder  and  Haritonidis  (1983)  found  that  ejection  frequencies  scale  with  inner  variables. 

In  this  study  we  use  a  unique  spatial  detection  technique  to  study  coherent  structures  using  a  scanning  LDV.  The 
spatial  detection  technique,  developed  by  Bolton  and  Bogard  (1992),  identifies  coherent  regions  of  low  or  high  velocity  in 
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the  flow.  Unlike  single  point  detections,  the  spaaal  detection  was  found  to  be  relatively  independent  of  threshold.  Using 
the  spatial  detection  technique  to  study  flow  over  a  smooth  wall.  Bolton  and  Bogard  ( 1992)  found  that  the  movement  of 
low  speed  structures  away  from  the  wall  corresponded  with  the  movement  of  a  high  speed  structures  towards  the  wall.  In 
this  paper  we  describe  differences  in  characierisDcs  in  turbutence  strucmre.  educed  from  spatial  detections  and  single  point 
detection,  for  flow  over  smooth  and  rough  walls. 

2.  Water  channel  facility,  scanning  LOV  and  analysis  procedures 

Measurements  of  boundary  layer  flows  for  smooth  and  rough  walls  were  conducted  along  the  bonom  wall  a  low 
speed  open  water  channel  facility  with  a  5  m  long  and  50  cm  wide  test  section.  A  schematic  of  this  facility  is  shown  in 
Figure  1.  Continuous  time  histories  of  essentially  instantaneous  streamwise  velocity  measuremenu  were  made  using  a 
rapid  scanning  LDV.  A  brief  description  of  the  flow  facility  and  scanning  LDV  system  is  given  in  this  section.  Further 
details  about  the  channel  facility  are  presented  by  Bogard  and  Coughran  ( 1987),  details  about  the  scanning  LDV  are  given 
by  Bolton  and  Bogard  (1992),  and  details  about  improvements  to  the  scanning  LDV  and  the  rough  wall  boundary  layer 
are  given  by  Kohli  ( 1992). 

Flow  conditions  for  the  smooth  wall  and  rough  wall  experimenu  arc  given  in  Table  1 .  For  the  smooth  wall  flow 
the  boundary  layer  was  tripped  0.3  m  downstream  of  the  channel  inlet  with  a  3  mm  diameter  rod.  Scanning 
measurements  were  made  at  essentially  the  same  Reg  «  14,600  for  the  smooth  and  rough  wall  flows  (Ree  *  1 700  for 
the  smooth  wall  and  Reg  *  2200  for  the  rough  wall).  As  shown  in  Figure  1,  for  the  rough  wall  studies  a  rough  wall 
section  was  installed  in  the  channel  1.7  m  downstream  of  the  trip.  The  rough  wall  consisted  of  small  vertical  cylinders 
(of  height  k  s  4.3  mm.  and  diameter  d«9mm  separated  by  a  distance  DBl6mm)  in  a  square  array. 
Measurements  were  made  33  boundary  layer  thicknesses  downstream  from  the  stan  of  the  rough  wall  at  which  the 
boundary  layer  was  proven  to  be  self-preserving  by  a  series  of  velocity  profiles  measured  from  the  leading  edge  to  the 
measurement  location.  With  a  spanwise  aspect  ratio  d/k  >  2  fcv  the  roughness  elements  and  a  normalized  roughness 
height  of  k*^  *  63.  the  rough  wall  boundary  layer  was  well  within  the  fully  rough  regime. 


Upstream 


The  skin  friction  coefficient.  Cf.  for  the  smooth  wall  was  obtained  using  a  Gauser  fit  to  the  log-region  of  the  mean 
velocity  profiles.  For  the  rough  wall,  Cf  was  obtained  using  the  profile  matching  technique  described  by  Bandyopadhyay 
( 1987).  The  accuracy  of  the  profile  matching  technique  was  verified  by  making  uv  Reynolds  stress  measurements  in  the 
constant  stress  region  near  the  wall.  Cf  for  the  rough  wall  obtained  from  the  Reynolds  stress  measurements  was 
approximately  lOflb  lower  than  that  obtained  with  the  profile  snatching  technique.  The  rough  wall  flow  had  a  Cf  value 
twice  that  of  flow  over  the  smooth  wall. 
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The  scan  rate  of  the  scanning  LDV  system  was  rapid  enough  to  give  a  continuous  time  history  of  velocity  profiles. 
Parameters  for  the  scanning  LDV  are  given  in  Table  2.  The  single  velocity  component  scanning  LDV  system  was 
constructed  by  adding  a  stepper  motor  controlled  mirror  system  to  a  TSI  model  9100- 10  backscatter  LDV  Signals  were 
processed  using  a  TSI  model  1998  counter,  and  data  were  acquired  and  processed  using  a  Macintosh  □  computer.  Probe 
volume  position  was  determined  to  an  accuracy  of  ±  0.2  mm  (±  y*  =  2)  using  a  Schaevitz  model  500HR  LVDT  to 
monitor  the  scanning  mirror  position. 

With  40  to  SO  measurements  per  scan  the  randomly  distributed  measurements  had  an  average  spacing  of 
Ay*  =  6  to  7.  To  obtain  profiles  with  uniform  spacing  of  velocity  dau.  the  randomly  placed  velocity  measurements 
were  arranged  in  bins  with  an  interval  of  Ay'*'  =  10.  When  multiple  measurements  were  made  within  a  bin.  the 
measurements  were  averaged.  When  no  measurements  were  made  within  a  bin,  the  velocity  for  that  bin  position  was 
obuined  by  linear  interpolation  with  adjacent  bins.  If  no  adjacent  data  were  available,  the  velocity  for  the  bin  was  left 
undetermined.  A  representative  time  series  of  velocity  scans  obtained  following  the  processing  described  above  is  shown 
in  Figure  2.  As  is  evident  from  the  representative  sample  shown  in  Figure  2,  the  scanning  LDV  measured  essentially 
complete  velocity  profiles  from  y*  =  25  to  y*  =  235;  the  only  gaps  in  the  velocity  record  occurred  intermittently  at  the 
nearest  wall  position  of  y*  «  25.  These  scanning  measurements  were  considerably  closer  to  the  wall  and  had  a  greater 
range  than  our  previously  published  study,  Bolton  and  Bogard  (1992). 


Table  1  Flow  conditions  Table  2  Scanning  parameters 


EaaiQcifir 

Smooth  wall 

Rough  wall 

EaiamcKT 

Smooth  wall 

Rough  wall 

Loo 

0.192  m/s 

0.196  m/s 

Scan  velocity 

1.5  m/s  (7.8  U«,) 

1.5  m/s 

X 

3.0  m 

3.0  m 

Scan  frequency 

28  scans/s 

28  scans/s 

Ree 

1700  (UO.0/V) 

2200  (U-eM 

Scan  distance 

2.3  cm  (230  y*) 

2.7  cm  (370  y"*") 

Res 

14600  (U-^/v) 

14700  (U-S/v) 

Scan  range 

15  S  y*  S  235 

15  S  y*  S  385 

5 

63  mm 

65  mm 

Time  fex  one  scan 

17  ms  (1.3  T+) 

20  ms  (3.6  T*) 

V 

0.825xl0-6m2/s 

0.864x10-6  m2/s 

Time  between  scans 

37  ms  (2.9  T*) 

37  ms  (6.5  T*) 

e 

0.74  cm 

0.98  cm 

Average  dau  rate 

40  points/scan 

SO  points/scan 

MX 

0.84  cm/s 

1.24  cm/s 

Velocity  uncertainty 

±3% 

±3% 

Cf 

0.00385 

0.00796 

Total  dau  acquired 

26,500  scans 

25,000  scans 

Total  time 

950  s 

915  s 

Note:  Measurements  on  the  rough  wall  were  made  at  the  center  of 
the  square  area  defuied  by  four  adjacent  roughness  elements. 


Figure  2  Typical  velocity  scans  over  the  smooth  wall;  time  between  scans  is  T'  =  2.9. 
Solid  lines  represent  mean  profile  from  26,500  scans. 
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Precision  error  for  the  scanning  measureiiKnts.  determined  as  described  by  Ciancaielii  et  al.  ( 1988)  and  by  Bolton 
and  Bogard  ( 1992),  was  ±  3%  for  each  instantaneous  velocity  measurement.  Accuracy  of  the  scanning  measurements 
was  verified  by  evaluating  the  mean  velocity  profile.  Figure  3(a),  and  the  rms  velocity  profile.  Figure  3(b).  Essentially 
no  bias  error  was  evident  from  the  mean  velocity  profile,  nie  rms  velocity  profile  also  showed  very  good  agreement  with 
stationary  measurements  and  previous  data  in  the  literature.  The  good  agreement  for  the  rms  velocity  profile  indicates  that 
precision  error  was  negligible. 


Figure  3(a)  Scanning  mean  velocity  profile  compared 
with  profile  from  stationary  measurements 
and  Spalding's  law. 
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Figure  3(b)  Scanning  rms  profile  compared  with  rms 
profiles  frtm  stationary  measurements. 
Gan  (1989)  and  Puncll  et.  al  (1981). 


Since  the  time  between  scans  was  very  shon,  essentially  continuous  time  records  of  the  velocity  profiles  were 
obtained.  The  resulting  velocity  field  in  the  t-y  plane  was  analyzed  using  conditional  sampling  based  on  the  U-level  point 
detection  technique  described  by  Bogard  and  Tiederman  (1986)  and  the  spatial  detection  technique  described  by  Bolton 
and  Bogard  (1992).  The  U-level  technique  was  verified  by  Bogard  and  Tiederman  (1986)  to  be  a  relatively  accurate  burst 
detection  technique  in  the  near  wall  region.  This  technique  demcts  ejections  (identified  by  low  velocities),  and  combines 
them  into  bursts  based  on  the  probability  density  distribution  of  the  time  between  ejections.  The  spatial  detection 
technique  identifies  spatially  coherent  regions  of  low  or  high  velocity.  A  region  of  low  velocity  is  a  characteristic 
associated  with  bursts,  and  a  region  of  high  velocity  with  sweeps.  Events  identified  by  spatial  detection  can  be  classified 
in  terms  of  size  and  position.  Consequently,  conditional  sampling  using  spabal  detection  is  mote  finely  resolved  by  using 
using  only  events  of  a  particular  size  classification  and/or  at  a  particular  height  from  the  wall. 

3.  Spatial  structure  results 

The  relative  effects  of  smooth  and  rough  walls  on  spatial  structure  was  determined  using  U-level  detection  of 
bursts,  and  using  spadal  detection  of  low  speed  events  (associated  with  bursts)  and  high  speed  events  (associated  with 
sweeps).  Conditional  sampling  using  the  point  detection  U-levcl  technique  was  done  for  comparison  with  previous 
studies  which  were  limited  to  point  detection,  and  for  comparison  with  the  structure  obtained  with  spatial  detection.  The 
following  results  show  that  use  of  the  spatial  detection  is  crucial  for  determining  detailed  characteristics  of  the  nubulence 
structure. 

Figures  4(a)  and  (b)  show  the  smooth  wall  ensemble  averaged  burst  structures  detected  using  U-level  at  detection 
heights  of  y'*’  =  35  and  y*  =  65,  respectively.  The  velocity  field  measured  in  the  t-y  plane  was  transformed  to  the  x-y 
plane  using  the  average  convection  velocity  of  bursts  and  sweeps  (Uc*  *  15)  over  smooth  walls  determined  by  Gan  and 
Bogard  (1991).  This  convection  velocity  corresponds  to  the  local  mean  velocity  at  y*  =  60.  For  the  rough  wall,  a 
convection  velocity  equal  to  the  local  mean  at  y***  s  60  was  used.  As  expected,  the  contour  levels  in  Figure  4  show  that 
at  each  height  the  maximum  velocity  deviation  occurs  at  the  point  of  detection.  However,  the  general  shape  and  scale  of 
the  structure  ate  similar  for  both  detection  heights.  The  general  shape  and  scale  of  the  structure  is  also  similar  to  that 
educed  by  Gan(1989)  using  the  single  point  quadrant  detection  technique.  Note  in  particular  that  for  both  heights  the 
ensemble  averaged  burst  event  is  not  associated  with  any  significant  high  speed  fluid. 
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The  rough  wall  ensemble  averaged  burst  structure  detected  at  y'*'  »  35  is  shown  in  Figure  5.  This  structure,  and 
the  structure  detected  at  y*  s  65  (not  shown),  were  very  stmilar  m  scale  to  the  burst  structure  detected  over  the  smooth 
wall.  The  burst  structure  over  the  tough  wall  is  slightly  larger  the  structure  over  the  smooth  and  does  not  have  the  distinct 
slope  along  the  upstream  edge. 

Spatial  detections  of  low  speed  structures  were  based  on  identifying  coherent  regions  in  the  velocity  field  where 
negative  velocity  deviations  were  greater  than  0.7unns-  speed  structures  were  idcnafied  as  coherent  regions  in  the 
velocity  field  where  the  posibve  velocity  deviations  were  greater  than  O.Su,,])^.  The  detection  thresholds  were  selected  to 
be  in  the  center  of  a  range  of  thresholds  in  which  the  number  of  detected  events  was  essentially  constant.  Conditional 
sampling  was  based  on  the  size  of  the  event  and  the  maximum  height  of  a  low  speed  event  or  the  minimum  height  of  a 
high  speed  event.  The  size  of  an  event  was  defined  as  the  number  of  discrete  points  grouped  in  a  coherent  region  of  high 
or  low  velocity.  Events  of  different  sizes  were  analyzed  in  terms  of  size  categories  as  shown  in  Table  3.  As  Table  3 
shows,  the  number  of  events  decreases  rapidly  as  the  size  of  the  event  increases.  Average  strcamwise  and  wall  normal 
lengths  for  each  size  category  are  shown  in  Table  3  for  low  speed  events  over  smooth  and  rough  walls.  In  each  case  the 
detected  structure  is  elongated  in  the  streamwise  direction,  but  the  structure  over  the  smooth  wall  tends  to  be  more 
elongated  than  the  structure  over  the  rough  wall.  Of  particular  interest,  although  small  in  number  there  some  very  large 
events  which  extend  across  the  full  scan  range.  Although  the  smooth  and  rough  wall  had  practically  the  same  number  of 
events  in  most  of  the  size  categories,  the  rough  wall  had  over  twice  as  many  events  in  the  largest  size  category. 
Characteristics  for  high  speed  evenu  were  the  same  as  the  characteristics  for  low  speed  events  described  above. 


y 
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j  (a)  Smooch  wall:  Detection  at  y  s  35 


Figure  4  Ensemble  averaged  condition  samples  using  single  point  U-level  detection  for  the  smooth  wall  at 
(a)  y^  =  35  (536  events)  and  (b)  y*  =  65  (552  events). 


X 

Figure  5  Ensemble  averaged  condibon  sample  using  single  point  U-level  detection  for  the  rough  wall  at 
y^  =  35  (459  events).  Contour  levels  are  the  same  as  in  Figure  4. 
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Table  3  Characiehstics  of  smooth  and  rough  wall  low  speed  events  at  different  size  categories 


Size  Category 

N/Nt 

Avg.  Lx 

N/Nt 

Rough  wall 
Avg.  Ly 

Avg.  Lx 

(no.  of  points) 

(%) 

(y*) 

(X*) 

(%) 

(y*) 

(X*) 

l<size^ 

22.1 

10 

10 

23.7 

10 

10 

2<sizeS4 

20.7 

20 

30 

20.4 

20 

30 

4<size^8 

16.9 

30 

70 

16.2 

40 

60 

8<size^l6 

13.1 

50 

120 

12.2 

60 

100 

16<size^32 

10.5 

80 

200 

8.8 

90 

170 

32<size^64 

7.1 

130 

300 

6.8 

140 

270 

64<size^l28 

5.1 

170 

500 

5.0 

200 

420 

128<size£256 

3.0 

210 

830 

3.2 

280 

650 

size>256 

1.5 

• 

- 

3.7 

• 

where;  N/Nt  =  Number  of  events  in  category/Total  number  of  events 
Avg.  Ly  3  Average  wall  normal  extent  of  event 
Avg.  Lx  ®  Average  streamwizc  extent  of  event 


The  following  conditional  sampling  analyses  of  spatial  structures  are  based  on  events  with  size  i  32  points, 
which  constitute  more  than  80%  of  the  total  number  of  events.  Low  speed  events,  which  are  associated  with  bursts, 
were  further  classified  in  terms  of  the  maximum  height  of  the  event  This  allowed  conditional  sampling  based  on  the 
height  of  the  low  speed  event.  Since  bursts  move  away  from  the  wall,  conditionai  samples  at  increasi.ig  heights  can  be 
interpreted  as  following  the  development  of  the  burst.  High  speed  events,  which  may  be  associated  with  sweeps,  were 
classified  in  terms  of  the  minimum  height  of  the  event.  Ail  the  conditional  sampling  analyses  were  phase  aligned  on  the 
leading  edge  of  the  event. 

Figures  6  (a)  through  (d)  show  ensemble  averages  of  the  low  speed  spatial  event  at  different  heights.  Results  at 
higher  heights  are  not  shown  for  sake  of  brevity.  At  a  height  y*  i  45  the  low  speed  spatial  event  is  very  intense, 
becoming  less  intense  and  larger  at  increasing  heights.  At  height  85  ^  y*'  £  105  the  low  speed  structure  is  completely 
deuched  from  the  wall.  Figure  6  also  shows  movement  of  a  high  speed  smicnire  associated  with  the  low  speed  event. 
At  the  lowest  height,  y*  S  45,  the  high  speed  structure  appears  over  the  low  speed  event  When  the  low  speed  structure 
is  in  the  range  45  S  y*  S  65  the  high  speed  structure  moves  over  and  downstream  of  the  low  speed  event.  At  the 
highest  height  shown  in  Figure  6,  85  S  y+  S  105,  high  speed  flow  occurs  above  the  low  speed  event  and  downstream 
and  below  the  low  speed  event.  The  high  speed  fluid  has  also  increased  in  size  and  extends  across  the  full  scan  range. 
These  characteristics  of  the  low  speed  burst  at  different  heights  from  the  wall  are  very  similar  to  the  results  obtained  by 
Bolton  and  Bogard  (1992). 

The  ensemble  averaged  burst  structures  from  single  point  detection,  shown  in  Figures  4(a)  and  (b)  are  bigger  than 
the  low  speed  spadal  events  described  above.  The  single  point  burst  detection  was  done  at  a  higher  threshold  ( 1  .Sumis) 
compared  to  the  spatial  detection  (0.7unns)-  eliminate  the  effect  of  the  higher  threshold,  single  point  burst  detection 
was  done  at  the  threshold  used  for  spatial  detection.  Even  at  the  same  threshold,  the  structure  obtained  from  single  point 
detection  was  larger  than  the  spatial  event,  and  had  no  high  speed  fluid  associated  with  it.  Thus,  the  spatial  detecnon 
brings  out  details  of  the  turbulence  structure  which  are  not  resolved  by  the  single  point  detection  scheme. 

Spatial  characteristics  of  low  speed  events  over  the  rough  wall  at  different  heights  are  shown  in  Figure  7.  The 
low  speed  event  is  clearly  larger  aixi  has  larger  negative  velocity  deviations  over  the  rough  wall.  The  velocity  levels  of  the 
rough  wall  low  speed  events -  not  change  rapidly  with  increasing  height;  on  the  other  hand,  the  smooth  wall  events 
become  very  weak  by  height  85  S  y*’  ^  105.  Another  distinct  difference  between  the  tough  wall  and  smooth  wall  low 
speed  events  is  the  lack  of  significant  high  speed  flow  surrounding  the  low  speed  event  with  a  rough  wall. 
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Figure  6  Low  speed  events  over  smooth  wall.  Conditional  samples  based  on  spatial  detection.  Indicated  heights 
are  a  classification  of  events  in  terms  of  the  maximum  height  of  the  event. 


235  q 


-  (b)  Max.  Height;  45  y  <  65 


-  (a)  Max.  Height.- <  45 


385 

+ 

y 

15 

235 


15 


(d)  Max.  Height;  85  y"^  <  105 


^  (c)  Max.  Height;  65  y^  <  85 

Q 


420  -420 


0  + 
X 


420 


Figure  7  Low  speed  events  over  a  rough  wall.  Conditional  samples  based  on  spatial  detection.  Indicated  heights 
are  a  classification  of  events  in  terms  of  the  maximum  height  of  the  event 


Results  for  high  speed  spatial  events  over  the  smooth  wall  are  shown  in  Figure  8.  The  high  speed  spatial  event 
becomes  large  and  intense  when  near  the  wall.  The  low  speed  structure  associated  with  the  high  speed  spatial  event  is  not 
spread  out  like  the  high  speed  structure  associated  with  the  low  speed  spatial  events,  but  is  present  in  small  concentrated 
areas.  The  high  spe^c  events  for  the  rough  wall  is  shown  in  Figure  9.  The  rough  wall  high  speed  event  has  velocity 
levels  and  size  similar  to  those  over  the  smooth  wall.  The  presence  of  the  associated  low  speed  fluid  in  small  concentrated 
areas  and  its  relative  position  with  respect  to  the  high  speed  event  is  similar  to  that  over  the  smooth  wall. 

4.  Burst  and  ejection  frequencies 

Burst  and  ejection  frequencies  were  determined  from  single  point  U-level  detection,  to  compare  with  previous 
studies,  and  the  burst  frequency  was  also  determined  from  spatial  detections.  Figure  10  compares  the  single  point 
measured  burst  and  ejection  frequencies  for  smooth  and  rough  wall  using  three  different  scalings;  (a)  inner  scaling,  (b) 
outer  scaling,  and  (c)  scaling  based  on  a  convected  velocity.  Figures  10(a)  shows  that  inner  scaling  cannot  collapse  burst 
of  ejection  frequency  data  from  rough  and  smooth  walls.  Figure  10(b)  shows  that  outer  scaling  yields  good  agreement 
for  ejection  and  burst  frequencies  for  rough  and  smooth  walls.  However,  in  the  near  wall  region  (y*  <  100)  there  the 
ejection  frequency  is  slightly  greater  for  the  smooth  wall  indicating  that  bursts  over  smooth  wall  tend  to  have  slightly 
greater  number  of  ejections. 

The  frequency  of  spatially  detected  low  and  high  speed  events  for  siiKioth  and  rough  walls  an.*  shown  in  Table  4. 
The  nondimenstonal  frequencies  for  spatial  detected  events  shows  the  same  trends  as  the  nondimensional  burst  ar.d 
ejection  frequencies  from  single  point  detecaon.  Inner  scaling  fails  to  collapse  the  data  for  the  rough  and  smooth  w  alls, 
but  outer  scaling  and  conveaed  seating  are  reasonable. 
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1C)  Min.  Height:  35  y  <45 


(b)  Min.  Height:  25  <  35 


Figure  8  High  speed  events  over  a  smooth  wall.  Conditional  samples  based  on  spatial  detection.  Indicated  heights 
are  a  classification  of  events  in  terms  of  the  minimum  height  of  the  event 
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Figure  9  High  speed  events  over  a  rough  wall.  Conditional  samples  based  on  spatial  detection.  Indicated  heights 
are  a  classification  of  events  in  terms  of  the  minimum  height  of  the  event 

Table  4  Frequency  of  spatial  events 


Type  of  event 
Low  speed  (smooth) 
High  speed  (smooth) 
Low  speed  (rough) 
High  speed  (rough) 


f  (S'>) 

f*  s  fv/Ut^ 

f®  =  fS/Uo. 

fC  =  fv/LfUt 

4.4 

0.051 

1.44 

.0034 

4.3 

0.050 

1.41 

.0033 

4.3 

0.024 

1.43 

.0037 

4.2 

0.024 

1.39 

.0037 
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Figure  10(a)  Burst  and  ejection  frequencies  scaled  with 
inner  variables. 


Figure  10(b)  Burst  and  ejection  hnequencies  scaled  with 
outer  variables. 
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Figure  l(Kc)  Burst  and  ejection  frequencies  scaled  with 
convection  velocity,  U  andv. 


S.  Conclusions 

The  presence  of  a  high  speed  structure  associated  with  the  conditionally  sampled  low  speed  spatial  event  is  a 
characteristic  of  near  wall  turbulence  structure  that  is  revealed  by  the  spatial  detcebon  technique.  Single  point  detection 
perfonned  on  the  same  data  does  not  show  any  high  speed  structure  associated  with  the  burst  because  it  groups  events  of 
all  sizes  and  at  different  heights  together.  The  spabal  detection  scheme  allows  classification  of  events  based  on  their  size 
and  the  height  at  which  they  occur.  This  gives  a  more  realistic  description  of  the  flow  field  and  can  give  more  insight  into 
the  interaction  of  coherent  structures. 

Compared  to  the  smooth  wall,  the  low  speed  spatial  event  was  bigger  and  had  lower  velocity  levels  over  the  rough 
wall,  especially  away  from  the  wall.  The  high  speed  spatial  structure  on  the  other  hand,  did  not  undergo  any  significant 
change  over  the  rough  surface.  The  presence  of  high  speed  fluid  above  and  in  front  of  the  low  speed  spatial  event  for  the 
smooth  wall  and  not  for  the  rough  wall  indicates  a  significant  difference  in  the  burst  dynamics  for  the  two  cases.  Since 
the  high  speed  fluid  originates  in  the  outer  part  of  the  boundary  layer,  this  suggests  that  interaction  between  the  inner  and 
outer  structures  of  the  boundary  layer  is  more  significant  for  the  smooth  wall.  Bursting  over  a  rough  surface  may  be 
stimulated  by  the  wall  roughness. 
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At  the  same  Reynolds  number,  burst  and  ejection  frequencies  for  the  smooth  and  rough  walls  scaled  with  outer 
variables  and  not  inner  variables,  which  is  contrary  to  smooth  wall  results  of  Blackwelder  and  Hahtonidis  (1983). 
However,  reasonable  scaling  was  also  found  using  a  combination  of  a  convection  velocity  and  inner  variables.  The 
frequency  of  spatial  events  also  collapsed  when  scaled  with  outer  or  convected-inner  variables.  The  convected-inner 
scaling  is  equivalent  to  conventional  inner  scaling  for  flows  on  smooth  walls  only,  and  hence  would  be  consistent  with 
the  results  of  Blackwelder  and  Hahtonidis  (1983). 
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Abstract. 

Details  of  an  experimental  study  of  the  turbulent  flow  of  air  in  a  duct  of  square  cross  section  are 
presented  for  a  Reynolds  number  of  4900.  The  objectives  of  the  work  were  to  obtain  data  suiuble  fca  the 
validation  of  numerical  predictions  of  turbulent  flow  in  a  duct  and  to  demonstrate  the  application  of  a  fibre- 
optic  laser  Doppler  anemometer  for  this  purpose.  Detailed  measurements  of  the  first  through  fourth  order 
moments  of  secondary  (cross-stream)  velocity  components  are  presented  and  compared  to  measurements  at 
substantially  higher  Reynolds  number.  A  limited  survey  of  primary  (streamwise)  velocity  component  is  also 
presented. 


>fliiicncUturc. 

Dii  Hydraulic  diameter. 


H 

K 

S 

u',  v' 

U.  V 

X 

Subscripts. 

b 

0 


Duct  height  width. 

Harness  factor  (kunosis). 

Skewness  factor. 

RMS  fluctuating  primary  and  secondary  velocity  component  respectively. 
Time-mean  primary  and  secondary  velocity  component  respectively. 
Coordinate  in  streamwise  direction  (origin  at  entrance  to  duct). 

Bulk  value. 

Centre-line  value. 

Secondary  velocity  component. 


IntretfmtiiiB. 

The  turbulent  flow  of  an  incompressible  fluid  in  a  duct  non-circular  cross  section  is  characterised 
phenomenologically  by  a  bulging  of  primary-  (streamwise)  velocity  contours  towards  the  duct  comers.  This  is 
caused  by  turbulence-driven  secondary  flow  in  the  plane  of  the  dua  cross-section.  These  secondary  velocities 
are  typically  of  the  order  of  less  than  one  percent  of  the  characteristic  primary  flow  velocity  and  yet  they 
signiflcanily  affect  the  overall  pressure  drop  and  heat  transfer. 

The  accurate  prediction  of  these  secondary  velocities  represents  an  exacting  test  for  turbulence  models 
which  attempt  to  model  the  Reynolds-sttcss  tensor.  The  models  ate  required  to  either  adopt  an  anisotropic  form 
of  eddy  viscosity  (Speziale  ( 1 987))  or  else  model  the  iranspon  of  individual  Reynolds-stress  components  using  a 
model  of  the  form  proposed  by  Launder  et  al  ( 1975).  In  order  to  conclusively  differentiate  between  the  physical 
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accuracy  of  the  numerous  tur  .ience  models,  an  experimental  data  set  of  quantifiable  accuracy  is  required 
against  which  comparison  may  be  nnade.  However,  it  is  noticeable  that  in  the  review  of  numerical  predictions 
for  flow  m  a  duct  of  non-circular  cross  secbon  by  Demuren  and  Rodi  (1984),  the  conclusions  drawn  regarding 
the  physical  accuracy  of  predictions  were  limited  because  the  discrepancies  between  the  results  of  experimental 
invesagaaons  were  so  large  and  were  not  fully  accounted  for. 

An  important  additional  source  of  validation  data  is  direct  numerical  simulation  where  all  of  the 
turbulence  length  scales  are  resolved  and,  therefore,  no  turbulence  model  is  required.  The  results  of  the 
experimental  study  presented  here  complement  those  of  a  direct  numerical  simulation  of  turbuience-dnven 
secondary  flow  in  a  duct  of  square  cross-section  (Gavrilakis  (1989))  and  were  intended  to  provide  validation  for 
these  predictions.  The  simulation  was  restricted  to  flows  of  low  Reynolds  number  in  order  to  enable  all  the 
turbulence  length  scales  to  be  resolved  and  was  performed  for  a  Reynolds  number  of  4900  (based  on  duct 
hydraulic  diameter  and  centre-line  velocity).  This  Reynolds  number  is  significant  in  that  it  is  much  lower  than 
that  for  which  turbulent  flow  in  a  duct  is  believed  to  have  previously  been  investigated  (Table.  1).  In  order  to 
validate  this  prediction  a  separate  experiment  at  an  identical  Reynolds  number  was  considered  necessary  as  the 
characteristics  of  the  flow  were  believed  to  be  significantly  different  at  low  Reynolds  numbers  to  those  of 
previous  experimental  investigations  reported  in  the  open  literature,  for  reasons  outlined  below. 

A  survey  by  Demuren  and  Rodi  (1984)  reported  that  for  fully  developed  flows  at  a  Reynolds  number, 
based  on  bulk  velocity,  greater  than  1.2*10^  the  ratio  of  centre-line  velocity  to  bulk  velocity  was  practically 
uniform  at  1 .2.  However  for  Reynolds  numbers  below  dtis  value  the  ratio  of  centre-line  velocity  to  bulk  velocity 
increased,  which  suggests  that  the  strength  of  the  secondary  flow  is  attenuated  for  Re|,<1.2*10^.  Thus  in  order 
to  validate  the  simulation  results  of  Gavrilakis  (1989)  a  separate  experimental  study  was  required.  Taken 
together,  the  lesulu  of  these  two  studies  were  intended  to  provide  a  benchmark'  dau  set  which  could  be  used  to 
verify  predictions  where  the  Reynolds-stress  tensor  was  modelled. 

Background. 

Having  identified  the  need  for  a  separate  experimental  study  at  low  Reynolds  number,  it  remains  to 
account  for  the  discrepancies  in  the  dau  from  previous  experiments  in  order  to  understand  how  these  error 
sources  were  avoided  in  the  present  study.  In  particular,  two  considerations  which  significantly  influence  the 
usefulness  of  the  dau  reported  by  most  of  the  previous  investigations  are  incomplete  flow  development  and 
probe  interference.  These  are  discussed  in  turn  below  as  a  justificadon  of  the  choice  of  experimental  method 
and  test  facility  for  the  present  study. 

Inspection  of  the  development  lengths  (x/Dwlm^T  of  previous  experimental  investigations  in  Table.  1 
suggests  that  the  flow  was  only  approximately  fully  developed  in  all  cases  except  for  the  results  reported  by 
Brundren  and  Baines  (1964).  This  conclusion  is  based  on  the  Bndings  of  Klein  (1981)  who  reported  that,  for 
turbulent  pipe  flow,  the  length  required  for  fully  developed  flow  may  exceed  140  diameters.  However  for  inlet 
conditions  where  turbulence  was  promoted  it  was  found  to  be  as  low  as  70  diameters.  Since  the  secondary 
motion  in  a  non -circular  duct  is  driven  by  the  turbulence,  the  development  length  would  be  expected  to  be  at 
least  of  the  same  order  of  nugnitude  as  for  the  turbulent  flow  in  a  pipe.  For  this  reason  the  present  study  was 
earned  out  in  a  duct  which  allowed  for  a  development  length  of  ^proximately  1(X)  hydraulic  diameters. 

Since  the  results  of  this  study  were  required  for  validation  purposes,  the  data  had  to  be  of  quantifiable 
accuracy.  The  error  due  to  probe  interference  is  difficult  to  quantify  which  made  laser-Doppler  anemometry 
(LDA)  the  first  choice  of  technique  since  it  is  non-intrusive.  By  contrast,  in  all  previous  hot-wire  studies  probe 
interference  resulted  in  a  serious  mass  discondnutty  in  the  plane  perpendicular  to  the  main  flow;  ie  the  mass  flow 
towards  a  wail  was  not  equal  to  that  away  from  the  wail  (It  is  difficult  to  comment  on  whether  the  connnuity 
requirement  was  satisfied  for  the  published  results  of  Brundren  and  Baines  ( 1964)). 
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Table.  1  Details  of  previous  experimental  investigations  of  flow  in  a  duct  of  sauatc  cross^igction. 


Investigator 

Instrument 

(x/D|f)|||^ 

UolVb 

Brundrett  &  Baines  ( 1964) 

Single  hot  wire 

8.4*  10^ 

260 

1.2 

Gessner(1964) 

X-array  hot  wire 

2.5*  105 

40 

1.2 

Gessncr  &.  Jones  (1965) 

X-atray  hot  wire 

7.5*10^  to  3*  105 

84 

1.2 

Launder  &  Ying  (1972) 

Single  hot  wire 

2.2»104&6.9*104 

69 

1.2 

Melling!  1975) 

LDA  with  tracker 

4.2*10^ 

36.8 

1.2 

Present  study 

LDA  with  counter 

3.8*  103 
(esdmaie) 

100 

1.3 

(estimate) 

Where  LDA  has  previously  been  used,  Melling  (197S)  and  Melling  and  Whicelaw  (1976),  the 
unquandfiable  error  due  to  probe  interference  was  eliminated  and  the  most  significant  source  of  error  was 
quandfied  and  attributed  to  misalignment  of  the  measuring  volume.  In  fact  the  accuracy  of  measured 
components  of  secondary  mean  velocity  was  critically  dependent  on  the  precision  of  optical  alignment  such  that 
a  fringe  orientation  error  of  as  little  as  0.3  degrees  relative  to  the  duct  axis  resulted  in  errors  of  up  to  50%.  As  a 
consequence  of  this,  the  reported  measurements  of  secondary  velocity  did  not  satisfy  continuity  and  were  no 
better  than  those  obtained  by  hot-wire  anemometry  in  the  previous  studies. 

The  benefits  of  non-inirusiveness  and  of  quandriable  error  motivated  the  authors  to  employ  LDA  in  the 
present  study  and  the  measurements  reported  here  ate  believed  to  be  both  the  first  to  be  made  at  low  Reynolds 
number  and  to  closely  satisfy  continuity. 

Test  facility  and  wnerimenfail  teehniou#- 

The  test  facility  consisted  of  a  duct  of  76.2  mm  square  cross-section.  The  duct  was  just  over  1(X) 
hydraulic  diameters,  long  and  air  was  blown  down  the  duct  by  a  centrifugal  fan.  Measurements  of  static 

pressure  from  a  series  of  pressure  tappings  in  the  duct  revealed  that  the  pressure  gradient  tended  to  a  constant 
upstream  of  and  at  the  station  where  secondary  flow  measurements  were  taken.  This  was  taken  to  indicate  that 
the  flow  was  approximately  fully  developed. 

Velocity  measurements  were  made  with  a  Dantec  fibre-opdc  laser-Doppler  anemometer  (LDA), 
operating  in  back-scatter  mode,  fitted  with  a  35  mW  HeNe  laser.  A  frequency  shift  unit  (Dantec  S5N10)  was 
used  to  avoid  directional  ambiguity  and  to  enhance  the  dau  rate  for  the  measurement  of  secondary  velocities. 
The  Doppler  signals  were  processed  by  a  counter  processor  (Dantec  55L90a).  Joss-sbck  snnoke  was  used  as 
seeding  and  was  introduced  at  the  fan  inlet  to  ensure  adequate  mixing. 

For  secondary  flow  measurements  (ie  flow  in  the  cross-stream  plane)  the  LDA  probe  head  was  aligned  as 
shown  in  Fig.l.  In  order  to  asses  the  effect  of  probe  interference,  measurements  were  repeated  with  a  side- 
looking  probe,  representing  a  significantly  greater  blockage.  These  measurements  showed  negligible  difference 
to  those  made  with  the  forward-looking  probe  (as  shown  in  Fig.  1)  so  that  probe  interference  was  estimated  to  be 
negligible  in  either  case. 

Secondary  flow  velocities  were  typically  less  than  1%  of  the  primary  (streamwise)  velocity,  therefore 
alignnoent  of  the  fringes  parallel  to  the  streamwise  axis  was  critical.  The  uncertainty  :n  this  alignment  was 
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estimaced  to  be  less  than  tO.2  degrees  which  would  represent  a  sysremadc  error  of  35%  for  V'sO.Ol  m/s.  An 
absolute  error  of  such  a  magnitude  would  be  apparent  if  the  continuity  requirement  was  grossly  in  error  for  a 
secondary  flow  profile  and  would  be  manifested  as  a  shift  in  the  origin  of  the  order  of  0.0035  m/s. 

Measurements  of  streamwise  (primary)  velocity  component  had  to  be  taken  with  the  probe  volume 
located  6  mm  downstream  of  the  duct  exit  plane  because  time  did  not  petmit  the  construction  of  a  special 
working  section  which  allowed  fw  optical  access  from  the  side.  This  arrangement  was  felt  to  yield  results 
closely  representative  of  the  enclosed  flow  except  in  the  vicinity  of  the  wall.  At  positions  corresponding  to  the 
wall  region,  the  decrease  in  width  of  the  potential  core  and  the  entraiiunent  of  the  stagnant  ambient  air  into  the 
flow  would  be  expected  to  produce  lower  mean  velocities  and  an  attenuation  of  the  velocity  gradient.  However, 
within  the  unmixed  flow  in  the  potential  core,  where  most  of  the  measurements  were  taken,  the  distribution  of 
mean  velocity  would  be  expected  to  be  almost  identical  to  that  just  upstream  of  the  exit  (ie  in  the  enclosed  flow 
region). 


Fig.l  Orientation  of  fibre-optic  probe  for  secondary  flow  measurements  and  definition  diagram. 


First  through  fourth  order  moments  of  velocity  were  determined  from  velocity  estimates  of  10  (X)0 
particles  and  the  error  due  to  this  sample  size  was  estimated  to  be  less  than  1.5%  and  7%  for  primary  and 
secondary  velocity  moments  respectively. 

Residence-time  weighting  was  applied  to  the  raw  velocity  data  to  eliminate  velocity  bias.  However  this 
is  only  believed  to  be  equivalent  to  a  time-averaging  of  the  individual  panicle  sample  data  if  the  flow  is 
uniformly  seeded  (Hoesel  and  Rodi  (1977)).  There  was  no  reason  to  believe  that  seeding  density  gradients 
existed  for  the  flow  in  this  configuration  and  the  conditions  for  the  residence-time  weighting  were  taken  to  have 


been  satisfied. 

The  scale  of  this  correction  was  significant  for  the  secondary  flow  measurements  and  negligible  for  the 
primary  flow  measurements.  This  result  is  to  be  expected  because  the  velocity  bias  becomes  increasingly 
significant  as  the  particle  arrival  rate  decreases  with  respect  to  the  turbulence  time  scale.  The  data  rates  for  the 
primary  and  secondary  flow  measurements  were  typically  50  Hz  and  15  Hz  respectively  and  a  turbulence  time 
scale  of  13  Hz  was  calculated  (as  the  ratio  of  a  typical  length  scale,  H,  to  a  typical  velocity  scale  .  Uq,  for  both 


the  primary  and  secondary  flow).  The  velocity  bias  might,  therefore,  be  expected  to  be  more  significant  for 
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secondary  flow  velocity  measurements. 

Residence  time  weighting  was  believed  to  be  an  appropriate  correction  for  velocity  bias  for  this  flow  and 
was  applied  to  all  velocity  data  which  are  presented  in  this  paper. 


Results  and  DiscuMinn. 

All  measurements  were  taken  at  a  Reynolds  number  of  4900,  based  on  the  axial  centre-line  velocity.  Vq, 
and  the  duct  width,  H  unless  otherwise  stated.  A  representative  sample  of  velocity  measurements  are  presented 
here,  for  full  details  of  results  the  reader  is  referred  to  McGrath  (1991). 

The  secondary  flow  measuremenu,  presented  in  Fig.2,  are  consistent  with  the  expected  flow  pattern, 
where  the  secondary  flow  is  dominated  by  large-scale  counter-rotating  vortices,  each  bounded  by  a  duct  wall  and 
by  the  normal  and  diagonal  bisectors.  The  velocity  component  along  a  nonnal  bisector  is  directed  away  from 
the  wall  associated  with  it  while  the  opposite  is  true  along  a  emner  (diagonal)  bisector  in  accord  with 
observations  by  Brundrett  and  Baines  (1964). 

Mass  continuity  requires  that  the  flow  of  mass  directed  towards  a  wall  is  equal  to  that  away  frinn  it.  Fen’ 
the  present  study  this  was  satisfied,  for  all  secondary  flow  profiles,  to  within  an  average  of  13%  net  mass  flow 
(mass  discontinuity  equals  net  flow  normalised  by  the  mass  flow  in  one  direction).  There  was  no  directional 
trend  for  a  net  flow,  which  indicates  that  errors  were  due  to  misaligrunent  of  the  probe  and  not  probe 
interference.  In  view  of  the  critical  nature  of  the  optical  alignment  (with  a  maximum  systematic  error  estimated 
to  be  3S%  for  a  secondary  velocity  of  0.01  m/s)  the  accuracy  of  the  secondary  velocity  measuremenu  was 
encouraging. 

It  should  be  noted  that  before  each  measurement  run.  a  check  was  made  to  ensure  that  measuremenu  of 
the  secondary  velocity  component  perpendicular  to  a  normal  bisector  approximated  to  zero  which  was  a 
requirement  of  flow  symmetry  and  an  indication  that  the  probe  head  was  aligned  properly.  The  measured 
distribution  along  the  vertical  bisector  was  seen  to  be  less  than  0.01%  of  the  axial  centre-line  velocity  increasing 
to  a  maximum  of  0.12%  near  the  wall  which  was  a  satisfactory  result. 

The  effect  of  the  secondary  velocities  is  manifested  in  the  bulging  of  the  axial  velocity  (ie  primary 
velocity)  contours  towards  the  duct  comer  as  shown  in  Fig.3.  where  comparismi  is  made  with  the  lesulu  of 
Brundrett  and  Baines  ( 1964).  It  is  noticeable  that  the  contours  for  the  present  work  do  not  exhibit  the  saitre 


Fig.2  Profiles  of  secondary  mean  velocity 
in  a  comer  of  the  duct  (smooth  lines 
drawn  through  raw  data).  Re=4900. 


Fig.3  Contours  of  (//(/£) .  Re-4900. 

-  Present  study 

. Brundren  and  Baines  (1964) 
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degree  of  penetration  into  the  duct  comer  and  similarly  the  maximum  magnitude  of  secondary  velocity  is 
approximately  1%  smaller  than  that  reponed  by  Brundren  and  Baines,  at  a  Reynolds  number  of  8.3*10^.  The 
difference  In  the  two  sets  of  results  could  be  explained  by  either  incomplete  flow  development  or  a  low 
Reynolds  number  effect.  If  the  flow  was  not  fully  developed  the  taco  of  the  axial  centre-line  velocity  to  bulk 
velocity  Uo/U()  would  exceed  the  asymptotic  high-Reynolds  number  value  ftx'  fully  developed  flow  of  1.2  (due 

to  incomplete  momentum  distribution  across  the  duct  flow  area).  However,  the  static  pressure  measurements 
taken  upstream  of  the  measurement  station,  indicated  that  the  flow  was  approximately  fully  developed.  Thus  the 
attenuated  secondary  flow,  compared  to  the  results  of  Brundren  and  Baines,  is  attributed  to  a  low-Reynolds 
number  effect.  Indeed  the  rado  Vq/Ui,  is  esdmated  to  equal  1.3  in  the  present  study  (extrapolated  from 

numerical  predicuons  of  Demuren  and  Rood  (1984))  compared  to  a  value  of  1.2  for  the  flow  invesdgated  by 
Brundren  and  Baines.  Anenuated  secondary  flow  is,  therefore,  expected  to  occur  in  the  present  study.  This  is 
substandated  by  the  agreement  between  the  predicted  and  measured  values  of  secondary  velocity  shown  in  Fig.4. 


Fig.4  Comparison  of  secondary  velocity  measurements  with  simuladon  results  (Gavrilalds  (1989)). 

•  experiment  -  simuladon 

Turbulence  intensity  (defined,  for  convenience,  as  the  RMS  fluctuadng  component  of  velocity 
normalised  by  the  axial  centre-line  velocity)  is  also  affected  by  the  low  Reynolds  number  flow.  The  profiles  of 
the  primary  component  of  turbulence  intensity,  shown  in  Fig.5  (where  data  arc  compared  with  the  simulation 
results),  have  significantly  higher  maximum  values  than  those  previously  reponed  for  high  Reynolds  numbers. 
Values  in  the  core  flow  region  are  over  50%  greater  than  values  reported  by  Brundren  and  Baines  in  this  region. 
•Tiis  is  consistent  with  the  trend  reponed  by  (jessner  (1964),  whereby  a  50%  decrease  in  Reynolds  number 
effected  a  20%  increase  in  primary  Reynolds-nonnal-stress  component.  However  the  same  does  not  appear  to 
be  true  for  the  measurements  of  secondary  Reynolds-normal  stress  (Fig.6)  which  appear  practically  equal  for 
the  present  study  and  that  of  Brundren  and  Baines. 


Fig.  5  Profiles  of  primary  RMS 
fluctuating  velocity  component. 

•  experiment  -  simulation 


Fig.6  Profiles  of  secondary  RMS 
fluctuating  velocity  component 
•  experiment  -  simulation 


Fig.  7  Profiles  of  secondary  component  of  skewness 
*  experiment  -  simulation 


Fig.8  Profiles  of  secondary  component  of 
flatness  (kurtosis).  Note  that  origins  are  drawn 
through  the  value  for  a  Gaussian  distribution. 

•  experiment  -  simulation 


Measurements  of  the  secondary  component  of  turbulence  intensity  indicate  that  at  loiv  Reynolds  number 
contours  of  peak  values  of  Reynolds  stress  would  not  extend  as  far  into  the  cmrier  as  reported  in  all  previous 
studies  and  is  consistent  with  the  relatively  attenuated  secondary  flow  in  the  present  study- 

The  measurements  of  skewness  and  flatness  factor  presented  here  are  believed  to  be  the  first  for  a  flow  m 
a  non-circular  duct.  Profiles  of  skewness  factor  for  the  secondary  flow  are  presented  in  Fig.7.  Inspection  of  the 
profiles  of  mean  velocity  suggest  that  for  the  secondary  flow,  the  relatively  high  velocity  region  occurs  closest  to 
a  solid  boundary  such  that  as  one  approaches  a  wall  the  low  speed  fluid  leaving  the  core-flow  region  produces 
the  large  amplitude  velocity  fluctuanons  which  result  in  a  neganve  skewness  there. 

The  distributions  of  flamess  factor  in  Fig.8  are  seen  to  be  largely  invariant  about  a  mean  value  of  3.5  in 
the  core-flow  region  for  the  secondary  component.  TTie  profiles  all  tend  to  a  maximum  in  the  wall  region  where 
the  high  values  are  normally  taken  to  indicate  that  the  flow  is  highly  intermittent  (Mom  and  Kim  ( 1982)). 

Comparison  of  the  experimental  results  with  the  full  simularion  (Gavrilakis  (1989)),  for  identical  flow 
conditions  show  reasonable  agreement  overall.  However,  differences  between  the  data  sets  exceed  the  errors 
estimated  due  to  random  error  sources  and  do  not  exhibit  any  systematic  discrepancy  (which  might  be  expected 
if  probe  misalignment  was  the  principal  cause  of  the  error).  The  results  do,  however,  substantiate  the 
observation  that  the  flow  at  low  Reynolds  number  was  significantly  different  to  that  for  which  all  experiiiKnts 
(and  predictions  using  turbulence  models)  have  previously  been  conducted. 

CondiMioH. 

Detailed  measurements  of  the  turbulence-driven  secondary  velocity  have  been  made  in  a  duct  of  square 
cross-section.  These  data  are  the  most  accurate  to  date  with  the  mass  continuity  requirement  being  satisfied  to 
within  13  %  over  all  profiles.  Measurements  of  third-  and  fourth-order  moooents  of  velocity  have  been  reported 
for  the  first  time. 

The  measurements  were  taken  at  a  Reynolds  number  of  49(X)  which  is  substantially  less  than  that  for 
which  measurements  or  predictions  have  previously  been  made.  The  magnitude  of  the  secondary  nnoiion  was 
seen  to  be  significantly  less  than  for  fully  developed  flow  at  high  Reynolds  numben.  Consequently,  contours  of 
axial  mean  velocity  and  contours  of  primary  and  secondary  flow  components  of  Reynolds-normal  stress  would 
exhibit  decreased  penetration  of  the  duct  comers  at  this  low  Reynolds  number. 
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